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In this note we investigate certain problems for equations with partial derivatives
which reduce to the Cauchy problem for an evolution equation of the type
du/dt = Au+ F(t), where the operator A is generated by an elliptic eigenvalue
problem with a spectral parameter in the boundary condition. In § 2 analogous
problems are studied in which du/dt is replaced by other expressions, and in §
3 the case is considered of an operator A depending on ¢t and F = F(t,u).

1°. Let G be a bounded domain of n-dimensional space with smooth boundary
S =TI;UTI,. Consider the problem

Ou(x,t)
ot

= —Lu(x,t) + folz,t), z€G, t>0; Bu(z,t) =0, xz €Ty

I(Cju)(z,t)
ot
u(z,0) = Yy(z), x € Gy (Cju)(x,0) =¢;(z), x €Ty, 1<j7<m. "
1

Here £ is a properly elliptic differential expression of order 2m; {Bj};”:1 and
{B;};’; 1 are normal systems of differential expressions of order m, covering
£ (B may differ from B; by coefficients and terms whose order is less than

m;); {C;}1L, is a system of differential expressions of order l; =2m—m;—1,

:_Bju(x7t)+fj(xat)7 xGI‘l, t > 0

completing {B;}1; to a Dirichlet system of order 2m (see, for example, ).
Problem (1) below is reduced to the Cauchy problem for an evolution equation.

We introduce the corresponding operator A. Let C?™(G UT,) be the set of
functions 2m times continuously differentiable in G U I'y; denote by L? the
orthogonal sum of Hilbert spaces
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x, ranges over G = G up to I'y, and 7, € G* =T, 1 <k < m. The domain
D(A’) of the operator A’ consists of functions from C?™(G UT;) such that
B;-g0|r2 =0, 1 <j < m. The operator A’ acts in the Hilbert space L? according
to the rule

(0(z0), (Cro)(@1), e, (Crpp) (1)) = (L) (@), (B19)(@1), - (Brap)(21))-

(2)
The arguments of (?) allow one to prove the density of D(A;) in L% If £,
{B;}}Ly, and {B}}", are formally self-adjoint, and their coefficients and the
boundary S are sufficiently smooth, then, according to Lemma 1 of (3), one
can choose the system {C;}7"; so that the operator A" will be symmetric. A’
admits a closure in L?, which we denote by A. Let A* be the operator in L2
adjoint to A. Using the theorems on homeomorphisms (*), as in (?), one can
prove that elements of D(A) and D(A*) are regular and have the form

U(x) = (u(z), (Cru)(@y), -, (Crpy) (1))

The regularity properties

make it possible, by integration by parts, to obtain the equality (A*U, V). =
(U,A*V);2 (U,V € D(A")), from which it follows that

Theorem 1. If £, {B;}; and {B}}]2; are formally self-adjoint, the surface
S and the coefficients of the differential expressions are sufficiently smooth, and

min; m; = m, then the operator A is self-adjoint in L2

This theorem generalizes Theorem 2 of (%).

Problem (1) in L? is equivalent to the Cauchy problem

% — AU(z,t) + F(z,1),  U(z,0) = U(z) € L2, .

where F(l‘,t) = (fO(xO’t)’f1<‘r17t>a“'?fm(x17t)>7 \Il(x> = (%(%)a%(xl)w-- 71/)m($1))7

and U(z,t) = (u(zg,t),uy(xq,1), ..., u,,(x1,t)) are regarded as functions of ¢
with values in L2.

Theorem 2. Suppose the hypotheses of Theorem 1 are satisfied, and £ and
{Bj};nzl are such that A is nonnegative; F'(z,t) is strongly continuous for ¢ €
[0,00), and
sup | F(z,t)|2 < oo.
0<t<oo

Then, for ¢ > 0, there exists a regular solution of problem (3) satisfying
the initial condition U(-,t) — ¥(-) as t — 0 in the sense of strong conver-
gence in L2. This solution is unique in L2, depends continuously (in the
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sense of the L? norm) on V¥(:), F(.,t), and is representable in the form
U(z) = (u(zg, t), uq (xq,1t), ..., u,, (21,1)), where

m oo Nx
w%wzz/(J ZeW%@MWA%MwW>WW@ﬁ
i=0 JG* 0 a=1

m t 0o Ny -
+Z/ /Gl </0 (;e_)\<t—7')§0aj(xj,)\)gan(yza)Q dO’()\)) fz(wa) dyz dT, (4)

=0 Y0

0<j<m.

Here N, is the dimension of the eigensubspace corresponding to the spectral
point A; ¢, (2, A) = (©a00(Zos A)y ©o1 (1, A), oe sy @om (1, A)) 18 an eigenfunction
of the operator A; o()\) is a positive measure.

We outline the proof. It is not hard to see that

t
U(-,t) = e A0(.) —|—/ e AR ) dr

0

is a solution of problem (3). The function

W= [ e,
0

(E, is the resolution of the identity of the operator A) is bounded for ¢t > 0 at
large A on the spectrum of the operator A; therefore the method (1), transferred
to the orthogonal sum of Hilbert spaces in (7), gives representation (4). The
operators ANe=4* (N =1,2,...) are bounded for ¢ > 0; hence U(z,t) € D(AY).
The arguments of (3) make it possible to study the regularity properties of
D(AN), from which the regularity of U(z,t) follows.

Moreover, along these lines one can show that y(A) will be an integral operator
with kernel (K;;(z;,y;,A)){" -9, and also study the singularities and regularity
properties of the elements of the kernel and their connection with the eigenfunc-
tions of the operator A.

We note that if the nonstationary boundary conditions are prescribed on the
entire boundary of the domain, then the correctness of the problem considered
follows from (°).

A theorem analogous to Theorem 2 can also be proved in the case when problem
(1) is stationary inside the domain, i.e. the first equation in (1) is replaced by
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Lu(x,t) = 0, while the remaining equations are retained. Similarly to §2 of (7),
one can introduce an auxiliary self-adjoint operator in a Hilbert space

20 = D Y 1(@)

(or its restrictions), an operator B closely connected with A. Then the prob-
lem under consideration in this Hilbert space (for definiteness, in L2(T'y)) is
equivalent to the Cauchy problem

dU(‘Tlv t)

dt :_Bﬁ(xlat)+Fl(xlat)v 0('1‘170):\11('7:1) ELQ(Fl);

U($17t), Fl(xht) € L2<F1)'

There holds

Theorem 3. If the conditions of Theorem 1 are satisfied, the nonnegative
operator A has a bounded inverse, Fy(x,,t) is strongly continuous for t € [0,0),
and

sup [ Fy(zy,0)]L2r,) < oo,
0<t<oco
then problem (1), stationary in the interior of the domain, is well posed, its

solution is regular and is representable analogously to (4).

2°. Problem (1) for the Schréodinger equation has, for example, the form

1 9u(z,1)

u
T T Au(z,t) — c(x)u(z,t), z€G, t>0; I +o(z)ul, =0;

10u(z,t)  Ou(z,t) . _ .
e = w €l >0 u(@,0) =(r), @ €G;

u(zy,0) =¥y (zy), x, €Ty

(o(x) and ¢(z) are nonnegative real functions; A is the Laplace expression; n is
the exterior normal). In this case the operator A is not semibounded; however,
Theorems 2 and 3 are valid with e~ replaced by e~** and F(z,t) = 0.

Under the assumptions of the preceding item, the hyperbolic problem
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2
%:_ﬁu@at)‘f'fo(%t)y {EEG, t>0; Bgu(l.’t):()’ LUGFQ;
0? (Cyu)(z,t)
sy = ~Byu(x,t) + f(x,t), x €Ty, t>0; (5)

u(m,O) = ¢0($)7 S G; (Cju)(x70> = %(3«“), S Fl;

Ou(z,0 9(Cyu)(x,,0) ;
<8t ) =po(x), z€G, e :%(Il)a xy €'y I<j<m

is equivalent to the Cauchy problem

d?U (z,t) _ .
—g = —AU(z,t) + F(x,t), t>0;
U(z,0) = U(x), 8U§; 0 _ g().

Theorem 4. Let U(x) € D(A), ®(z) € D(AY?), and let F(x,t) be continuously
differentiable with respect to t, and for every t € [0,00) let F(x,t) € D(AY?).
Then (5) has a generalized solution (from W;nfz, defined in (4)), which is unique
in L?, depends continuously (in the sense of the L?-norm) on the initial data, and
is representable in the form U(z,t) = (u(zg, t), uy (T1,1), ..., Uy, (21, 1)), where for
each 0 <j<m

oo Ny
s /G (/ ZCOS)\U%@@J T A)‘Pai(yi’)‘)dgo\)) ¥i(y;) dy;+

K2

m

o0 N)\
+Z/ (/ ZA 1/2 Sln)\l/Qt @aj(‘r )‘> @az(yz’)‘) dJ(A)> <p1<yz> dyz+

m t o0 N)\
2 / /G | (/ ZA1/2sinA1/2(t—T>%ij,A)%(chMda(A)) Filys, 7) dy, dr.
- 0 © \ 70

a=1
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If A satisfies the conditions of Theorem 3, then the assertions of this theorem
are also valid in the case when the first equation of problem (5) is

Lu(x,t) = 0.

In this way one can also study more general problems. For example, problems
that are equivalent to the Cauchy problem

Lt)U(z,t) = —AU(z,t) + F(x,t), U (z,0) = W,(x), 2 € GUT,
i=0,1,2,.. k—1,
where L(t) is a differential operator in ¢ of order k.

3°. When the coefficients of £ and {B,}7", depend on ¢, then A = A(t) and B =
B(t). Usually, if the coefficients of the boundary expressions depend on ¢, then
the domain of definition of the operator also depends on ¢, which significantly
complicates the study of the Cauchy problem. In our case, the construction of
A(t) and B(t) implies independence of ¢ for their domains of definition.

Further, one may consider £ and B; containing nonlinear terms f;(t,u;(x;))
(0 <@ < m); then the operator equation will also contain the nonlinear term

F(t,U) = (fo(t,’LL(CEO,t)), fi(tuy(2q,0)), e, fm(t7um(ac1,t))).

Therefore, in these cases as well one can obtain results analogous to (¢,8711) for

boundary-value problems of the type indicated above.

4°. Generalizing (5), in a number of cases one can prove the self-adjointness of
the operators A and B also for unbounded domains. This makes it possible to
consider problems analogous to those given above also in unbounded G. The
theory of semigroups also permits the study of a broader class of problems, to
which non-self-adjoint but maximally dissipative (see (°)) operators correspond.
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