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TIONAL FORMULAS
(Presented by Academician P. S. Novikov on 9 IX 1969)

The paper establishes estimates for the complexity of algorithms recognizing the
realizability of closed logico-arithmetical formulas of bounded length, and also
of algorithms that boundedly realize certain propositional formulas, i.e., such
algorithms which transform every set of closed logico-arithmetical formulas of
bounded length into a number realizing the result of substituting this set into
the propositional formula under consideration in place of its variables.

1. We shall use the terminology and notions introduced in papers (1−6), in
particular the notion of the length of a word 𝑃 (notation [𝑃 0]) and the
notion of the representation of a normal algorithm 𝔄 (notation 𝔄𝑢). By
the complexity of a normal algorithm 𝔄 we shall mean the length of its
representation, i.e. [𝔄𝑢] (notation 𝔄𝜁). By the quasi-feasibility of an object
with given properties we shall mean the possibility of deriving a contra-
diction from the assumption of its infeasibility. The alphabet of logico-
arithmetical formulas (notation 𝐴) shall be the following list of elementary
signs:

&∨ ⊃ ¬∀∃0′ + ×()𝑡 = .

The standard two-letter extension of the alphabet 𝐴 will be denoted by the
symbol 𝐴+. By a logico-arithmetical formula we shall mean a formula of formal
arithmetic, defined in (2), assuming that a variable is a word of the form (𝑡 … 𝑡)
(see (3), p. 27). We use the notion of realization of a logico-arithmetical formula
introduced in (5).

2. Let 𝔄 be a normal algorithm over 𝐴, and let 𝑛 be a natural number. We
shall say that the algorithm 𝔄 𝑛-recognizes the realizability (nonre-
alizability) of closed logico-arithmetical formulas if, for any closed
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logico-arithmetical formula 𝐹 such that [𝐹 0] ≤ 𝑛: a) the algorithm 𝔄 is
applicable to 𝐹 ; b) 𝐹 is realizable (nonrealizable) if and only if 𝔄(𝐹) ≐ Λ.

Theorem 1. There exist natural numbers 𝐶1, 𝐶2, and 𝐶3 such that, for any
natural number 𝑛 and any normal algorithm 𝔄 in the alphabet 𝐴+, if 𝔄 𝑛-
recognizes the nonrealizability of closed logico-arithmetical formulas, then

𝔄𝜁 ≥ 1
𝐶1

⋅ 2
√𝑛/𝐶2 − 𝐶3.

The proof of Theorem 1 is based on the following two lemmas.

Lemma 1. One can construct a logico-arithmetical formula 𝐹(𝑥) with a single
parameter 𝑥 such that there exist natural numbers 𝐶1 and 𝐶2 such that, for
any natural number 𝑛 and any normal algorithm 𝔄 in the alphabet 0′𝑎𝑏𝑐, if
𝔄 recognizes the nonrealizability of 𝐹(𝑚) for all natural numbers 𝑚 such that
𝑚 ≤ 𝑛, then 𝔄𝜁 ≥ 𝑛/𝐶1 − 𝐶2.

The formula 𝐹(𝑥) is constructed with the aid of the predicate 𝜇, constructed by
N. V. Petri (see (7), p. 37).
Lemma 2. For any natural number 𝑛 such that 𝑛 > 0, one can construct a
constant term 𝑇𝑛 such that 𝑧(𝑇𝑛) = 𝑛 and [𝑇 0

𝑛 ] ≤ 7([log2 𝑛] + 1)2. (Here 𝑧(𝑇𝑛)
denotes the value of the constant term 𝑇𝑛.)

From Theorem 1 it is easy to obtain

Theorem 2. There exist natural numbers 𝐶1, 𝐶2, and 𝐶3 such that, for every
natural number 𝑛 and every normal algorithm 𝔄 in the alphabet 𝐴+, if 𝔄 𝑛-
recognizes the realizability of closed logical-arithmetical formulas, then

𝔄 ≥ 1
𝐶1

⋅ 2
√𝑛/𝐶2 − 𝐶3.

Theorem 2 gives a lower bound for the complexity of 𝑛-recognizing the realiz-
ability of closed logical-arithmetical formulas. From cardinality considerations
the following upper bound may be obtained.

Theorem 3. There exists a natural number 𝐶 such that, for every natural
number 𝑛, there quasi-exists a normal algorithm 𝔄 in the alphabet 𝐴+ which
𝑛-recognizes the realizability of closed logical-arithmetical formulas and is such
that

𝔄 ≤ 14/13 ⋅ 14𝑛 + 𝐶.
3. In what follows let 𝑝 denote a propositional variable. Let 𝐺 be a propo-

sitional formula in one variable 𝑝, and let 𝑛 be a natural number. We
shall say that a normal algorithm 𝔄 over the alphabet 𝐴 𝑛-realizes the
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formula 𝐺 if, for every closed logical-arithmetical formula 𝐻 such that
[𝐻∘] ≤ 𝑛: a) the algorithm 𝔄 is applicable to 𝐻; b) 𝔄(𝐻) realizes 𝐺(𝐻).

Let 𝐺 be a propositional formula in one variable 𝑝. We shall say that the formula
𝐺 has no upper bound for the complexity of realizability if, for every
general recursive function 𝑓 , there exists a natural number 𝑁 such that, for
every natural number 𝑚 such that 𝑚 ≥ 𝑁 , and every normal algorithm 𝔄 in
the alphabet 𝐴+ that 𝑚-realizes 𝐺, one has 𝔄 ≥ 𝑓(𝑚).
Consider the propositional formulas ¬¬𝑝 ⊃ 𝑝, 𝑝 ∨ ¬𝑝, (¬𝑝 ⊃ 𝑝) ⊃ 𝑝*. For each
of these formulas it is true that, for every natural number 𝑛, there quasi-exists
a normal algorithm 𝑛-realizing it. The following assertions hold, however.

Theorem 4. The propositional formula ¬¬𝑝 ⊃ 𝑝 has no upper bound for the
complexity of realizability.

Theorem 5. Let 𝐹 and 𝐺 be propositional formulas in one variable 𝑝 such that
𝐹 ⊢ 𝐺 in the intuitionistic propositional calculus, and suppose 𝐺 has no upper
bound for the complexity of realizability. Then 𝐹 also has no upper bound for
the complexity of realizability.

From Theorems 4 and 5 one can obtain:

Corollary 1. The propositional formulas 𝑝 ∨ ¬𝑝, (¬𝑝 ⊃ 𝑝) ⊃ 𝑝 have no upper
bound for the complexity of realizability.

Corollary 2. The propositional formula 𝐹 ⊃ (¬¬𝑝 ⊃ 𝑝), where 𝐹 is a formula
in one variable 𝑝 derivable in the intuitionistic propositional calculus, has no
upper bound for the complexity of realizability.

4. It is known that the formula (𝑝 ∨¬𝑝) ⊃ (¬¬𝑝 ⊃ 𝑝) is derivable in the intu-
itionistic propositional calculus and, consequently, by Nelson’s theorem
is realizable. However, the following theorem holds.

Theorem 6. There exist natural numbers 𝐶1, 𝐶2, and 𝐶3 such that, for every
natural number 𝑛 and every normal algorithm 𝔄 in the alphabet 𝐴+, if 𝔄 𝑛-
realizes the propositional formula (¬¬𝑝 ⊃ 𝑝) ⊃ (𝑝 ∨ ¬𝑝), then

𝔄 ≥ 1
𝐶1

⋅ 2
√𝑛/𝐶2 − 𝐶3.

This theorem, which may be obtained from Theorem 1, gives a lower bound for
the complexity of realizability of the propositional formula (¬¬𝑝 ⊃ 𝑝) ⊃ (𝑝∨¬𝑝).
From cardinality considerations the following upper bound may be obtained.

Theorem 7. There exists a natural number 𝐶 such that, for every natural
number 𝑛, there quasi-exists a normal algorithm 𝔄 in the alpha-
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* Here and below we use the generally accepted rules for omitting parentheses
when writing propositional formulas.

where 𝐴+ is such that 𝔄 𝑛-realizes the propositional formula (¬¬𝑝 ⊃ 𝑝) ⊃
(𝑝 ∨ ¬𝑝), and 𝔄3 ≤ 14/13 ⋅ 14𝑛 + 𝐶.

Analogous results hold for the “weakened”law of excluded middle:

Theorem 8. There exist natural numbers 𝐶1, 𝐶2, and 𝐶3 such that, for any
natural number 𝑛 and any normal algorithm 𝔄 in the alphabet 𝐴+, if 𝔄 𝑛-
realizes the propositional formula ¬𝑝 ∨ ¬¬𝑝, then

𝔄3 ≥ 1
𝐶1

⋅ 2
√𝑛/𝐶2 − 𝐶3.

Theorem 9. There exists a natural number 𝐶 such that, for any natural
number 𝑛, there quasi-exists a normal algorithm 𝔄 in the alphabet 𝐴+ such
that 𝔄 𝑛-realizes the propositional formula ¬𝑝 ∨ ¬¬𝑝, and 𝔄3 ≤ 14/13 ⋅ 14𝑛 + 𝐶.

Theorems 8 and 9 and Corollary 1 show the relationship between the complexi-
ties of realizing the formulas 𝑝 ∨ ¬𝑝 and ¬𝑝 ∨ ¬¬𝑝.
The author expresses deep gratitude to N. M. Nagorny for his advice.
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