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MATHEMATICS

S. R. KOGALOVSKII

SOME REDUCTION THEOREMS FOR LOGIC
OF HIGHER LEVELS
(Presented by Academician P. S. Novikov, 2 VI 1969)

In this note we present some reduction theorems concerning pure logic of the 𝜔-
th level. We base ourselves on the set theory 𝑍𝐹 and define cardinals as initial
ordinals, while every ordinal is identified with the set of all smaller ordinals.

Let us introduce the necessary concepts. The least of the sets of words in the
alphabet {0, (, )} that contains 0 and contains together with any words 𝜏1, … , 𝜏𝑛
the word (𝜏1 … 𝜏𝑛) will be denoted by 𝐽 . The elements of 𝐽 will be called types.
For every type 𝜏 , by 𝐹𝜏 we shall denote the mapping of 𝐽 into itself such that
𝐹𝜏0 = 𝜏 and 𝐹𝜏(𝜏1 … 𝜏𝑛) = (𝐹𝜏𝜏1 … 𝐹𝜏𝜏𝑛). By St we shall denote the mapping
of 𝐽 into 𝜔 such that St 0 = 0 and St(𝜏1 … 𝜏𝑛) = 1 + max{St 𝜏1, … , St 𝜏𝑛}. For
every type 𝜏 the number St 𝜏 will be called the level of the type 𝜏 . It is easy to
see that St𝐹𝜏𝜏1 = St 𝜏 + St 𝜏1 for any types 𝜏 and 𝜏1.

Let 𝐴 be a nonempty set. A family (𝐴𝜏)𝜏∈𝐽 such that 𝐴0 = 𝐴 and 𝐴(𝜏1…𝜏𝑛) =
𝑃(𝐴𝜏1 ×…×𝐴𝜏𝑛), where 𝑃(𝐵) denotes the set of all subsets of 𝐵, will be called
the type scale of sets over 𝐴 and denoted by 𝐽(𝐴). The elements of 𝐴𝜏 (𝜏 ∈ 𝐽)
will be denoted by small initial Latin letters with superscript 𝜏 .
The language of the 𝜔-th level contains, for each 𝜏 ∈ 𝐽 , a sequence 𝑥𝜏

0, 𝑥𝜏
1, … of

variables of type 𝜏 , the symbols of logical operators: / —the Sheffer stroke, ∃
—the existential quantifier, and = —equality. By means of these operators the
operators ¬, ∧, ∨, →, ↔ and ∀ are defined in the natural way. Expressions of the
forms 𝑥𝜏

𝑚 = 𝑥𝜏
𝑛 and 𝑥(𝜏1…𝜏𝑟)

𝑝 𝑥𝜏1𝑞1 … 𝑥𝜏𝑟𝑞𝑟 are called atomic formulas. Starting from
the concept of an atomic formula, the concepts of a formula and of a sentence
are defined in the usual way.

Let 𝜎 be an arbitrary formula, and let 𝑥𝜏0
𝑖0

, … , 𝑥𝜏𝑛
𝑖𝑛

be the list of variables occur-
ring in it; let 𝐴 be some set, and let 𝑎 = ⟨𝑎𝜏0

𝑖0
… 𝑎𝜏𝑛

𝑖𝑛
⟩ be a tuple of elements of

the sets from 𝐽(𝐴). We say that 𝑎 satisfies 𝜎 in 𝐴 if one of the following four
cases holds:

1. 𝜎 is the atomic formula 𝑥𝜏𝑘
𝑖𝑘

= 𝑥𝜏𝑙
𝑖𝑙

(𝜏𝑘 = 𝜏𝑙) and 𝑎𝜏𝑘
𝑖𝑘

= 𝑎𝜏𝑙
𝑖𝑙
.
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2. 𝜎 is the atomic formula 𝑥𝜏𝑘
𝑖𝑘

𝑥𝜏𝑙
𝑖𝑙

… 𝑥𝜏𝑚
𝑖𝑚

(𝜏𝑘 = (𝜏𝑙 … 𝜏𝑚)) and ⟨𝑎𝜏𝑙
𝑖𝑙

… 𝑎𝜏𝑚
𝑖𝑚

⟩ ∈
𝑎𝜏𝑘

𝑖𝑘
.

3. 𝜎 is the formula 𝜋/𝜌 and 𝑎 does not satisfy 𝜋 or 𝑎 does not satisfy 𝜌.
4. 𝜎 is the formula (∃𝑥𝜏𝑘

𝑖𝑘
)(𝜋) and there exists 𝑏𝜏𝑘 ∈ 𝐴𝜏𝑘 such that 𝑎(𝑎𝜏𝑘

𝑖𝑘
/𝑏𝜏𝑘)

satisfies 𝜋 in 𝐴 (where 𝑎(𝑎𝜏𝑘
𝑖𝑘

/𝑏𝜏𝑘) is the tuple obtained from 𝑎 by replacing
𝑎𝜏𝑘

𝑖𝑘
by 𝑏𝜏𝑘).

If every 𝑎 satisfies 𝜎 in 𝐴, then we say that 𝜎 is true in 𝐴, or that 𝐴 satisfies 𝜎.
Formulas are called equivalent if they are true on the same sets, and
∞-equivalent if they are true on the same infinite sets.

For every formula 𝜎, by 𝐶(𝜎) we shall denote the class of all cardinals satisfying
𝜎. This class is called the spectrum of 𝜎.
Let 𝜏 be some type. By 𝐹𝜏𝜎 we shall denote the formula obtained from 𝜎 by
replacing each variable 𝑥𝜏

𝑛 by 𝑥𝐹𝜏
𝑛 . The following is easily proved.

Lemma. Let 𝐴 be an infinite set. Then, for every formula 𝜎, the truth of
𝐹(0)𝜎 on 𝐴 is equivalent to the truth of 𝜎 on 𝑃(𝐴). And, in general, for every
𝜏 , the truth of 𝐹𝜏𝜎 on 𝐴 is equivalent to the truth of 𝜎 on 𝑃 St 𝜏(𝐴), where
𝑃 1(𝐴) = 𝑃 (𝐴) and 𝑃 𝑛+1(𝐴) = 𝑃(𝑃 𝑛(𝐴)).
The degree of a formula will mean the highest of the degrees of the types of the
variables occurring in it, increased by one.

A formula in prenex form will be called regular if it contains no quantifier over
a variable of higher degree following a quantifier over a variable of lower degree.
By ⋁𝑖

𝑛 (⋀𝑖
𝑛) we shall denote the set of all regular formulas of degree (𝑖 + 1)

beginning with an existential (universal) quantifier and having 𝑛−1 alternations
of quantifiers.

No. 1. We shall say that a class of cardinals 𝐶 is defined by a formula 𝜎 if
𝐶 = 𝐶(𝜎). If, moreover, 𝜎 ∈ ⋁𝑖

𝑛 (𝜎 ∈ ⋀𝑖
𝑛), then 𝐶 will be called a ⋁𝑖

𝑛-class (a
⋀𝑖

𝑛-class). 𝐶 is called a Δ𝑖
𝑛-class if 𝐶 is simultaneously a ⋁𝑖

𝑛- and a ⋀𝑖
𝑛-class.𝐶 is called a definable class if 𝐶 = 𝐶(𝜎) for some formula 𝜎.

We shall say that a cardinal 𝔫 is defined by a formula 𝜎 if {𝔫} = 𝐶(𝜎). The
notions of a ⋁𝑖

𝑛-, ⋀𝑖
𝑛-, and Δ𝑖

𝑛-cardinal and the notion of a definable cardinal
are defined analogously. By ℭ(⋁𝑖

𝑛) we shall denote the set of all ⋁𝑖
𝑛-cardinals.

The symbols ℭ(⋀𝑖
𝑛) and ℭ(Δ𝑖

𝑛) will have the analogous meaning.

It follows from the lemma that 𝐶 is a class of cardinals definable by a formula
of degree (𝑛 + 1) if and only if {2𝔫 ∶ 𝔫 ∈ 𝐶} is a class definable by a formula of
degree 𝑛 (𝑛 ≥ 2). Hence it is clear that the study of definable classes reduces
to the study of classes definable by formulas of degree 2. As is known, ℭ(⋁1

1) =
ℭ(⋀1

1) = 𝜔. From Zykov’s results (1) it follows that, for every class 𝐶 definable
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by a formula of degree 2, the class {2𝔫 ∶ 𝔫 ∈ 𝐶} is a ⋁1
2-class. Hence it follows

(see (2), p. 97) that ℭ(⋁1
2) is cofinal in the set 𝐷 of all definable cardinals. This

circumstance motivates interest in the study of ℭ(⋀1
2) and ℭ(Δ1

2). Some results
in this direction were announced by Garland (3), who conjectured that in 𝑍𝐹
the cofinality of ℭ(Δ1

2) and 𝐷 is unprovable.

In (3) the following questions were posed:

1. Does ℵ𝛼 ∈ ℭ(Δ1
2) follow from ℵ𝛼+1 ∈ ℭ(Δ1

2)?
2. Is it true that 2ℵ0 ∈ ℭ(Δ1

2) is unprovable in 𝑍𝐹?

From the following theorem (reported by the author at the Ninth All-Union
Algebraic Colloquium) it is not difficult to derive that the answers to both
questions are negative and that ℭ(Δ1

2) (and hence also ℭ(⋀1
2)) is cofinal in 𝐷.

Theorem 1. For every formula 𝜎 of degree 2 one can effectively construct a
formula 𝜎∗ from ⋀1

2 such that, for every infinite set 𝐴, the truth of 𝜎 on 𝐴 is
equivalent to the truth of 𝜎∗ on 𝑃(𝐴).
Hence, and from Zykov’s theorem (1), it follows:
Theorem 2. For every class of cardinals 𝐶 definable by a formula of degree 2,
{2𝔫 ∶ 𝔫 ∈ 𝐶 ∧ 𝔫 ≥ 𝜔} is a Δ1

2-class.

No. 2. Let 𝐽0 be the smallest of the subsets 𝐽 containing 0 and containing,
together with every type 𝜏 , also the type (𝜏). Types from 𝐽0 will be called
monadic types. A formula will be called monadic if the types of the variables
occurring in it are monadic. Using the fact that, for every set 𝐴, the mapping
of the set

𝐴 × ⋯ × 𝐴⏟⏟⏟⏟⏟
𝑛

into 𝑃(𝑃(𝐴)) such that

𝑓(⟨𝑎1𝑎2 … 𝑎𝑛⟩) = {{𝑎1}, {𝑎1, 𝑎2}, … , {𝑎1, 𝑎2, … , 𝑎𝑛}},

is one-to-one—

but it is not hard to establish that every formula of the 2nd order is equivalent
to a suitable monadic formula of the 4th order, and, in general, every formula
of the 𝑚-th order is equivalent to a monadic formula of the (𝑚 + 2)-nd order.
In (4) the following result was announced: for every formula of the 2nd order
such that the types of the variables occurring in it belong to {0, (00)}, one can
effectively construct an equivalent monadic formula of the 3rd order. This result
is generalized as follows: for every formula from ⋁ 𝑛1(⋀ 𝑛1) one can effectively
construct an equivalent monadic formula from ⋁ 𝑛2(⋀ 𝑛2). Using this result
and the lemma, it is easy to prove the following theorem.
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Theorem 3. For every formula from ⋁ 𝑛𝑖(⋀ 𝑛𝑖) one can effectively construct
an equivalent monadic formula from ⋁ 𝑛𝑖+1(⋀ 𝑛𝑖+1). (𝑛, 𝑖 < 𝜔).
From Behmann’s results (5) it follows that not for every formula is there an
equivalent monadic formula of the same order. At the same time, for every
formula 𝜎 of the 3rd order one can effectively construct an ∞-equivalent monadic
formula of the 3rd order. Indeed, let 𝐴 be an arbitrary infinite set. One can
effectively construct a formula 𝜎∗ of the 2nd order such that: 1) the types of
the variables occurring in it belong to {0, (00)}, and 2) the truth of 𝜎 on 𝐴
is equivalent to the truth of 𝜎∗ on 𝑃(𝐴). The formula 𝐹(0)𝜎∗ of the 3rd order
is equivalent to 𝜎. We shall show that 𝐹(0)𝜎∗ is equivalent on 𝐴 to a suitable
monadic formula of the 3rd order.

Let 𝐸 be the class of elementary structures ⟨𝑀, 𝜀⟩, where 𝜀 is a binary relation
defined by the conditions:

𝐸1 ∶ (∀𝑥0)(∀𝑦0)((∀𝑧0)(𝜀𝑧0𝑥0 ↔ 𝜀𝑧0𝑦0) → 𝑥0 = 𝑦0);
𝐸2 ∶ (∀𝑥0)(∀𝑦0)(∃𝑧0)(∀𝑢0)(𝜀𝑢0𝑧0 ↔ 𝑢0 = 𝑥0 ∨ 𝑢0 = 𝑦0);
𝐸3 ∶ (∃𝑥0)(∃𝑦0)(¬𝑥0 = 𝑦0);
𝐸4 ∶ (∃𝑥0)(𝜑(𝑥0)),

where 𝜑(𝑥0) is the formula

𝜀𝑥0𝑥0 ∧ (∀𝑦0)(𝜀𝑦0𝑦0 → 𝑦0 = 𝑥0).

The unique 𝑥0 in an 𝐸-structure for which 𝜑(𝑥0) is true will be denoted by 0.
By definition, 𝑧0 = {𝑥0, 𝑦0} is equivalent to

(∀𝑢0)(𝜀𝑢0𝑧0 ↔ 𝑢0 = 𝑥0 ∨ 𝑢0 = 𝑦0),

{𝑥0} = {𝑥0, 𝑥0},
⟨𝑥0𝑦0⟩ = {{𝑥0}, {𝑥0, 𝑦0}},

⟨𝑥0
1𝑥0

2 … 𝑥0
𝑛⟩ = ⟨𝑥0

1⟨𝑥0
2 … 𝑥0

𝑛⟩⟩.

It is not hard to verify that

⟨𝑥0
1 … 𝑥0

𝑛⟩ = ⟨𝑦0
1 … 𝑦0

𝑛⟩ ↔ 𝑥0
1 = 𝑦0

1 ∧ ⋯ ∧ 𝑥0
𝑛 = 𝑦0

𝑛. (*)

Hence it follows that every structure in 𝐸 is equipotent to each of its finite
Cartesian powers, and since, by virtue of 𝐸3, it has more than one element,
it is infinite. It is obvious that 𝐸 is a nonempty class. Consequently, by the
Löwenheim—Skolem theorem and the compactness theorem, on every infinite
set one can define a structure from 𝐸. Let 𝔄 = ⟨𝐴, 𝜀⟩ be some 𝐸-structure
defined on 𝐴. From 𝐸4 and the noted properties of the class 𝐸 it follows that
the mapping ⟨𝑎𝑏⟩ → ⟨⟨𝑎𝑏⟩⟩ of the Cartesian square of the set 𝐵 = 𝐴 ∖ {0} into
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𝐵 is one-to-one. Denote by 𝐹 the mapping 𝐵((0)(0)) into 𝐴(((00))), defined as
follows:

𝐹(⟨𝑎(0)𝑏(0)⟩) =

⎧{{
⎨{{⎩

𝑎(0) × 𝑏(0), if 𝑎(0) and 𝑏(0) are nonempty,
{0} × 𝑏(0), if 𝑎(0) is empty and 𝑏(0) is nonempty,
𝑎0 × {0}, if 𝑎(0) is nonempty and 𝑏(0) is empty,
{0} × {0}, if 𝑎(0) and 𝑏(0) are empty.

𝐹 is one-to-one and 𝑎(00) ∈ 𝐴(00) is then, and only then, the 𝐹 -image of some
element of the set 𝐵((0)(0)), when the following conditions are satisfied:

1. 𝑎(00)𝑥0𝑦0 ∧ 𝑎(00)𝑧0𝑢0 → 𝑎(00)𝑥0𝑢0 ∧ 𝑎(00)𝑧0𝑦0.
2. 𝑎(00)0𝑢0 ∧ 𝑎(00)𝑥0𝑦0 → 𝑥0 = 0.
3. 𝑎(00)𝑥00 ∧ 𝑎(00)𝑥0𝑦0 → 𝑦0 = 0.

We denote the conjunction of these conditions by 𝜒(𝑎(00)).
Let us denote by 𝜎̄ the formula formed from 𝐹(0)𝜎∗ as follows:

1) each variable of type ((0)(0)) is replaced (one-to-one) by a variable of type
((00)); 2) each atomic formula 𝑥(0)(0)𝑥(0)

1 𝑥(0)
2 is replaced by

(∀𝑥(00))(𝜓(𝑥(00), 𝑥(0)
1 , 𝑥(0)

2 ) → 𝑥((00))𝑥(00)),

where 𝑥((00)) is the variable by which, in accordance with item 1, 𝑥((0)(0))

is replaced, and 𝜓 is the conjunction of the formulas:

1. 𝜒(𝑥(00)).
2. 𝑥(00)0𝑥0 → (∀𝑥0)(¬𝑥(0)

1 𝑥0).
3. 𝑥(00)𝑥00 → (∀𝑥0)(¬𝑥(0)

2 𝑥0).
4. (∃𝑥0)(𝑥(0)

1 𝑥0) ∧ 𝑥(00)𝑥0𝑦0 → 𝑥(0)
1 𝑥0.

5. (∃𝑦0)(𝑥(0)
2 𝑦0) ∧ 𝑥(00)𝑥0𝑦0 → 𝑥(0)

2 𝑦0.

These formulas express that 𝑥(00) is the Cartesian product of the sets 𝑦(0)
1 and

𝑦(0)
2 such that 𝑦(0)

𝑖 = 𝑥(0)
𝑖 if 𝑥(0)

𝑖 is nonempty, and 𝑦(0)
𝑖 = {0} otherwise (𝑖 = 1, 2).

In other words, 𝜓(𝑥(00), 𝑥(0)
1 , 𝑥(0)

2 ) expresses that

𝑥(00) = 𝐹(⟨𝑥(0)
1 𝑥(0)

2 ⟩).

By induction on the number of logical operators it is easily proved that 𝜎̄ is
equivalent to 𝐹(0)𝜎∗, and hence also 𝜎, on 𝔄. Thus, every formula of the 3rd
level is equivalent relative to the class 𝐸 to a formula 𝜎̄ of the 3rd level such
that the types of the variables entering it belong to the set

{0, (0), (00), ((00))}.
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Using property (∗) of the class 𝐸, the formula 𝜎̄ can be transformed into a
formula of the 3rd level equivalent to it relative to 𝐸 such that the types of
the variables entering it are monadic. Hence it follows that 𝜎 is ∞-equivalent
relative to 𝐸 to a formula of the 3rd level of the language corresponding to 𝐸
such that the types of the variables entering it belong to the set

{0, (0), (00), ((0))}.

Using the linear-order relation on 𝐴, every predicate, and in particular a binary
one, can be reduced to a suitable 𝑎((0)). Since the linear-order relation is mutu-
ally definable with the set of initial segments, it follows easily from this that the
obtained formula is reducible to a monadic one. From the proof of the lemma
given (in outline) one can derive

Theorem 4. For every formula from ⋁𝑖
𝑛(⋀𝑖

𝑛), where 𝑖 > 1, one can effectively
construct an ∞-equivalent monadic formula from ⋁𝑖

𝑛(⋀𝑖
𝑛) such that the types of

the variables entering it belong to

{𝜏, (𝜏), ((𝜏))},

where 𝜏 is a monadic type of the (𝑖 − 2)-nd level.

Let 0, 𝜏1, … , 𝜏𝑛+1 be a sequence of types of levels respectively 0, 1, … , 𝑛 + 1. It
is called premonadic if 𝜏𝑘+1 = (𝜏𝑘) for every 𝑘 < 𝑛 + 1. A formula is called
premonadic if the types of the variables entering it form a premonadic sequence.
The following theorem is proved without the axiom of choice.

Theorem 5. For every formula from ⋁𝑖
𝑛(⋀𝑖

𝑛) one can effectively construct an
equivalent premonadic formula from ⋁𝑖

𝑛(⋀𝑖
𝑛) (𝑛, 𝑖 < 𝜔).
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