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STRONGLY SYMMETRIC FAMILIES

(Presented by Academician Yu. V. Linnik on 2 VI 1969)

The aim of the present note is to describe a class of families with a shift param-
eter for which the optimal homogeneous estimator does not essentially depend
on the choice of a symmetric quality measure.

Let P be a probability measure on the real line R; with the o-algebra of Borel
subsets B, and let

(P} ={P,: 0 € R, P)(B)=P(B—0), BeB}.

Definition 1. We shall say that an estimator of the shift parameter g is no
worse than an estimator f if, for all s € R, 0 € Ry,

Ej|eiss@ — 6is€|2 < By leisi@) — ei50|2 ' (1)
Here f(z) = f(zq,...,2,), where © = (z{,...,2,,) € R, is a repeated sample
from the indicated population.
Proposition. If f is a homogeneous estimator, i.e.
flzy +eyz, +0) = flag,...,x,) +c, (x1,...,2,) €R,, cE€ Ry,
and the estimator g is defined by the relation

) E{e @)/}

isg(x) — pisf(x
€ € |E{€*'Lsf<m>/9[}| )

(2)

where A = (xy—x1,..., T, — ), S € Ry, then g is homogeneous and is no worse
than f in the sense of (1). Moreover, in the case of existence, g does not depend
on f and, consequently, is optimal in the class of homogeneous estimators.

If
P(B) :/p(t) it, Bew®,
B

then the estimator (2) can be written in the more convenient form

ets9(@r,en) — / etst Hp(:cj —1) dt/ / elst Hp(xj —t)dt|. (3)
—0o0 1 —00 1
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It follows from (3) that the following is a necessary condition for the existence
of g. The set

{(3:1, ey ) Hp(a:j —t) = Hp(xj + t) for almost all t}

1 1

is a set of zeros of a homogeneous estimator. This condition is also sufficient
under the assumption of positivity of the Fourier transform of the function

n

Hp(xj —1)

1

for almost all (zq,...,x,,).

rn

Definition 2. The family {p,} (or the density p itself) is called strongly
symmetric if the set

{(ml,...wn)ﬁp(xi—t):ﬁp(xj—i—t) for allt} (4)

1 1

is a set of zeros of a homogeneous estimator. It is clear that in this case also
plc—t) = p(c+1t) for all ¢ and some constant ¢, which in what follows we shall
take to be equal to zero.

If W is a differentiable loss function satisfying the symmetry condition W (t) =
W (—t), then the optimal homogeneous estimate has the set of zeros

{(xl,...,xn):/W’(t)ﬁp(:cj—t)dt—()}

(see (1)). It is clear that if p is a strongly symmetric density, then the two
estimates coincide. The estimate defined by (3) also coincides with the maxi-
mum likelihood estimate. We also note that strongly symmetric families may
be defined as those for which the optimal confidence interval for 6 of constant
length 2b has the form (g(x) — b, g(z) +b), independently of b.

Let p(t) > 0 and ¢(t) = —logp(t). Then (3) for n = 3 (to which the general
case reduces) means

R(s,u) + R(t,u) = R(¢(s,t),u), (5)

where R(s,u) = ¢(s +u) — (s —u) and g(s,t,1(s,t)) = 0. For arbitrary s,¢,
and v, we further have

R(s,u) + R(t,u) + R(v,u) = R(p(¢¥(s,t),v),u).
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On the other hand,

R(s,u) + R(t,u) + R(v,u) = R((s,¥(t,v)),u),

so that

RWW(& t)7 U)’ u) = R(’l/)(s, w(tv ’U))’ U’)7

7/’@(8» t)a 'U) = ’LZJ(S, w(tv v))

But it is known ((2), p. 176) that then there exists a monotone function h such
that

U(s,t) = h(h™(s) + h(t)).
Returning to (5), we obtain
R(h(s),u) + R(h(t),u) = R(h(s + t),u);

hence R(h(s),u) = ah(s), whence we derive R(s,t) = h~1(s)h~1(t). Thus we
have arrived at the functional equation

p(s+t) —p(s—t) =h(s)h (1),

all measurable solutions of which that have probabilistic meaning are equal to
((2), p. 131)

(6)

achpt, «a, 8>0,
o) =19
yt=, v > 0.

It is not difficult to show that if 3 — 0, a3? — 1/0?2, then

p(t) = Ko(a) exp{—a ch ft} — \/% exp{—;;z}.

Here

Ko(oz):/ e~ cht g,
0
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If, however, 8 — oo, —% Ina — 4, then the indicated density converges to the
density of the rectangular law on the interval [—d,0]. It can also be proved
that the latter is the only strongly symmetric law among those whose density
vanishes on the union of a finite number of intervals.

Thus, the following is true:
Theorem 1. Every strongly symmetric law whose density -

tends to zero on the union of a finite number of intervals, is determined from
(6), or is rectangular.

The optimal homogeneous estimator for strongly symmetric families has the
form

T, B =0,
L "efri [ e P 0
9Ty, 1,) = 23 n(y, e 2a€ ) < B < oo,
xmax+xmin
—max __min = o0.

2 7

Let us note that the property of this estimator of being a maximum-likelihood
estimator of the parameter 6 characterizes our distribution. An analogous result
is also true for confidence estimation of # and of certain other loss functions.

Theorem 2. If P is some symmetric measure for which

o0
/ e?PtdP(t) < o

and 0 < 8 < oo, then

1 2 /9,2
Py{v/n(gs(zy,...,x,) —0) € B} — /e’t /297 dt,
B

where

2

Be®B, o= /sh2 ﬁtdp(t)/ﬁ2 (/chﬂth(t))

We observe that under the assumptions of Theorem 2 the asymptotic variance
of the estimator gg, for sufficiently small 3, is smaller than that of x if the excess

of the distribution £ = a, /a3 — 3 is negative.
Let us also note that the question of describing strongly symmetric families can

be posed for other groups as well. Thus, for the group of rotations of the circle,
all strongly symmetric families have the form
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p(t) = ﬁ

exp{acost}, 0<t<2m a>0.

The corresponding estimator is equal to

g(zy,...,m,) = arg(e™ + ... + e'%n).

The analogue of Theorem 2 in this case is

Theorem 3. If

2m
= / e " dP(t) # 0,
0

then
P{[Vil arg(c: + ... + ¢'n) —arge;) € B} — / It (7)
n—,oo B
Here
I(t) = Z eikt702k27
k=—o00
and in (7)

2

o2 = /sithdP(t)/ (/costh(t)>

Theorem 3 can be used for constructing asymptotically most powerful confidence
intervals for the shift parameter of distributions on the circle, which is important
in biological and geological applications ([3], p. 60).
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