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MATHEMATICS
B. M. BUDAK, M. Z. MOSKAL

ON A CLASSICAL SOLUTION OF A MULTI-
DIMENSIONAL MULTIPHASE PROBLEM OF
STEFAN TYPE IN A DOMAIN WITH PIECE-
WISE SMOOTH BOUNDARY

(Presented by Academician A. N. Tikhonov on 16 VII 1969)

This paper considers questions of existence, uniqueness, stability with respect
to perturbations of the initial data, and smoothness of the solution of a multi-
dimensional, multiphase problem of Stefan type for a general linear parabolic
equation of the second order, with nonclosed and closed fronts in noncylindrical
domains with piecewise smooth boundary. The exposition is given for the case
when the number of spatial independent variables is N = 2, but the method
and results are easily extended to the case N > 2. For definiteness, the first
boundary-value problem is discussed; the second boundary-value problem is
considered analogously.

Statement of the problem. As the basic domain of variation of the indepen-
dent variables xy, zo,t, we take the domain D, bounded by the surfaces:

ot = {x) = z,(s,1), 75 = T5(s,t)}, s is a parameter, t is time, s € [0, s,,,,],
i=1,2,3,t€[0,T], and by the planes t =0, ¢t =T, ; = P = const, arranged
as follows:

o2 Naltt® =0 (0 is the empty set), o™ N{zx, =P} =0;

n+2 n+2 n+3 n+3

o =0 o =0 for t € [0,T7;

T s=0 T ‘a:lzP’ T |s:0 T xr, =P = [ ’ ]’
n+2 n+1 n+3 n+1

o =0 o =0 for t € [0,T].
T S=Sp42 T ls=0’ T $=Sp43 T S=Spi1 6[ ’ ]

We shall consider the case when in Dy there are n; nonclosed phase fronts

o = {zy = 2(s,t), x5 = (s, 1)},
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where s is a parameter, s € [0,s;], ¢ = 1,...,nq, t € [0,T], and moreover
. i ]
ohNor™ i=1,2,...,ny, j=2,3,

are smooth, continuous Jordan curves, and, in addition, there are n, closed
phase fronts

o = {zy = 2(s,t), x5 = 2h(s,t)},

s is a parameter, s € [0, s;], t € [0,T],

’ %

OT’S:OZUT , t=mny+ 1,0 +no,

|s:si
such that

DLo Dy, = 1 — 1L

TODr, Jg=ny+1,...,n+ny ;

D%(D%H) is the domain* bounded by the closed front ojf(a%ﬂ), j=mn +
1,...,ny + ny — 1, and by the planes ¢ = 0 and ¢ = T’; and, in addition, in Dy
there are n4 closed phase fronts

ol = {z) = 2t (s, 1), 75 = (s, 1)},

s is a parameter, s € [0, s;],

)

UZT‘S,O:UT Sot=ngt+ng+1.0ng +ng +ng,

’s:s
such that
D?;,«ODjzw fori#3; 4,j=ny+ny+1,...,09 +ngy + ng;

Di(D?) is the domain bounded by the closed front o(c7.) and by the planes
t=0andt="T.

We denote: a) by D the domain bounded by the surfaces J%H, i=1,2,3, ok,

and by the planes t = 0 and ¢t = T'; b) by D%, k=1,2,...,ny — 1, the domain
bounded by the surfaces ok, ol o2t2 o3 and by the planes t = 0, t = T}
¢) by DX, k=n;+1,...,n; +ny — 1, the domain bounded by the surfaces o%,
ok and by the planes t = 0, t = T; d) by D%, k = ny + ng, ..., nq + ny + ng,
the domain bounded by the surface o and

* All domains, unless otherwise stated, are assumed to be closed.

planes ¢ =0, t = T; d) Dj* = Dp\U™M, ' D\ ™™ Dy

i=ni+1

Letn1—|—n2+n3:nandaiTﬂa]f:(Z)fori#j, i,7=1,2,....n; D%ﬂDjf:Q)
for k=1,2,...,n;—1, j=ny +1,...,n.

It is required to find u(x,,2,,t), 2¥(s,t), i = 1,2; k = 1,..., n, satisfying the
conditions:
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2
Z a?j(%, sz)“i:cj (21, 29,1) + Z by (4, s, t)u’j, (x4, @9, t)+
ig=1 im1

+ck($17m2at)uk(x17x27t) + Fk($1,1'2,t) = Uf((ﬂl,x%t)
k

‘n Dk
in D7,

2
Aolé? < Z afi&&; < Mf€?, Ay, Ay — const > 0,

ij=1

afj(xl,x%t); i,7 = 1,2, b¥(xy,29,1), i = 1,2, cF(xy,29,t), F¥(x),29,1), k =
1,...,n, are defined in D,

uk(xl,xQ,t)|t:0 = " (21, 23), (z1,29) € DF, k=1,....m (2)
k), y(k k k
Wy, 25, )] o = (@M 50,23 (5.),1) = WP (5,0),

S € [O’S’Y<k>]’
te[0,T], ~k)={kk+1fork=1,2 ..,
v,y —Lng+1,n+ny—1; kforn, +ny,n, +ny+1, ..
vy g + 135 ny,ng + 1,0 +ny+ 1, ,n+ 1 for k=mn,}; (3)

uk(xla Zo, t) = wZ-H: <x?+i(5ﬂ t)a x3+i<57 t)a t) = wzl_‘—i(&t)a

n+i
gr

te[0,T], s€[s; (1), st i), sifi(t) = s,4000, =123 k=1,...,n; (4)

s7.(t) is determined from ®F (274 (s, 1), 2h (s,8),8) =0, k=1,2,...,n,, j =
2,3, where ®*(z,,7,,t) = 0 is the equation of the surface o%, k = 1,2,...,n,,
in Cartesian coordinates,

— k-1
Oxk(s,t) /ot =\ (s, t)ul

x

i_l(xlf(sa t)’$5(57t>’t)_
—)\fk(&t)ug(xlf(s,t), )‘g(sat))v

i
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N9 (5,8) = A (s, 8,0k (s, 1), 28(s, 1), O (x}(s,t),ah(s,),8) =1,

Ty

i=1,2 j=k—1k k=12 .,n (5)

Definition 1. A regular classical solution of problem (1)—(5) in Dy, 0 < T’ <
T, is a system of functions u*(z,, z,,t), 2¥(s,t), i = 1,2; k = 1,...,n, satisfying
the following conditions:

uk(x17x27t), Ufzi($179€27t)a uﬁixj(xlvx%t)? uf(xhxg,t),
uiit(xlvz%t)? ulacciacj;ce(xhx%t)

are continuous in Dl}, k=1,2,3,..,n;

¥ (s,t), ok (s,t), 2k (s,1), 2F(s,t), 2¥,(s,t), 28, (s,0), i=1,2; k=1,...,n,

are continuous for s € [0, s;], ¢ € [0,T"], satisfy relations (1)—(5) and
a) [zh,(s, 1)) + [25,(s,8)]2 #£ 0 for t € [0,T"], s €[0,54), k=1,...,m;
b) ok, Nad, =0 fori # j; i,j=1,2,...,m;
¢) o N{zy =P} =0;
)

oL

Ok (2 (s,1), 25 (5,1), )2 (s, 1) + BE (277 (s,1),

2 (s, ), a0 (s,) 0, k=1,2,...,ny; j=2,3; t €[0,T"], s € [0,s,].
Theorem 1. Let: 1) wk(xl,xQ)wZ<k>(x1,x2,t), Wit @y, 20,1), 1 = 1,2,3;
afj(xl,x%t), 1, =1,2; k=1,...,n, be three times continuously differentiable;

i \S)» 'lsata ,j:,—,:c-”‘s,t,j:,,,-x,x,t,i:,,
2) Yh(s), AW F, kk—1, 2" 1,2,3, bF(z,, z, 1,2

k=1,...,n, be twice continuously differentiable; 3) c*(x,, z,,t) be continuously
differentiable; 4)

[ ()] + [4()]* = 1 > 0;

0 (), 05 ()OI ()15, (07 (8), 05 (9))gs () = ' >0, j=2,3,
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where s = si(O), f¥(zy,25) = 0 is the equation of the curve z; = ¥¥(s), 2, =

wlg(s), k=1,2,...,nq, in Cartesian coordinates; 6)

min x7(s,t P,
s€[0,s4] 1( )

the conjugacy conditions are fulfilled:

ok (0 (5), 95 (5)) = W (P (s), 05 (5),0), k=1,2,...,n,

ok WM (s), 05 (s) = wit? (P (), 05" (5),0), k=1,2,..,n; m =12,
W%(ﬂ[(] - 2)siaﬂ71’é[<j - 2)5i7t]7t) = WZ+3(ZE’§L+j(S‘Z(t),t)7.’E;+j(8'j(t)7t)’t)’
W?;xm (2[(J — 2)s;, t], 25[(5 — 2) s, 1], 1) = wZ;J (T (s)(t), 1), 25 (s)(t), 1), 1),

Wi (23105 — 2)55, ), 23[(F — 2)55, 8], 1) = w7 (@7 (5] (8), 1), 257 (s](8), 1), 1),

k=1,2,....,ny; i=kk+1fork+#mny; i=ny,n+lfork=ny; j=2,3,

2
k
S alieh, (2y,7,) Zbl P (g, m) + Rk (g, ) + D (h — w2l (5,0) = i (5,0)
o=y (s),

wk)=1kk+1l,n+2,n+3fork=1,2,...,ny — 1;
kk+1fork=n,+1,...,n;+ny,—1; kfork=n;+ng,..,n;

ny,ny + 1,y + 09+ 1,...,n 4+ 3 for k =n,].
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Then any solution of problem (1)—(5) satisfies, by virtue of (7), a system of
Volterra integral equations of the second kind:

v = V(’U T,T, ) Uy = U(U,vt,g,x,:cs,:css),
g:G(v7gﬁvtax7$57Iss) r = X(v,z), T ZY(U,g,l‘,.’L‘S), (6)

Tss = Z(”v g, vt,amxs,xss),

where

vp(s,t) =i ((s, 1), 25(s, 1), vy (st) = uf  (2(s, 1), 2h(s, ), 1),

m

m = 1a2a gﬂr(svw :u];mzr(a:ll(s,t),xé(s,t),t), m7T:172; k= 1,2,...,71

(I takes the same values as p(k)).
System (6) is written in symbolic form: the equations entering it are obtained

from

2
(k)

k u(k
uF (2, 25, ):// (€1, 6)T d&y dfz"‘Z[/ “ lz fg ju wz( )afjl—‘kg, wh Mg Z& r )—i—wk

Jj=1

[

{ {0 K { (}(st) kd 1,d 2

{D tk}F k_kd_1d_2d;
k=1,.. m(i)=

]

=i—(=1), i=1,2, (7)

and also from (5) and the remaining conditions of the problem. Here I}, is the
fundamental solution of equation (1).
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Definition 2. A regular classical solution of the system of integral
equations (6) for t € [0,T), s € [0,84], kK = 1,2,...,n + 3, is a system of
functions

ah(s,t), ok (st), aF (s,t), i=1,2; k=1,..,n,

188 (

vil(s,t), vi(s,t),  gpe(s,t),

i,m,r = 1,2; k = 1,...,n (I takes the same values as u(k)), satisfying the
conditions:

a) z¥(s,t), ok (s,t), z¥. (s,t), i = 1,2; k = 1,2,...,n, are continuous for s €
[0,s4], t €0, T} kE=1,2,...,m;
b) v (s,t), gkl (s,t), v ki (s t),i,m,r =1,2; k=1,...,n (I takes the same values

as pu(k)) are continuous for & €1[0,s,), k=1,2,....,n+3,t €[0,77], and satisfy
relations (6) and relations a), b), c), d) of Definition 1.

Theorem 2. Under the conditions of Theorem 1 there exists a T, 0 < T’ < T,
such that for the solution of the system of integral equations (6) the relations a),
b), ¢), d) of Definition 1 are fulfilled.

Theorem 3. Suppose that all the conditions of Theorem 1 are fulfilled; then
any solution of the system of integral equations (6) in the sense of Definition 2
gives, by virtue of (7), a solution of problem (1)—(5) in the sense of Definition
1.

Let By be the Banach space of systems of functions continuous for ¢ € [0, 7],
s €0, sg],

xf(s’t% xi'cs(S?t)? xzss(s t) v?l(‘S?t)? v?i!(S?t)? gﬂr(‘s?t)’ (8)

i,m,r =1,2; k=1,2,....,n (I takes the same values as pu(k)) with a norm of
type C.

By B}) we denote the set of systems of functions (8) from By, for ¢ € [0,T"],
s € [0,8], kK = 1,...,n, with norm (9) not exceeding the constant M. One
considers the mapping Q» of the set B}, by means of the system of integral
operators standing in the right-hand sides of (6). It is proved that, under the
conditions of Theorem 1, there exists a T”, 0 < T” < T”, for which Q,» is a
mapping of BT// into B%,. If, in addition to the conditions of Theorem 1, the
Lipschitz condition is also fulfilled for

k k k S — . — —
aijmmmquv bixmmrv Catm7 = ]-7 27 k= 1; ey 13 m,q,r = 17 27 Ty = ta
(k) k — kj - — -

Wiz Fy . k=1...n A 1=1,2, k=1,....n, j=k—1k,

. VL, T

then the indicated T” can be chosen so that Q,» will be a contraction mapping
of BC%/ into B:,Af{,; hence, by virtue of Theorem 2, the existence and uniqueness
of a regular classical solution of system (6) is established, and consequently, by
virtue of Theorem 3, the existence and uniqueness of a regular classical solution
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of problem (1)—(5). The stability of the solution of problem (1)—(5) with respect
to perturbations of the coefficients and of the initial data is also proved.

Moscow State University
named after M. V. Lomonosov

Received
15 VII 1969
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