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THEORY OF ELASTICITY

E. F. AFANAS’EV, G. P. CHEREPANOV

A SELF-SIMILAR PROBLEM OF THE DY-
NAMIC THEORY OF ELASTICITY FOR A
CRACK WITH A POINT SOURCE
(Presented by Academician L. I. Sedov on 3 VII 1969)

A class of self-similar dynamic problems of the plane theory of elasticity is con-
sidered for an unbounded body with an expanding rectilinear cut, free of loads
at any time 𝑡 > 0. It can be shown that only three solutions have physical mean-
ing: a) a solution with constant finite momentum (the displacement potentials
are homogeneous functions of the coordinates and time of zero dimension); b) a
solution with constant finite energy (the displacements are homogeneous func-
tions of the coordinates and time of zero dimension); c) a solution in which the
stresses are homogeneous functions of the coordinates and time of zero dimen-
sion. The second problem, in its physical formulation, is analogous to Sedov’s
problem of a strong explosion (1); the solution of the last problem was earlier
obtained by Broberg (2) by a rather complicated method. Here a closed solution
of the first two problems is given; by the Smirnov—Sobolev method (3) they (as
well as Broberg’s problem) are reduced to the Keldysh—Sedov boundary-value
problem (4).
Formulation of the problem. Consider an infinite homogeneous and isotropic
ideally elastic space, in a state of plane strain. Suppose that in this space at the
time 𝑡 = 0 an instantaneous source concentrated at the origin acts, so that in
both directions along the 𝑥-axis a cut begins to propagate with constant velocity
𝑐, the surfaces of which are free of loads. We assume that 𝑐 < 𝑐2 < 𝑐1, where
𝑐1, 𝑐2 are the velocities of longitudinal and transverse waves.

In the plane dynamic problem of the theory of elasticity the components of
displacement 𝑢 and 𝑣 along the Cartesian coordinate axes 𝑥 and 𝑦 are expressed
in terms of the potentials 𝜑(𝑥, 𝑦, 𝑡) and 𝜓(𝑥, 𝑦, 𝑡) as follows:

𝑢 = 𝜕𝜑/𝜕𝑥 + 𝜕𝜓/𝜕𝑦, 𝑣 = 𝜕𝜑/𝜕𝑦 − 𝜕𝜓/𝜕𝑥. (1)
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The displacement vector V can be represented as the sum of a potential vector
V1 and a solenoidal vector V2,

V = V1 + V2, ∇ × V1 = 0, ∇ ⋅ V2 = 0, V𝑘 = {𝑢𝑘, 𝑣𝑘}. (2)

The functions 𝜑, 𝑢1, 𝑣1 satisfy the wave equation for longitudinal waves, and the
functions 𝜓, 𝑢2, 𝑣2 the wave equation for transverse waves. The components of
the stress tensor 𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦, according to Hooke’s law, are

𝜎𝑥 = 𝜇 [𝑐2
1

𝑐2
2

(𝜕𝑢
𝜕𝑥 + 𝜕𝑣

𝜕𝑦 ) − 2𝜕𝑣
𝜕𝑦 ] , 𝜎𝑦 = 𝜇 [𝑐2

1
𝑐2

2
(𝜕𝑢

𝜕𝑥 + 𝜕𝑣
𝜕𝑦 ) − 2𝜕𝑢

𝜕𝑥] , (3)

𝜏𝑥𝑦 = 𝜇 (𝜕𝑢
𝜕𝑦 + 𝜕𝑣

𝜕𝑥)

(𝜇 is the Lamé constant).

The formulated problem of the cut is symmetric with respect to the 𝑥-axis;
therefore it is sufficient to find the solution in the upper half-plane 𝑦 ⩾ 0.

The boundary conditions of the problem for the half-plane 𝑦 ⩾ 0 and any instant
of time 𝑡 are written in the form

𝜎𝑦 = 0, 𝜏𝑥𝑦 = 0 for 𝑦 = 0, |𝑥| < 𝑐𝑡,
𝑣 = 0, 𝜏𝑥𝑦 = 0 for 𝑦 = 0, |𝑥| > 𝑐𝑡. (4)

Problem with finite impulse. Let the displacement potentials 𝜑(𝑥, 𝑦, 𝑡) and
𝜓(𝑥, 𝑦, 𝑡) be homogeneous functions of the coordinates and time of zero dimen-
sion. In this case the representations (3) take place

𝜑(𝑥, 𝑦, 𝑡) = Re Φ(𝑧1), 𝜓(𝑥, 𝑦, 𝑡) = Re Ψ(𝑧2); (5)

𝑧𝑘 = [𝑥𝑡 − 𝑖𝑦√𝑡2 − 𝐶2
𝑘(𝑥2 + 𝑦2)] /(𝑥2 + 𝑦2) (𝑘 = 1, 2), (6)

where the radicals are understood arithmetically. Here the physical half-plane
𝑦 > 0 corresponds to the lower half-planes of the complex variables 𝑧𝑘,
i.e. Re 𝑧𝑘 < 0.

The functions Φ(𝑧1) and Ψ(𝑧2) will be analytic functions of their arguments in
their domains of complexness. Taking into account (1), (3), (5), and (6), one
can show that the boundary conditions (4) are formulated in the form of the
following boundary-value problem for the functions Φ(𝑧) and Ψ(𝑧), analytic in
the lower half-plane Im 𝑧 < 0:
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Re {2𝑧√𝑐−2
1 − 𝑧2 Φ′(𝑧) + (𝑐−2

2 − 2𝑧2)Ψ′(𝑧)} = 0 for Im 𝑧 = 0,

Re {√𝑐−2
1 − 𝑧2 Φ′(𝑧) − 𝑧Ψ′(𝑧)} = 0 for Im 𝑧 = 0, |𝑧| < 𝑐−1, (7)

Re {(𝑐−2
2 − 2𝑧2)Φ′(𝑧) − 2𝑧√𝑐−2

2 − 𝑧2 Ψ′(𝑧)} = 0 for Im 𝑧 = 0, |𝑧| > 𝑐−1

(𝑧 = 𝑡/𝑥).

Here, as 𝑧 → ∞, the radicals have order 𝑖𝑧 + 𝑂(𝑧−1); Φ′(𝑧) and Ψ′(𝑧) are
derivatives.

Equating identically to zero the expression standing under the sign Re in the first
relation (7), and then eliminating the function Φ′(𝑧), we arrive at the Keldysh–
Sedov boundary-value problem (4)

Re Ψ′(𝑧) = 0 for Im 𝑧 = 0, |𝑧| < 𝑐−1,

Im Ψ′(𝑧) = 0 for Im 𝑧 = 0, |𝑧| > 𝑐−1. (8)

The solution of the boundary-value problem (8), and together with it also of
problem (7), satisfying the additional conditions of boundedness of the displace-
ment on the cut and the symmetry conditions, has the form

Φ′(𝑧) = −𝐴(𝑐−2
2 − 2𝑧2)

√
𝑧2 − 𝑐−2 / 2𝑧2√𝑐−2

1 − 𝑧2,

Ψ′(𝑧) = 𝐴
√

𝑧2 − 𝑐−2 / 𝑧. (9)

Here
√

𝑧2 − 𝑐−2/√𝑐−2
1 − 𝑧2 → −𝑖 + 𝑂(𝑥−1) as 𝑧 → ∞, and 𝐴 is a material con-

stant. The constant 𝐴 is determined through the value 𝐼 of the constant finite
impulse of half of the disturbed region for 𝑦 > 0 (for the entire disturbed region
the total impulse, owing to symmetry, will be equal to zero). This quantity
characterizes the initial intensity of the point source under consideration,

∬
𝑆

𝜌 𝜕𝑣
𝜕𝑡 𝑑𝑥 𝑑𝑦 = 𝐼 (𝑆 ∶ 𝑥2 + 𝑦2 ⩽ 𝑐2

1𝑡2, 𝑦 ⩾ 0), (10)

where 𝜌 is the density of the medium,
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𝐴 = 4𝑐2
2𝑐𝐼/𝜋𝜌(𝑐1 − 𝑐) [𝑐1(𝑐1 + 𝑐)2 − 4𝑐2

2]. (11)

Problem with finite energy. Suppose that at 𝑡 = 0, at the origin, an energy
of magnitude 𝐸 is instantaneously released. The displacements 𝑢(𝑥, 𝑦, 𝑡) and
𝑣(𝑥, 𝑦, 𝑡) will then be homogeneous functions of their variables of zero dimension.

In this case, in the perturbed region

𝑢𝑘(𝑥, 𝑦, 𝑡) = Re 𝑈𝑘(𝑧𝑘), 𝑣𝑘(𝑥, 𝑦, 𝑡) = Re 𝑉𝑘(𝑧𝑘) (𝑘 = 1, 2), (12)

where 𝑈𝑘 and 𝑉𝑘 are analytic functions of their variables.

With the aid of (2), (3), (6), and (12), the boundary conditions (4) are reduced
to a boundary-value problem for the functions 𝑈𝑘(𝑧) and 𝑉𝑘(𝑧), analytic in the
lower half-plane Im 𝑧 < 0,

Re {2√𝑐−2
1 − 𝑧2 𝑈 ′

1(𝑧) + √𝑐−2
2 − 𝑧2 𝑈 ′

2(𝑧) + 𝑧𝑉 ′
2 (𝑧)} = 0 for Im 𝑧 = 0,

Re {√𝑐−2
1 − 𝑧2 𝑈 ′

1(𝑧) − 𝑧𝑉 ′
1 (𝑧)} = 0 for Im 𝑧 = 0, (13)

Re {𝑧𝑈 ′
2(𝑧) + √𝑐−2

2 − 𝑧2 𝑉 ′
2 (𝑧)} = 0 for Im 𝑧 = 0,

Re {𝑐2
1

𝑐2
2

[𝑧𝑈 ′
1(𝑧) + √𝑐−2

1 − 𝑧2 𝑉 ′
1 (𝑧)] − 2𝑧 [𝑈 ′

1(𝑧) + 𝑈 ′
2(𝑧)]} = 0

for Im 𝑧 = 0, |𝑧| < 𝑐−1,

Re[𝑉 ′
1 (𝑧) + 𝑉 ′

2 (𝑧)] = 0 for Im 𝑧 = 0, |𝑧| > 𝑐−1

(𝑧 = 𝑡/𝑥).

Problem (13) can be reduced to the Keldysh–Sedov boundary-value problem for
the function 𝑉2(𝑧),

Re 𝑉 ′
2 (𝑧) = 0 for Im 𝑧 = 0, |𝑧| < 𝑐−1,

Im 𝑉 ′
2 (𝑧) = 0 for Im 𝑧 = 0, |𝑧| > 𝑐−1. (14)
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The solution of problem (14), and together with it of problem (13), satisfying
the additional physical conditions of boundedness of the displacement on the
cut and the symmetry conditions, can be represented in the form

𝑈 ′
1(𝑧) = 𝐵 𝑐−2

2 − 2𝑧2

2𝑧√𝑐−2
1 − 𝑧2

√
𝑧2 − 𝑐−2 , 𝑈 ′

2(𝑧) = −𝐵 √𝑐−2
2 − 𝑧2

𝑧
√

𝑧2 − 𝑐−2 ,

𝑉 ′
1 (𝑧) = 𝐵 𝑐−2

2 − 2𝑧2

2𝑧2
√

𝑧2 − 𝑐−2 , 𝑉 ′
2 (𝑧) = 𝐵 1√

𝑧2 − 𝑐−2 , (15)

where 𝐵 is a real constant. To determine it we use the energy conservation
equation, which in the case under consideration is reduced to the form

∬
𝜉2+𝜂2≤𝑐2

1

{1
2(𝑢2 + 𝑣2) + 𝑐2

1 (𝜕𝑢1
𝜕𝜉 + 𝜕𝑣1

𝜕𝜂 )
2

+ 𝑐2
2 (𝜕𝑣2

𝜕𝜉 − 𝜕𝑢2
𝜕𝜂 )

2
} 𝑑𝜉 𝑑𝜂 = 𝐸

𝜌
(16)

(𝜉 = 𝑥/𝑡, 𝜂 = 𝑦/𝑡).

Taking into account (2), (6), (12), and (15), from (16), after cumbersome calcu-
lations, we find

𝐵 = 1
2𝑐1

[𝐸/𝜌𝐽(𝛼, 𝛽)]1/2. (17)

The function 𝐽(𝛼, 𝛽), occurring in (17) and depending on two parameters 𝛼 =
𝑐2/𝑐1 and 𝛽 = 𝑐/𝑐2, is expressed in terms of quadratures

𝐽(𝛼, 𝛽) = ∫
𝜋/2

0
𝑑𝜑 ∫

1

0
{1

2 [𝑀2
1 (𝑟, 𝜑) + 𝑁2

1 (𝑟, 𝜑)] + 𝛼2

2 [𝑀2
2 (𝑟, 𝜑) + 𝑁2

2 (𝑟, 𝜑)]+

+𝛼2[𝑀1(𝛼𝑟, 𝜑)𝑁2(𝑟, 𝜑) + 𝑀2(𝑟, 𝜑)𝑁1(𝛼𝑟, 𝜑)] + 𝐿2
1(𝑟, 𝜑) + 𝛼2𝐿2

2(𝑟, 𝜑)} 𝑟 𝑑𝑟.

Here

𝑀1 = 1
2𝛽𝐹 (1)

1 −𝐹 (1)
2 , 𝑁1 = 𝐹−𝐹 (1)

0 , 𝑀2 = −𝛽𝐹 (2)
1 +𝐹 (2)

2 , 𝑁2 = 𝐹 (2)
0 ,

𝐿1 = {(𝛾1𝑅−
0 + 𝛾2𝑅+

0 )(
√

1 − 𝑟2 𝑅+
1 + 𝑟2𝑅−

1 sin 𝜑 cos 𝜑)−
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−(𝛾1𝑅+
0 − 𝛾2𝑅−

0 )(
√

1 − 𝑟2 𝑅−
1 − 𝑟2𝑅+

1 sin 𝜑 cos 𝜑)} × {
√

1 − 𝑟2 [(𝑅+
0 )2+

+(𝑅−
0 )2][(𝑅+

1 )2 + (𝑅−
1 )2]}−1,

𝐿2 =
√

2𝑟2 (
√

1 − 𝑟2 𝑅+
2 + 𝑟2𝑅−

2 sin 𝜑 cos 𝜑) × {
√

1 − 𝑟2 [(𝑅+
2 )2 + (𝑅−

2 )2]}−1,

𝐹 (𝑟, 𝜑) = [𝑛 cos 𝜑 +
√

1 − 𝑟2 sin 𝜑 (𝑅−
1 )2] × {√2𝜌1 𝑅−

1 }−1,

𝐹 (𝑘)
0 (𝑟, 𝜑) = 1

2 ln{[(𝑅−
𝑘 +

√
2 cos 𝜑)2+

+(𝑅+
𝑘 −

√
2
√

1 − 𝑟2 sin 𝜑)2]/2𝑎2
𝑘𝑟2},

𝐹 (𝑘)
1 (𝑟, 𝜑) = 1

2 arc tg{[2𝑎2
𝑘𝑛𝜌2

1𝑟2 + 𝑎𝑘[𝜌2(𝑅−
0 𝑅+

𝑘 + 𝑅+
0 𝑅−

𝑘 )+

+𝑛(𝑅−
0 𝑅−

𝑘 − 𝑅+
0 𝑅+

𝑘 )]] × [[𝜌2
1[2𝑎2

𝑘𝜌2𝑟2 − (𝑎2
𝑘 + 1)]]+

+𝑎𝑘[𝜌2(𝑅−
0 𝑅−

𝑘 + 𝑅+
0 𝑅+

𝑘 ) − 𝑛(𝑅−
0 𝑅+

𝑘 + 𝑅+
0 𝑅−

𝑘 )]]−1},

𝐹 (𝑘)
2 (𝑟, 𝜑) = 1

2 arc tg{{[2𝑛 + (𝑅−
0 𝑅+

𝑘 + 𝑅+
0 𝑅−

𝑘 )]}−1[(𝑎2
𝑘 + 1)𝑟2 − 2𝜌2+

+(𝑅−
0 𝑅−

𝑘 − 𝑅+
0 𝑅+

𝑘 )]−1},

𝛾1 = 𝑟2 − 2𝑎2𝜌1
𝑎2𝜌2

1
sin 𝜑, 𝛾2 = 2

√
1 − 𝑟2 (𝑟2 + 2𝑎2𝜌1)

𝑎2𝜌1𝑟 cos 𝜑, 𝜌1 = 1−𝑟2 sin2 𝜑,

𝜌2 = cos2 𝜑 − (1 − 𝑟2) sin2 𝜑, 𝑅±
𝑘 = √√𝑚2

𝑘 + 𝑛2 ± 𝑚𝑘,

𝑛 = 2
√

1 − 𝑟2 sin 𝜑 cos 𝜑, 𝑚𝑘 = 𝜌1−𝑎2
𝑘𝑟2, 𝑎0 = 1, 𝑎1 = 1/𝛼𝛽, 𝑎2 = 1/𝛽.
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Stress-intensity coefficient. For fracture mechanics, the stress field near the
end of a slit is of principal interest; in the present case it is described by the
coefficient

𝐾𝐼 = lim
𝑥−𝑐𝑡→0

[𝜎𝑦√2𝜋(𝑥 − 𝑐𝑡)] = 𝜇
√

2𝜋
2 − 2𝜈 lim

𝑐𝑡−𝑥→0
𝑣√

𝑐𝑡 − 𝑥 (18)

(𝜈 is Poisson’s ratio).

From the solutions obtained we compute the stress-intensity coefficient:

solution with finite impulse

𝐾𝐼 = 𝜇𝐴√𝜋/𝑡1/2𝑐2
2
√𝑐 (2 − 2𝜈), (19)

solution with finite energy

𝐾𝐼 = 𝜇𝐵𝑐3/2√𝜋/
√

𝑡 𝑐2
2(2 − 2𝜈). (20)

The exact solutions obtained can be used for an approximate solution of the
problem of the size of a crack produced as a result of a dynamic action. In the
case of an ideally brittle body, it is then necessary to use an additional boundary
condition on the contour of the dynamic crack (5).
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Note: Figure translations are in progress. See original paper for figures.
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