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In the present note we consider random processes with values in a finite-
dimensional Euclidean space F, which are solutions of differential equations of
the form

dx(t)/dt +af(t,2(t) = &'(t) (0<t<a),  x(0)=¢0)=0, (1)

where £’ (t) is a Gaussian random process, a is a certain parameter, and f(t, )
is a continuous function of both variables in the domain [0,a] x E, taking its
values in E. In F we denote by (-,-) and | - ||, respectively, the scalar product
and the norm.

The aim of the work is to establish formulas for optimal prediction and filtering
for solutions of differential equations of the form (1).

We note that at present the theory of linear prediction and filtering has been
completely developed for arbitrary random processes. At the same time, the de-
termination of optimal estimates in prediction and filtering problems encounters
very great difficulties connected with the need to involve all finite-dimensional
distributions of the processes.

At present, results on optimal prediction and filtering are known only for certain
classes of Markov processes (17%). The solution of equation (1), generally speak-
ing, is not Markovian. However, in the case when £’ (¢) is a Gaussian process of
“white-noise” type, z(t) will be a diffusion Markov process, so that the class of
processes under study may be regarded as an extension of the class of Markov
diffusion processes for which the prediction and filtering problems were solved
in papers (174).

Let x(t) be a random process defined for ¢ € [0,a] and taking values in the
m-dimensional Euclidean space E. Denote by §, the o-algebra of events gener-
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ated by the quantities z(s) for s < ¢, t € [0,a]. If n is some random variable
measurable with respect to §, (such variables are naturally called functionals
of the process x(t)), then the optimal mean-square estimate of the quantity n
with respect to the o-algebra B C §, is the B-measurable random variable 7
for which M(n — 7})? assumes its minimal value. If, moreover, Mn? < oo, then
there exists a best estimate 7) of the form

n=M(n/B). (2)

In considering extrapolation and filtering problems, as 1 one takes quantities
n = h(z(t)), and as the o-algebra B, the o-algebra §7., generated by the values
g(x(s)) for s < T, where h(-) and g(-) are certain measurable functions defined
on E.

In deriving formulas for the best prediction and filter, the following lemma is
proved.

Lemma. Suppose that x(t) and £(t) are certain random processes with values
in E, defined on the interval [0,a]. Let

the measure pu,, generated by the process x(t), is absolutely continuous with
respect to the measure pi5, generated by the process £(t), and let p,, () denote the
corresponding density. Let, further, h(-) and g(-) be some measurable functions
defined on E. If we denote

al€, 1) = M{R(E(1)p,(E0)) /35 1/ pr (), 3)

where S%* denotes the o-algebra generated by the values g(£(s)) for s < T, then
the optimal estimate h(z(t)) of the functional h(z(t)) has the form

Wz (t)) = a(z,1). (4)

Suppose now that £(t) is a Gaussian process with values in E, and that g(-)
and h(-) are linear functionals on F (it is precisely such functionals that are
considered in problems of prediction and filtering). Then the computation of
the conditional expectation (3) reduces to the computation of an unconditional
one in the following way.

Represent the Gaussian process £(¢) in the form

§(t) = np(t) +ep(t), ()

where 75 (t) is the projection of the process £(t) onto the space of random vari-
ables generated by the values g(£(s)), when s < T, T € [0,a], and ep(t) =
&(t) — np(t) is a Gaussian process independent of the o-algebra §% . Therefore
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In [5] a formula was obtained for the density of the measure y,, corresponding to
the solution z(t) of equation (1), with respect to the measure p, corresponding
to the Gaussian process £(t). The density has the following form:

dul B Y a w 7@72 a
o) = e {—a [0, 0w =5 [Py, @

where the random function b(¢) and the Wiener process w(t) take values in E
and are defined in terms of the function §(¢,z) and the correlation matrix of
the Gaussian process £'(t) (see [5]).

Taking formula (7) into account, expression (6) can be rewritten as follows:

M [h(u(t) + ep()) exp { —a [ (b(s), duw(s)) — & [ [b(s)|* ds }]
exp {704 fOT(b(s), dw(s)) — % fOT Ib(s)|2 ds} ué()):ij(())

Formula (8) contains within it the formulas of optimal extrapolation and filter-
ing, depending on the choice of ¢g(-) and h(-) and on the relation between ¢ and
T. For example, if g = h = x and t > T, then formula (8) gives the formula
for the optimal prediction of the process x(t), while if the vector « has the form
x = (g;h), and t < T, then formula (8) gives the formula for the optimal filter
of one component x from another observed one.

Let the nonlinearity entering equation (1) be small, i.e., let « be a small quantity.
Then the right-hand side of formula (8) can be expanded in powers of a.

Indeed, suppose that {¢,(t)} and {)\,} are the eigenfunctions and eigenvalues
of the correlation matrix of the Gaussian process £’ (t). Let the representation
(5) hold. Then the numerator and denominator of formula (8) are expanded in

powers of a, and the optimal estimate of the functional h(z(t)) has the form

h(z(t)) = C; — aCy + a?Cy + o(a?), (9)

where the coefficients C, Cy, and C; are determined from the linear system of
algebraic equations

Clelv CQZAQ*A1BQ»
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03 = A3 - 232(142 - Ale) - AIBS7 (10)

and the quantities A, Ay, A3, By, and B are found from the relations

oo t ot u(t) = np(
4, :M{h<u<t> T e(t) {ij | [ UG + e ato o6 + e sok<s>>dzds” 0= 7_71T~((-
k=1 vi-) = 77% .

. q T 2
33233—];)%(/0 (f(tvw(t))’@k(t))dt> : (15)

Formula (9) shows that, for small nonlinearities, the deviation of the optimal
prediction (filter) from the linear one has the same order as the order of the
nonlinearity. Therefore, the use of optimal estimates instead of linear ones may
lead to substantial improvements.
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