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In paper (9) results were obtained showing that, along with propositional for-
mulas that have no upper bound for the complexity of realizability, there are
also formulas for which the function 𝜆𝑥 𝐶1 ⋅ 14𝑥 + 𝐶2*, for certain 𝐶1 and 𝐶2,
is an upper bound for the complexity of realizability. The question arises: is it
true that every propositional formula either has no upper bound for the com-
plexity of realizability, or the function 𝜆𝑥 𝐶1 ⋅ 14𝑥 + 𝐶2 is its upper bound for
the complexity of realizability?

In the present paper results will be presented that concern only part of the
question posed: a condition will be formulated sufficient for a propositional
formula not to have an upper bound for the complexity of realizability; an
affirmative answer will be given to the question posed in the case when the
propositional formula is a formula in one variable.

We shall use the terminology and concepts introduced in papers (1−6), and shall
also assume that the reader is familiar with paper (9).

1. In (9) concepts concerning propositional formulas are introduced for for-
mulas in one variable. We shall extend them to an arbitrary propositional
formula.

Let 𝑘 be a natural number, and let 𝑄 be a 𝑘-term system of closed logical-
arithmetical formulas. By the symbol 𝑄𝑖 (1 ≤ 𝑖 ≤ 𝑘) we shall denote the 𝑖-th
term of the system 𝑄. Let 𝑛 be a natural number, and let 𝐺 be a propositional
formula in the variables 𝑝1, … , 𝑝𝑘. We shall say that a normal algorithm
𝔄 over the alphabet 𝐴* 𝑛-realizes the formula 𝐺 if, for every 𝑘-term system
of closed logical-arithmetical formulas 𝑄 such that |𝑄𝑜

𝑖 | ≤ 𝑛 (1 ≤ 𝑖 ≤ 𝑘),
a) the algorithm 𝔄 is applicable to 𝑄;

b) 𝔄(𝑄) realizes the formula 𝐺(𝑄1, … , 𝑄𝑘).
Let 𝐺 be a propositional formula. We shall say that 𝐺 has no upper bound
for the complexity of realizability if, for any general recursive function 𝑓 , there
exists a natural number 𝑁 such that for every natural number 𝑚 such that
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𝑚 ≥ 𝑁 , and every normal algorithm 𝔄 in the alphabet 𝐴+ that 𝑚-realizes 𝐺,
one has 𝔄′ ≥ 𝑓(𝑚).

* Here and below we use 𝜆-notation (see (2), p. 37) for functions.
** A propositional formula 𝐺 is a formula in the variables 𝑝1, … , 𝑝𝑘 if 𝑝𝑖 (1 ≤
𝑖 ≤ 𝑘) occurs in 𝐺 and no propositional variable other than 𝑝1, … , 𝑝𝑘 occurs in
𝐺.

*** In the present paper, as in (9), 𝐴 is the alphabet of logical-arithmetical
formulas, and 𝐴+ is the standard two-letter extension of the alphabet 𝐴.

We note that Theorem 5 of paper (9) remains true also when 𝐹 and 𝐺 are
arbitrary propositional formulas, and not formulas in one variable, as is required
in paper (9).

2. Let 𝐽1 be the first Jaśkowski matrix (see (6), p. 7).

Theorem 1. If a propositional formula 𝐺 is refutable on 𝐽1, then 𝐺 has no
upper bound for realizability complexity.

For the proof of this theorem one uses Theorem 4 of paper (9), as well as the
strengthening, mentioned above, of Theorem 5 of paper (9), and a fragment of
the proof of Theorem 1 of paper (8) (if 𝐺 is refutable on 𝐽1, then 𝐺 ⊢ ¬¬𝑝 ⊃ 𝑝
in the intuitionistic propositional calculus with the substitution rule).

3. Let 𝐺 be a propositional formula, and let 𝑓 be a general recursive function.
We shall say that 𝑓 is an upper bound for the realizability complexity of
the formula 𝐺, if for every natural number 𝑛 there exists a normal quasi-
algorithm 𝔄 in the alphabet 𝐴+ such that 𝔄 𝑛-realizes 𝐺 and 𝔄3 ≤ 𝑓(𝑛).

Theorem 2. Let 𝐺1, … , 𝐺𝑘 and 𝐹 be propositional formulas, and let 𝑓1, … , 𝑓𝑘
be general recursive functions such that 𝑓𝑖 is an upper bound for the realizability
complexity of 𝐺𝑖 (1 ≤ 𝑖 ≤ 𝑘), and suppose that the formula (𝐺1& … &𝐺𝑘) ⊃ 𝐹
is derivable in the intuitionistic propositional calculus. Then there exist natural
numbers 𝐶0, 𝐶1, … , 𝐶𝑘 such that the function

𝜆𝑥
𝑘

∑
𝑖=1

𝐶𝑖 ⋅ 𝑓𝑖(𝑥) + 𝐶0

is an upper bound for the realizability complexity of 𝐹 .

We shall say that a propositional formula 𝐺 has a trivial upper bound for re-
alizability complexity if, for some natural numbers 𝐶1 and 𝐶2, the function
𝜆𝑥 𝐶1 ⋅ 14𝑥 + 𝐶2 is an upper bound for the realizability complexity of 𝐺.

From Theorem 1 of paper (7), Theorem 9 of paper (9), and Theorems 1 and 2
of the present paper, the following can be obtained:
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Theorem 3. Every propositional formula 𝐺 in one variable either has no upper
bound for realizability complexity, or has a trivial upper bound for realizability
complexity.
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