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THE MILNE PROBLEM FOR POLARIZED
RADIATION WITH THE RAYLEIGH SCAT-
TERING LAW

(Presented by Academician A. N. Tikhonov on 8 I 1970)

We consider the problem of the transfer of polarized radiation in a semi-infinite
plane atmosphere z > 0, scattering according to Rayleigh’ s law, under the con-
ditions of constancy of the total flux and absence of external radiation incident
on the boundary z = 0. It is known that the problem admits an azimuthally
homogeneous solution corresponding to a field of linearly polarized radiation,
the plane of polarization coinciding with the meridional plane determined by
the unit vector n of the inward normal to the surface z = 0 and the unit vector
w of the direction of propagation of the radiation at each point. Such a radiation
field is completely described by the two-dimensional vector

v = [ain) v

where U, (2, 1) and U,(z, 1) are the intensity components of the radiation with
mutually orthogonal states of polarization; z is the optical thickness, measured
in units of the mean free path for Rayleigh scattering; y = (n,w). The problem is
of interest for the atmospheres of early-type stars, in which the only mechanism
of interaction of radiation with matter is Thomson scattering by free electrons.

The function ¥(z, u) satisfies the transfer equation

1

oV¥(z, 1 - , N,
u%ﬂ“l’(z,u):*/ K (p, /)W (2, 1) dp/, (2)
z 2/,
where
. , 3[2(1 - 2 1— 72 + 2,72 2
Riupy = § P07 g0 R 3

with the boundary conditions
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\II<07/-‘> =0, p>0; (4)

lim e *U(z,pu) = 0. (5)

Z—00

Introduce the moments of the function ¥(z, u)

) = [ Wz, 1) Pyl) (©
where P, (u) is the Legendre polynomial of order k, and put, moreover,
F2)=0'(z),  K(2) = S 20%(:) + 0°(:)). 7)
Representing K (b, ") in the form

K(pp') = 1‘11 + A3P2(M) + {fiz + A4P2(M>}P2(//)a (8)

where /ik, k =1,...,4, are numerical matrices, it is not difficult to obtain for
the moments \I/k(z)7 k=0,1,2, a system of ordinary differential equa-

dF/dz = (A, — DYV’ (2) + 4,92 (2), ()

dK/dz = —F(z), (10)

which follows from equation (2). (The symbol I denotes the unit matrix of
second order.) From (9) and (10) the conservation laws follow:

F = F|(z) + F,(z) = const, (11)

K(2) = K,(2) + Ky(2) = —Fz + K(0). (12)

The function ¥(z, ) is uniquely determined by its first three moments. Invert-
ing the differential operator in the left-hand side of (2) and using equations (9)
and (10), one can obtain for it the expression

3;&—2} -1

R 0,00
U(z,u)=F(z,u) { 1 o Ay () / WO (t)e EDndge,  (13)
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where

9
F(z,p) = m{ﬂ(ﬂ(z) —eFy(0)e /1) + K, (2) — e K, (0)e*/#},
e = {1’ w0, (14)

0, n <0,
39 u?

~ 9 94_ 7,2

Ay = |2 2435307 (15)
0 4 — 32

(The upper limit of the integral in (13) is 0 for g > 0 and oo for p < 0.)

We now introduce the Laplace transform of the function \I/k(z)

B*(s) = / e () de, (16)
0

Using equations (9) and (10), it is not difficult to find the relation between ®?(s)
and ©°(s):

®?(s) = Cy(s)[F(0) — sK(0)] + Cy ()" (), (17)

where ék(s), k = 1,2, are known matrices. Applying the Laplace transform to
equation (2), then multiplying it by (14 su)~! and integrating with respect to u
over the interval [—1, 1], after substituting expression (17) for ®°(s), we arrive
at an integral equation for ®°(s)

{I—A()}2°(s) = T(s), (18)
where
L) L) g 8 Los) + (25— La(s)}
A(s) = 352~ 1) ;o (19)
4573 Lol®)
Gy(s) + 4%3{%@ — 2Ly (s)H{F,(0) — sk, (0)}
T(s) = § ., (20)

Gals) — 17— Lol FA(0) — 5K, (0))
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L= ot L=t w2 @
0
G@):/lw. (22)

Owing to the triangularity of the matrix A(s), the vector equation (18) can be
reduced to two independent scalar equations. Indeed, let

P, (s) = (s*=1)®Y(s)+ F,(0)—sK,(0)+ {(s>=1)®9(s)—F,(0)+sK,(0)},

(23)

452 — 3

3
T 482 -3

Dy(s) {(s* = 1)@3(s) — F1(0) + sK, (0)}. (24)

Then equation (18) splits into two independent equations for the functions @, (s)
and ®,(s):

(), (s) = Hy(s), (25)
(), (s) = Hyls), (26)

where
01(5) = 55 1(25% = 3) = 3(s2 — DI(s)), (27)
y(s) = 3 (452~ 3 3(s” — )Lo(s)}, (28)
Hy(s) = (8> — 1)Gy(s) + F, (0) — sE,(0), (29)
Hy(s) = (52 —1)Gy(s) — F,(0) + sK,(0). (30)

Equations (25) and (26) make it possible to study the analytic structure of
®(s). It turns out that in the strip | Res| < 1 the only singularity of ®°(s) is
the point s = 0 (a pole of second order), while at the points s = +1 the function
(s — 1)®°(s) vanishes.
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The analytic properties of the functions Q,(s), ®.(s), and Hy(s) allow one to
apply the Wiener-Hopf method to equations (25) and (26). The solutions of
these equations are obtained in the form

P, (s) = ‘fz Ei;F(s + 1)y (s), (31)

y(s) = —V2Fs (s + 1)ry_(s), (32)
s2—1

mi(s) = 2 Q4 (s), Ty(s) = 572 (s), (33)

1 —l3’+iool
rk,(s)z—/ nn(de o 51 g-1o2 (34)

21 | pico u—Ss

71_(1) exp{ 1/ In 281n x/(3 —sinzx—chtg:c)] dx}, (35)
0

Ty (1) —exp{ 1/ In 4s1n x/(3 + sin x—3xctgx)] dx } (36)
0

The numerical values of the coefficients in (31) and (32) are found with the aid
of a priori information about the analytic properties of ®°(s).

Now determining ®?(s) and ®J(s) from relations (23) and (24) and carrying out
the inverse Laplace transform, we obtain exact expressions for the components
of the moment ¥°(z)

3
W(z) = =5 F(z+2)+

Ty (1) ! e #hdu B
G | i R T

1 _2\,,2,—2/
1—p*)pfe *"du
—18\/§F/ ( , 37

) () 272 (u ) + 822 (1 — )] (37

3 ! (1—p)(4—3p?)e */"dp
V5(2) = —3Flat20) +6V2F / 7 (1) [2673 (1) + 32022 (1 — “2)?3’@

sovietrxiv.org/items/ru-197001.87953 Machine Translation


https://sovietrxiv.org/items/ru-197001.87953

where the extrapolated length z, is determined by the formula

3ctg® x(1 — xetgx) + zetga

/2
o= 1er O/ =1+ [ dz. (39)

1 +sin2x—3xctgx

The angular distribution of the outgoing radiation is obtained from (13) for
z=0, p<0

2 2 .
waxu>—-F«xu>[&L1 2}“ L R0 (—u ). (40)

Carrying out the calculations in (40), we find

W W) (]
0.4 = S F 2 (). (@)
w000 =2 i n (L), w=uso @)

where

3=

/2 In [2sin 2/(3 — sin® x — 3w ctgx
/ | /( g7)] P QR
)

— (1 —p?)sin®z

T (u7!) = exp {

™/2 In 4sm x/(3 +sin’ z — 3z ctgm)]
Ty (—pu~1) = exp / dz ». (44)
0

— (1 —p2)sin®z

Problem (2), (4), (5) was first studied by S. Chandrasekhar (172). He found
an approximate solution by the method of discrete ordinates and, by passing to
the limit, obtained an exact formula for the angular distribution of the outgoing
radiation. Recently, a number of authors have investigated equation (2) by Case’
s method (%%) and by V. V. Sobolev’ s method*. In particular, a system of
regular and singular eigenfunctions of the characteristic equation of transport
theory has been constructed, and the solution of the Milne problem has been
obtained in the form of an expansion in the functions of this system. The angular
distribution of the outgoing radiation is expressed in terms of Chandrasekhar’
s H-functions.

The author thanks M. V. Maslennikov for discussion of the work and useful
comments.
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