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Abstract
Full Text
UDC 517.53

MATHEMATICS
I. I. BAVRIN

STRUCTURAL REPRESENTATION OF CER-
TAIN CLASSES OF HARMONIC AND ANA-
LYTIC FUNCTIONS
(Presented by Academician M. A. Lavrent’ev on 19 I 1970)

M. M. Dzhrbashyan (1) gave a complete structural representation for the classes
of harmonic and analytic functions associated with the operator 𝐿(𝜔) constructed
by him (1). In the present note a complete structural representation is given for
the classes of harmonic and analytic functions introduced here and associated
with the operator 𝐿(𝜔1,…,𝜔𝑚) (2).
Let 𝑈(𝜔1,…,𝜔𝑚) denote the set of functions 𝑢(𝑧) harmonic in the disk |𝑧| < 1 and
satisfying the condition

sup
0<𝑟<1

{∫
2𝜋

0
∣𝑢(𝜔1,…,𝜔𝑚)(𝑟𝑒𝑖𝜑)∣ 𝑑𝜑} < +∞,

where 𝜔𝑗(𝑥) ∈ Ω (𝑗 = 1, … , 𝑚)* and

𝑢(𝜔1,…,𝜔𝑚)(𝑟𝑒𝑖𝜑) = 𝐿(𝜔1,…,𝜔𝑚)[𝑢(𝑟𝑒𝑖𝜑)].

Let 𝐶(𝜔1,…,𝜔𝑚) denote the class of functions 𝑓(𝑧) analytic in the disk |𝑧| < 1 and
satisfying the condition

Re 𝑓(𝜔1,…,𝜔𝑚)(𝑧) ≥ 0 (|𝑧| < 1),

where 𝜔𝑗(𝑥) ∈ Ω and

𝑓(𝜔1,…,𝜔𝑚)(𝑟𝑒𝑖𝜑) = 𝐿(𝜔1,…,𝜔𝑚)[𝑓(𝑟𝑒𝑖𝜑)].

Let 𝑅(𝜔1,…,𝜔𝑚) denote the class of functions 𝑓(𝑧) analytic in the disk |𝑧| < 1 for
which the condition
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sup
0<𝑟<1

{∫
2𝜋

0
∣Re 𝑓(𝜔1,…,𝜔𝑚)(𝑟𝑒𝑖𝜑)∣ 𝑑𝜑} < +∞.

is satisfied. Since, for 𝑓(𝑧) ∈ 𝐶(𝜔1,…,𝜔𝑚), the integrals

∫
2𝜋

0
∣Re 𝑓(𝜔1,…,𝜔𝑚)(𝑟𝑒𝑖𝜑)∣ 𝑑𝜑 = ∫

2𝜋

0
Re 𝑓(𝜔1,…,𝜔𝑚)(𝑟𝑒𝑖𝜑) 𝑑𝜑 = 2𝜋Re 𝑓(𝜔1,…,𝜔𝑚)(0)

are bounded by a number independent of 𝑟 < 1, we obviously have

𝐶(𝜔1,…,𝜔𝑚) ⊂ 𝑅(𝜔1,…,𝜔𝑚).

Let 𝑃(𝜃, 𝑟; 𝜔1, … , 𝜔𝑚), 𝑆(𝑧; 𝜔1, … , 𝜔𝑚) be the functions introduced by the au-
thor in (2).

* It is said (see (1), p. 1078) that a function 𝜔(𝑥) ∈ Ω if it is nonnegative and
continuous on [0, 1), with

𝜔(0) = 1, ∫
1

0
𝜔(𝑥) 𝑑𝑥 < +∞

and, for every 𝑟 (0 ≤ 𝑟 < 1),

∫
1

𝑟
𝜔(𝑥) 𝑑𝑥 > 0.

Theorem 1. a) The class 𝑈(𝜔1,…,𝜔𝑚) coincides with the set of functions 𝑢(𝑧)
representable in the form of the integral

𝑢 (𝑟𝑒𝑖𝜑) = 1
2𝜋 ∫

2𝜋

0
𝑃(𝜑 − 𝜃, 𝑟; 𝜔1, … , 𝜔𝑚) 𝑑𝜓(𝜃) (1)

(0 ≤ 𝑟 < 1, 0 ≤ 𝜑 ≤ 2𝜋),
where 𝜓(𝜃) is an arbitrary real function with finite total variation on [0, 2𝜋].

b) In representation (1) of a given function

𝑢(𝑧) ∈ 𝑈(𝜔1,…,𝜔𝑚)

the corresponding function 𝜓(𝜃) can be determined by means of the limit

sovietrxiv.org/items/ru-197001.94433 Machine Translation

https://sovietrxiv.org/items/ru-197001.94433


𝜓(𝜃) = lim
𝑛→+∞

∫
𝜃

0
𝑢(𝜔1,…,𝜔𝑚) (𝜌𝑛𝑒𝑖𝜑) 𝑑𝜑,

where {𝜌𝑛}, 0 < 𝜌1 < 𝜌2 < ⋯ < 𝜌𝑛 < ⋯, 𝜌𝑛 ↑ 1, is some increasing sequence.

c) The class
𝑈∗

(𝜔1,…,𝜔𝑚) ⊂ 𝑈(𝜔1,…,𝜔𝑚)

of functions harmonic in the disk |𝑧| < 1, for which

𝑢(𝜔1,…,𝜔𝑚)(𝑧) ≥ 0 (|𝑧| < 1),

coincides with the set of functions representable in the form (1), where the
function 𝜓(𝜃) is nondecreasing on [0, 2𝜋].
Theorem 2. a) The class 𝐶(𝜔1,…,𝜔𝑚) coincides with the set of functions 𝑓(𝑧)
representable in the form

𝑓(𝑧) = 𝑖𝐶 + 1
2𝜋 ∫

2𝜋

0
𝑆 (𝑒−𝑖𝜃𝑧; 𝜔1, … , 𝜔𝑚) 𝑑𝜓(𝜃) (2)

(|𝑧| < 1),
where Im𝐶 = 0, and 𝜓(𝜃) is an arbitrary nondecreasing bounded function on
[0, 2𝜋].

b) The class 𝑅(𝜔1,…,𝜔𝑚) coincides with the set of functions representable in
the form (2), where 𝜓(𝜃) is a real function of finite variation on [0, 2𝜋].

In the proof of Theorem 1, Theorem 2 of the author from (2) is used essentially,
and in the proof of Theorem 2—the author’s Theorem 1 from (2) and Theorem
1 of the present note.
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