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(Presented by Academician M. A. Lavrent ev on 18 VIII 1969)

According to the well-known analogy (Kuznetsov—Addison) that exists between
the hierarchies of descriptive set theory and the hierarchies of the theory of
recursive functions, Suslin’ s theorem on the decomposition of the maximal field
of sets* obtained by the A-operation over open sets into the sum of the classes of
the Borel hierarchy (*?) corresponds to Kleene’ s theorem on the decomposition
of the maximal field of sets obtained by the A-operation over general recursive
sets by means of the hyperarithmetic hierarchy (*%). Generalizing the concept
of the A-operation, A. N. Kolmogorov introduced the class of R-operations, and
A. A. Lyapunov, considering the question of the corresponding generalization of
Suslin’ s theorem, established (7~?) that for sufficiently powerful R-operations
the maximal field T of sets obtained by an R-operation over open sets is strictly
broader than the sum of the classes of the transfinite hierarchy beginning with
the same open sets and obtained by a finite or countable repetition of operations
weaker than the given R-operation. Thus, the problem of decomposing the
field T cannot be solved with the aid of hierarchies of length Q (Q is the least
uncountable ordinal) and still remains unsolved.

The analogue of this problem in the theory of recursive functions is the problem
of decomposing the maximal field T, of sets obtained by a certain R-operation
over general recursive sets; this note is devoted to its solution. For each suf-
ficiently powerful R-operation and the corresponding field T,.., we define a
hierarchy whose sum of classes is equal to 7,.,. The length of this hierarchy
depends on T,,. and may considerably exceed w; (the least nonconstructive or-
dinal). The hierarchy obtained in the case when the given R-operation is an
A-operation is closely connected with Kleene’ s hyperarithmetic hierarchy, and
the above-mentioned Kleene theorem is obtained in this special case from our
decomposition theorem.**

1. Indices. We use the terms and notation of (!), § 1. E is an arbitrary
nonempty set, called a space; N = {0,1,2,...}, PN is the set of all subsets of
N; @, is a d-operation with base M (C PN). We say that a ds-operation @,
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is (recursively) more powerful than a s-operation ®,, (M;, M, C PN) if there
exists such a (general recursive) function f(4) that

q>M2 {El}z - q>M1 {Ef(i)}i

for any sequence {E;},c of subsets of E. ®,, is a s-operation supplementary
to @5 Pp(py) is an R-operation over @, (*). The set

X =Qrn{E:

where E;, C E, can also be obtained as the result of the following—

* Following Hausdorff (13), we call a class of sets a field of sets if the sum,
difference, and intersection of any two sets of this class belong to the same
class.

** The question of generalizing Kleene’ s theorem by means of R-operations was
recently studied also by R. G. Hinman (?); however, the hierarchies constructed
by him cover only a proper part of the corresponding fields T,

ec’

of the transfinite process (9). Suppose that for any £ C N

F(&)={i+ i€ &b (€) € M}

(8;(m) and M, see (1)), and that for all o < €2 the sets £ (C N) are inductively
defined:

0 = ¢, g = F (ﬂ §(5>> for o > 0. (1)

B<a

Obviously, £@+1) C £(@); the least o such that £t = ¢(@) is called the sta-
bilization index of £ and is denoted Ind st;;&. If o = Ind st;,€, then £l g
denoted St,; &. Suppose that for all z € E, §, = {i: = € E;}. Then

X=0ppp{L}={z: 0€St) &, }

If x € E\ X, then the least o for which 0 ¢ €\ is denoted Ind,, (x/{E,;});
if x € X, then put Ind,;(z/{E;}) = Q. Ind,,(z/{E,;}) is called the external
index of the sequence {E;} at the point z.

2. The classes %,,. Further, the space E = N**! for various k € N. If for
alli € N, E; C N**! and
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{{mg,...,my, 1) = (mg,...,my) € E;}

is a general (or primitive-) recursive set, then the sequence { F;} is called general
(or primitive-) recursive. The class of all sets X (C N¥*1 k =0,1,2,...) such
that

X =Qpap{E}

where {E,} is some general-recursive sequence (E; C N**! for some k € N),
will be called the class R,,;. The class of complements (with respect to the
corresponding N**1) of all sets of the class |, will be denoted CHR,;; Ry, N
CR,; will be denoted BR ;. (The classes R, ,; from (1) coincide with R,,NPN
for M = R;,.) In R, there is a field of sets containing every field composed of
R -sets.

Let us note that:

A1l. The class of all sets X = ®p\p{E;}, where {E;} is a primitive-recursive
sequence, coincides with R,,.

A2. There exists an R ,;-set U C N**2 universal for all R ,-subsets of N**1.
Consequently, R;; # CR,,, and the classes R,; and CR,, are strictly wider
than BR,,.

Put

wyy = sup{Ind st,,;& : £ is a general-recursive subset of N}.

For any M C PN: a) the class of stabilization indices of all general-recursive
¢ C N coincides with {a : « < wj,}; b) the class of all # € external indices
of all possible general-recursive sequences coincides with {« : o < wy,;}. The
proof of the index comparison principle for R, -sets in (8) (simplified with the
aid of (9)) also goes through for JR,,-sets, as a result of which one obtains

Lemma (on comparison of indices). Let {E?} and {F}} be two general-
recursive sequences of subsets of N¥*1 and for z € N**! and r =0, 1

a,(z) = Indy (z/{E]}).

Then, if ® R(M) 18 recursively stronger than ®,,,, and than the operation of
summing two sets, then

{z: ap(e) <aq(@)} € Ry

Corollary. Under the notation and conditions of the lemma, and for any § <
wyy, the sets

sovietrxiv.org/items/ru-197001.94432 Machine Translation


https://sovietrxiv.org/items/ru-197001.94432

{z: ap(@) <p}, o () <B}, {r: aplz) =p}

belong to BR,,.

3. Boundedness of indices. Let 2 be the class of all such M C PN that:
B1. @, is recursively stronger than the operation | J (i.e. J, E;).

B2. @y is recursively stronger than @ ;.

We agree that everywhere below A denotes a variable over 2, and, when com-
posite notation containing A is used (for example, Ry, P g4y, wy), it is always
understood that A € 2.

Theorem 1 (on boundedness of indices). Let X, Y C N*¥1 X NY = (), and
X,Y € R,. Let {E,} be a general recursive sequence of subsets of N¥*1 such
that

Ppa{Ei} =Y.

Then there exists an ordinal o < w, such that for all z € X

Ind,(z/{E;}) < a.

The proof is carried out by a method close to that by which in (°) Luzin® s
theorem on boundedness of the indices of a sieve on analytic sets is proved; A2,
B1, and the lemma on comparison of indices are used.

One says that a (general recursive) sequence {E;} is a sequence with bounded
external indices if there exists an o < Q (a0 < wy,, respectively) such that

Ind (z/{E;}) < a
for all z € Qppp{E;}-
Theorem 2. The class of all sets
X = (I)R(A){Ei}»

where {E;} is any general recursive sequence with bounded external indices,
coincides with BR 4.

The proof follows from Theorem 1 and the corollary to the lemma on comparison
of indices.

Remark. For the classical R -sets with o > 1, assertions analogous to Theo-
rems 1 and 2 are false (%).

If X C N1 Y CN,and X = f~1(Y), where f is a general recursive function
all of whose values are distinct, then one writes

X<,V
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Theorem 3. For every X € 97, there exists a general recursive £ C N such
that
X <, Stu&

For every general recursive £ C N,
Sty eRy

and
(IndStAf < COA) <~ (StAf = %mA>
Proof with the aid of Theorem 2.

We shall now obtain a new characterization of w4, not connected with indices. A
function v(n) mapping some X C N onto the set of all ordinals 8 < o (a < Q)
is called a numbering of the segment {8 : f < a}. If there exists such a
numbering v(n) of the segment {3 : 8 < a} for which

{{m,n) : v(m) <v(n)} € BR,,,

then « will be called a BR,,-ordinal. If « is a BR,-ordinal, then, evidently,
every < a is also a ‘B ;-ordinal.

Theorem 4. w, is the least ordinal that is not a B} 4-ordinal.
Corollary. If A;, A, € 2, then Ry =R, implies

wAl = (A)Az .
In particular,

wR(A) =Wy-

4. Hierarchies. Let ¢(m,n) be a general recursive function universal for all
one-place primitive recursive functions (19), and let

m= {[m07 7ml~c] : w(mO’ [m17 amk]) = 0}

([myg, ..., my] is the number of the tuple (my, ... ,m;)) (). From A1l and Theorem
3 it follows that
Indst,m=wy.

Define a numbering |m| 4 of the segment {a: o < w,} as follows:

fmIml, = a} = (ﬂ M) \l@),

B<a

where 7(® are defined by (1) for £ = 7 and M = A. Let, for any £ C N,

Jal) = ®4{E},
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where
E; = {m: (3k)T5 (m,i,k)}

and Tf is the known predicate from (). Now, by induction on o < w4, define
the sets H4(a) (C N):

H 4(0) = ja(0),

Hy(a) ={[m,n]: |m|4 < a&n € H,y(Jm|,4)} for a>0.

The class of all sets X (C N¥*1 k > 0) general recursive relative to H 4 () will
be denoted by K 4(«). Below, £ <;  means that £ <, n, but n £, &.

Theorem 5. If a < § < wy, then

H (o) <y Hy(B),
and the class K 4(f) is strictly wider than K 4(«).

Theorem 6 (decomposition theorem).

BR, = | Kalo).

a<w g

The inclusion of the right-hand side in the left is proved by effective transfinite
induction (1), and the reverse inclusion by means of Theorem 2.

5. Connection with the hyperarithmetical hierarchy

If &, is the operation |J (i.e., A = PN\ {0}), then for every X C N*+1,
XeR, <= X e, and wy =w, (12).

Let O be the class of all Kleene ordinal notations (5), let |a| be the ordinal
denoted by the notation a € O, and let a* = 2%. Let H, = {z : H,(z)}, where
a € O and H,(z) are the predicates defined in (4).

Theorem 7. If ®, is the operation | J, then for every a € O,
H, <y Hy(lal) <4 Hyee.
Now, with the aid of Theorem 7, from Theorem 6 we obtain
Corollary (Kleene (4,5)). A set X (C N**1) belongs to
¥ NI

if and only if X is hyperrecursive relative to H, for some a € O.
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