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Let R, be the (n+1)-dimensional Euclidean space of points (x,y), where x =
(z1,...,2,), ¥, .1 = y. Denote by R, the open half-space of points {(z,y), y >

0}. Let Q% be a domain situated in R:{H and adjoining the hyperplane y = 0.
Put
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Let L(z,y; D,, B,) be a linear differential operator of the form

L= Z a’a,ﬁ(x7y)Dngv (1)
la|+2B<2m

where the coefficients a,, 5(,y) are assumed to be infinitely differentiable in the
domain QF, and the operator L is B-elliptic, i.e. the polynomial

L@, y&n®) = Y. a5z, y)En? (2)
la|+2B8=2m
is positive definite with respect to (£, 7n) for all y > 0 from the domain Q7.

Let Qf be a subdomain of the domain Q7, lying entirely in it and adjoining the
hyperplane y = 0.

On the set C§°(2]) put
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(f.9™ = / > DeB{fDgBlgy*tdady, (3)
Q

1 Jal+28<m
(f,9), = | fgy*dzdy,
QF
1£12 = (£ 08" 12, = (£, ) (4)

Completing Cg® with respect to the indicated norm, we obtain the Hilbert space
of functions H!". Let f,g € C§°(Q).

Integrating by parts, we obtain that
(Lf,9), =L(f,g9) = a0 (x,y)DEBL f DY BY gy* ' dudy.  (5)
B
Q]

Obviously, the indicated form is bounded from above in H 7*. From the proof of
work (1) it follows that the form L(f, g) is bounded from below in the following
sense.

Let t be a sufficiently large positive number. Put

Lt(f7 g) = L(fvg) +t<f7g)v7

(f:9)ue = (£, +1(F,9),-
Then there exist a positive number ¢, and ¢ > 0 such that
C_l(f’ f)v,t S |Lt(faf)| S c(fhf)vﬂf (t > tO) (6)

for all f € fOIT

Therefore the relation

L f) = (NF f)os fof N f € HD

defines a bounded linear operator N, acting from H7" into H}", and this operator
has a bounded inverse.

Let, as before, Ly, (€2]) be the set of functions square summable with weight
2v+1
YUt
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The equation

(f7 f/>v = (Mtfa f/)v,tv

where f € Ly ,, M, f, f" € H}, defines a completely continuous operator acting

from L, , into H7". Therefore

(fa f/)'u = Lt(tha f,)a

where f € Ly, f' € HJ', G, = N; ' M,, defines a completely continuous linear

operator G, acting from L, , into H}", which we shall call the Green function

corresponding to the differential operator L, = L +¢t. The operator G, maps

L, into H]", and the operator G;' is an extension of the differential operator

L,, whose graph is the set of all pairs {f, L,f}, where f € H™, 2m times

v

continuously differentiable (with respect to y, application of the operator B,
the corresponding number of times is allowed) and, moreover, L, f € Ly ,,.

Indeed, if h € C§°, then

Lt(GtLtf, h) = (Ltf7 h)v = Lt(fa h)a
in other words G, tf = f.

To obtain an estimate of the Green function we proceed as follows. For suffi-
ciently large t we have

(fa f/)v:Lt(tha f/)v (7)

where f € Ly ,, G f, f' € H™.

Since

IFI2., = (F, ™+ 4(F, ), > HIFI3,

then, taking (6) into account, we have

te NG fIE,, < NG < LG Gl < 1l NG fli, - (8)

Therefore the estimate is valid

1G], <

: (9)

1o
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It was shown above that if f € C§°(Q), then

Gutf = 1. (10)

Let L} be the operator adjoint to L,:

(Ltf7 f/)v = (f7 L:f/)w

where f, f' € C§°. If f € va and " € C3°, then

(thaL:f/)v :Lt(Gt.f’f/) = (faf/)w (11)
Let k£ be a positive integer. Set
C(f. f) = (GEf ), t*
and, moreover, set
Ly
The bilinear form C(f, f') is bounded, i.e.

CU < el I N,
and, according to relation (7),
Cof, f) = (GiLEf, )y = (f, £
where the functions f, f" € C§°(Q7).
If b* is the operator adjoint to b, then from (11) it follows that
CULY ) = (GEL L)y = (f. f)
for all f, f’ € C§°. Putting 72™ = t, we obtain

b=b(riz,y: D, B,) = Y by g(riw,y)7 DBy,

Using the properties of the polynomial b(7;z,y;&,1?), one can show that G¥

has a continuous kernel gyc)(x, y;u,v) with the following property:

()22l
lim tk’“/gy@ (x,y;u,v) = 5(171}1})01(/”) U (t)) " - d€dn, (12)
t=oo Ry |Lo(w,y;€m%) + 1]

if 2mk >n+ 1+ 2v + 1, where

n+1+2v+1
2m '
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Here j,(s) is the Bessel function. The symbol 6&;) is equal to 1 if (z,y) = (u,v),
and is equal to 0 in the remaining cases. For (x,y) = (u, v) the limiting equality
(12) remains valid up to the hyperplane y = 0. In this case the presence of 2v+1
in the exponent of ¢ is essential. Formula (12) takes the form

2v+1
lim tk*'yggk) (2,0;2,0) = C’l(,n)/ d 5 d€dn, (13)
teo R:;+1 [L0<x70;€a 772) + 1]

where

142041
7:7”2#, %Um > n 41+ 20+ 1.
m

If L, is self-adjoint, then by virtue of property (6) the form (G, f, f), > 0 for
sufficiently large ¢, so that G, is a self-adjoint positive operator. But then there
exists a complete system ¢, @, ... of eigenfunctions of the operator G, (¢ fixed)
with positive eigenvalues

A+ >N+t >

By the properties of the operator G, the necessary and sufficient condition that
¢ € Ly, satisfy the equation

Go=A+1)""p
is that ¢ € H'™ and satisfy the relation

for all f € H™. Therefore G, = (A41)" ¢ means that G, = (A +s) ', and
conversely, if ¢, s are sufficiently large. Consequently,

Gupj= (N +1) g,

for all ¢. It turns out that, for 2mk >n+1+2v+ 1,

g @,y u,0) = ST+ 1) R (2, 9)¢;(u, v) (14)

J

and that the equality

[ o o dady =30+ 7% = G (15)
Q+

1 J
holds.

From relations (12)—(15), by applying Tauberian theorems, it is not difficult
to obtain the asymptotic distribution of the eigenvalues and eigenfunctions for
the singular elliptic operator indicated at the beginning. Indeed, putting, for
example,

sovietrxiv.org/items/ru-197001.86673 Machine Translation


https://sovietrxiv.org/items/ru-197001.86673

=Y (@ y)?

A;<A

by a Tauberian theorem from (12) we find that

o(N) ~ O " sin "L E R L e
mn+1+2v+1)
j )\n 2 2u+1 (16)
z dé dn.
/R (z,y; 1) + 1 s

Let us note that if the point (z,y) lies inside the domain Q, then the operator
L becomes an ordinary regular elliptic operator, and in this case our results
coincide with the corresponding results of L. Garding (?).
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