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THEORY OF ELASTICITY
A. N. GUZ

ON THE CONDITIONS FOR APPLYING
EULER’S METHOD TO THE STUDY OF
THE STABILITY OF DEFORMATION OF
NONLINEARLY ELASTIC BODIES UNDER
FINITE SUBCRITICAL DEFORMATIONS
(Presented by Academician L. I. Sedov on February 19, 1970)

Within the framework of the theory of small subcritical deformations, under
certain simplifications, sufficient conditions for the application of Euler’s method
in investigating the stability of deformation of elastic bodies were obtained in (1).
These conditions consist in requiring that the external forces be conservative.

In the present paper we obtain sufficient conditions for applying Euler’s method
within the framework of the theory of finite subcritical deformations for an
isotropic nonlinear elastic body with an arbitrary form of potential.

Let us refer a three-dimensional body to Lagrangian coordinates, which before
deformation coincide with Cartesian coordinates, and assume that the stability
of deformation can be investigated from the linearized equations. Quantities of
the basic subcritical state will be denoted by the subscript zero, and perturba-
tion quantities without a subscript. In the case of finite subcritical deformations,
the basic linearized equations (3) may be given the form

[𝜎∗
𝑖𝑛 (𝛿𝑛𝑚 + 𝑢0

𝑚,𝑛) + 𝜎∗0
𝑖𝑛𝑢𝑚,𝑛],𝑖 + 𝑋∗

𝑚 − 𝜌∗𝑢̈𝑚 = 0, 𝑚 = 1, 2, 3. (1)

The boundary conditions in stresses on the part of the body surface 𝑆1 and in
displacements on the part of the surface 𝑆2 we write (3) in the form

𝑁𝑖 [𝜎∗
𝑖𝑛 (𝛿𝑛𝑚 + 𝑢0

𝑚,𝑛) + 𝜎∗0
𝑖𝑛𝑢𝑚,𝑛]𝑆1

= 𝑃 ∗
𝑚; 𝑢𝑚∣𝑆2

= 0. (2)

Here 𝜎∗
𝑖𝑛 are perturbations of the generalized stresses; 𝑋∗

𝑚 are perturbations of
body forces, 𝜌∗ is the material density referred to the unit volume of the body
before deformation; 𝑁𝑖 are unit normals to the body surface before deformation;
𝑃 ∗

𝑚 are perturbations of the components of the surface forces acting on the body
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after deformation, but referred to the unit area before deformation; the volume
of the body 𝑉 and the surface 𝑆 = 𝑆1 + 𝑆2 should be understood as before
deformation because of the use of Lagrangian coordinates.

Consider an isotropic nonlinear elastic body with an arbitrary form of potential
Φ = Φ(𝐼 ′

1, 𝐼 ′
2, 𝐼 ′

3), depending on three algebraic invariants. The generalized
stresses 𝜎∗′

𝑖𝑗 are determined by the formula

𝜎∗′
𝑖𝑗 = 1

2 ( 𝜕
𝜕𝜀′

𝑖𝑗
+ 𝜕

𝜕𝜀′
𝑗𝑖

) Φ(𝐼 ′
1, 𝐼 ′

2, 𝐼 ′
3). (3)

Here 2𝜀′
𝑖𝑗 = 𝑢′

𝑖,𝑗 + 𝑢′
𝑗,𝑖 + 𝑢′

𝑠,𝑖𝑢′
𝑠,𝑗 are the components of the Green strain tensor;

the prime index has been introduced so as not to identify the quantities with
their perturbations.

Linearizing relation (2), we obtain

𝜎∗
𝑖𝑗 = 𝜆𝑖𝑗𝛼𝛽𝑢𝛼,𝛽, (4)

where the notation

𝜆𝑖𝑗𝛼𝛽 = (𝛿𝑖𝑗𝜕2Φ0/𝜕𝐼0
1 𝜕𝐼0

𝑘 + 2𝜀0
𝑖𝑗𝜕2Φ0/𝜕𝐼0

2 𝜕𝐼0
𝑘 + 3𝜀0

𝑖𝑡𝜀0
𝑡𝑗𝜕2Φ0/𝜕𝐼0

3 𝜕𝐼0
𝑘)[𝛿𝑘1(𝛿𝛼𝛽 + 𝑢0

𝛼𝛽)
+ (𝛿𝑘2𝜀0

𝑛𝑚 − 3
2 𝛿𝑘3𝜀0

𝑚𝑝𝜀0
𝑝𝑛)(𝛿𝑛𝛼𝛿𝑚𝛽 + 𝛿𝑚𝛼𝛿𝑛𝛽 + 𝑢0

𝛼,𝑚𝛿𝑛𝛽 + 𝑢0
𝛼,𝑛𝛿𝑚𝛽)]

+ (𝛿𝛼𝑖𝛿𝛽𝑗 + 𝛿𝛼𝑗𝛿𝛽𝑖 + 𝑢0
𝛼,𝑗𝛿𝛽𝑖 + 𝑢0

𝛼,𝑖𝛿𝛽𝑗)𝜕Φ0/𝜕𝐼0
2

+ 3
2 [𝜀0

𝑖𝑡(𝛿𝑡𝛼𝛿𝑗𝛽 + 𝛿𝑗𝛼𝛿𝑡𝛽 + 𝑢0
𝛼,𝑗𝛿𝑡𝛽 + 𝑢0

𝛼,𝑡𝛿𝑗𝛽)
+ 𝜀0

𝑡𝑗(𝛿𝑖𝛼𝛿𝑡𝛽 + 𝛿𝑡𝛼𝛿𝑖𝛽 + 𝑢0
𝛼,𝑡𝛿𝑖𝛽 + 𝑢0

𝛼,𝑖𝛿𝑡𝛽)]𝜕Φ0/𝜕𝐼0
3 .

(5)

Let us note that, in the general case, 𝜆𝑖𝑗𝛼𝛽 = 𝜆𝑖𝑗𝛼𝛽(𝑥1, 𝑥2, 𝑥3). Substituting (4)
into (1) and (2), we obtain

[𝜆𝑖𝑛𝛼𝛽(𝛿𝑛𝑚 + 𝑢0
𝑚,𝑛)𝑢𝛼,𝛽 + 𝜎∗0

𝑖𝑛𝑢𝑚,𝑛],𝑖 + 𝑋∗
𝑚 − 𝜌∗𝑢̈𝑚 = 0, (6)

𝑁𝑖[𝜆𝑖𝑛𝛼𝛽(𝛿𝑛𝑚 + 𝑢0
𝑚,𝑛)𝑢𝛼,𝛽 + 𝜎∗0

𝑖𝑛𝑢𝑚,𝑛]𝑆1
= 𝑃 ∗

𝑚, 𝑢𝑚|𝑆2
= 0. (7)

The problem of stability of deformation under the dynamic approach is reduced
to the study of small oscillations about the equilibrium position, i.e., to deter-
mining the minimum values of 𝜎∗0

𝑖𝑛 for which we obtain solutions of the boundary-
value problem (6)—(7) that grow in time; here, in the quantities 𝑢𝑖, 𝑋∗

𝑚, and
𝑃 ∗

𝑚, we single out the factor exp 𝑖𝜔𝑡.
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Euler’s method (the static approach) consists in finding the conditions under
which, along with the unperturbed equilibrium form, adjacent perturbed equi-
librium forms exist, i.e., in determining the minimum values of 𝜎∗0

𝑖𝑛 for which
the solution of the following boundary-value problem is nonunique:

[𝜆𝑖𝑛𝛼𝛽(𝛿𝑛𝑚 + 𝑢0
𝑚,𝑛)𝑢𝛼,𝛽 + 𝜎∗0

𝑖𝑛𝑢𝑚,𝑛],𝑖 + 𝑋∗
𝑚 = 0, (8)

𝑁𝑖[𝜆𝑖𝑛𝛼𝛽(𝛿𝑛𝑚 + 𝑢0
𝑚,𝑛)𝑢𝛼,𝛽 + 𝜎∗0

𝑖𝑛𝑢𝑚,𝑛]𝑆1
= 𝑃 ∗

𝑚, 𝑢𝑚|𝑆2
= 0. (9)

Repeating the course of reasoning of (1), we arrive at the conclusion that a
sufficient condition for the applicability of Euler’s method, also within the
framework of the theory of finite precritical deformations, is the self-adjointness
of the boundary-value problem (2).
Let 𝑢(1)

𝑖 and 𝑢(2)
𝑖 be the components of two arbitrary twice-differentiable vectors

satisfying the boundary conditions (9); in addition, by the indices 1 and 2 we
shall denote the corresponding quantities of the perturbations of the surface and
body forces. We form the condition of self-adjointness

Δ = ∫
𝑉

[𝑢(1)
𝑚 𝐿𝑚(𝑢(2)

1 , 𝑢(2)
2 , 𝑢(2)

3 ) − 𝑢(2)
𝑚 𝐿𝑚(𝑢(1)

1 , 𝑢(1)
2 , 𝑢(1)

3 )] 𝑑𝑉 = 0, (10)

which must hold for any 𝑢(1)
𝑖 and 𝑢(2)

𝑖 satisfying the conditions (9). Here 𝐿𝑚
denotes the equations of system (8).

Applying the Gauss–Ostrogradsky formula and taking into account the bound-
ary conditions (9) and the symmetry of the generalized stresses, after a number
of transformations we obtain

Δ = ∬
𝑆1

(𝑢(1)
𝑚 𝑃 ∗(2)

𝑚 − 𝑢(2)
𝑚 𝑃 ∗(1)

𝑚 ) 𝑑𝑆 + ∫
𝑉

(𝑢(1)
𝑚 𝑋∗(2)

𝑚 − 𝑢(2)
𝑚 𝑋∗(1)

𝑚 ) 𝑑𝑉

− ∫
𝑉

[𝜆𝑖𝑛𝛼𝛽(𝛿𝑛𝑚 + 𝑢0
𝑚,𝑛) − 𝜆𝛽𝑛𝑚𝑖(𝛿𝑛𝛼 + 𝑢0

𝛼,𝑛)]𝑢(1)
𝑚,𝑖𝑢(2)

𝛼,𝛽 𝑑𝑉 .
(11)

Since the first two integrals in (11) depend on the applied forces, and the third
on the form of the elastic potential, it follows from (10) and (11), by setting
separately to zero the indicated parts of expression (11), that we obtain sufficient
conditions for the applicability of Euler’s method within the framework of the
theory of finite precritical-

⋯ical deformations in the form

∬
𝑆1

(𝑢(1)
𝑚 𝑃 ∗(2)

𝑚 − 𝑢(2)
𝑚 𝑃 ∗(1)

𝑚 ) 𝑑𝑆 + ∫
𝑉

(𝑢(1)
𝑚 𝑋∗(2)

𝑚 − 𝑢(2)
𝑚 𝑋∗(1)

𝑚 ) 𝑑𝑉 = 0, (12)
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∫
𝑉

[𝜆𝑖𝑛𝛼𝛽 (𝛿𝑛𝑚 + 𝑢0
𝑚,𝑛) − 𝜆𝛽𝑛𝑚𝑖 (𝛿𝑛𝛼 + 𝑢0

𝛼,𝑛)] 𝑢(1)
𝑚,𝑖𝑢(2)

𝛼,𝛽 𝑑𝑉 = 0. (13)

Condition (12) is satisfied in the particular case of“dead”external loads (𝑃 ∗
𝑚 =

0, 𝑋∗
𝑚 = 0), and in the more general case of conservative loads. Thus, condition

(12), obtained within the theory of finite precritical deformations, coincides
with the known condition (1), obtained within the theory of small precritical
deformations with certain simplifications.

Let us analyze condition (13), which, together with condition (12), is sufficient.
Owing to the arbitrariness of the choice of 𝑢(1)

𝑖 and 𝑢(2)
𝑖 , we may set

𝛿𝑖𝛼𝛽𝑚 = 𝜆𝑖𝑗𝛼𝛽 (𝛿𝑚𝑗 + 𝑢0
𝑚,𝑗) − 𝜆𝛽𝑗𝑚𝑖 (𝛿𝛼𝑗 + 𝑢0

𝛼,𝑗) = 0. (14)

Condition (14) is satisfied for the Treloar and Mooney potentials, and also for
the harmonic potential.

Consider the simplifications that arise if the precritical deformations are re-
garded as small and the precritical state is determined by the classical theory
of elasticity. Expression (5) takes the form

𝜆𝑖𝑗𝛼𝛽 = (𝛿𝑖𝑗
𝜕2Φ0

𝜕𝐼0
1 𝜕𝐼0

𝑘
+ 2𝜀0

𝑖𝑗
𝜕2Φ0

𝜕𝐼0
2 𝜕𝐼0

𝑘
− 3𝜀0

𝑖𝑡𝜀0
𝑡𝑗

𝜕2Φ0

𝜕𝐼0
3 𝜕𝐼0

𝑘
) (𝛿𝛼𝛽𝛿𝑘1 + 2𝜀0

𝛼𝛽𝛿𝑘2 + 3𝜀0
𝛼𝑝𝜀0

𝑝𝛽𝛿𝑘3)

+ (𝛿𝛼𝑖𝛿𝑟𝑗 + 𝛿𝛼𝑗𝛿𝛽𝑖)
𝜕Φ0

𝜕𝐼2
+ (𝛿𝑗𝛽𝜀0

𝑖𝛼 + 𝛿𝑗𝛼𝜀0
𝑖𝛽 + 𝛿𝑖𝛼𝜀0

𝑗𝛽 + 𝛿𝑖𝛽𝜀0
𝛼𝑗)

𝜕Φ0

𝜕𝐼3
, 2𝜀0

𝑖𝑗 = 𝑢0
𝑖,𝑗 + 𝑢0

𝑗,𝑖.
(15)

In this case condition (14), taking into account the symmetry of the stresses,
can be put in the form

𝜆𝛼𝛽𝑚𝑖 = 𝜆𝑚𝑖𝛼𝛽. (16)

From expression (15), by direct verification one can see that conditions (16) are
satisfied for any form of the elastic potential.

Thus, within the theory of small precritical deformations, when the precritical
state is determined by a geometrically linear theory, for a body with a potential
of arbitrary form, the only sufficient condition for the application of Euler’s
method is the conservativeness of the external loads, which coincides with the
results of 1.

It should be noted that only sufficient conditions have been considered here, and
their nonfulfillment does not mean that Euler’s method cannot be applied.
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