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Among several directions in the study of the metric properties of topological
mappings of various classes (conformal, quasiconformal, with bounded Dirichlet
integral, and more general ones, plane and spatial), there is one that originates
from the work of M. A. Lavrent’ ev (!), whose main task is to establish a
two-sided (or at least one-sided) estimate of distortion by means of a specially
introduced “relative” distance in domains, with respect to which the domains are
completed. In concrete cases such estimates contain much information about
the fundamental metric properties of the classes of mappings under study. An
essential point in such investigations is the passage to estimates of the distor-
tion of ordinary distances (more precisely, distances in the second metric, often
in the metric of the ambient spaces) inside domains, although, of course, such
estimates are often established directly, without explicit use of estimates of
distortion of relative distances. Estimates inside domains give the properties
of equicontinuity and openness of classes of mappings inside domains, which
in a very general case is sufficient for establishing an analogue of the classical
Carathéodory theorem on the connection between the concept of uniform con-
vergence of a sequence of conformal mappings and the concept of convergence
of a sequence of domains to a nondegenerate kernel; and such an analogue is
the main instrument, for example, in proving existence theorems in the theory
of quasiconformal mappings, stability theorems, etc.

The availability of estimates of distortion of relative distances, in addition to the
natural solution of the question of boundary correspondence under mappings of
domains, makes it possible to solve the principal problems concerning mappings
of “closed” domains with variable boundaries.

Such investigations have been carried out for various classes of mappings; more-
over, after the basic estimates of distortion of “relative” distances have been
obtained, the arguments for deriving consequences from the estimates turn out
in many respects to be similar. The question arises of identifying the informa-
tion that is in general contained in such estimates, given a priori.
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In the present paper we give a simple Theorem 1 stating that the existence of an
equicontinuous two-sided estimate of distortion of distances in metric spaces is
equivalent to the property of equicontinuity of the direct and inverse mappings.
Next an answer is given (in the form of sufficient conditions) to the questions: 1)
when estimates of distortion of “relative” distances imply estimates of distortion
of the second metrics “inside” the spaces (Theorem 2); 2) under what conditions
an analogue of Carathéodory’ s theorem holds (Theorem 3).

It is possible to define rather clearly the necessary requirements on the met-
rics and on the mappings. These requirements turn out to be of one nature,
and it is precisely they, explicitly or implicitly, that are present in all concrete
investigations known to us.

I. On the distortion of distances.

1°. Consider two families (D,);c;, D; = (z°), (A;);er, A; = (y), of sets D, and
A, of elements (points) of arbitrary nature. Suppose that on D,, A,;, for each
i € I, two metrics are defined; on D;: r® = r%(zt, x%; D,), 7% = rP(z, 2i; D),
on A;: p® = p(yiysi A, p° = pP(yi, v A,), so that we have 4 families
of metric spaces: (Df');cr, (Dz'ﬁ)ielv (Af)iers (Aiﬁ)ielﬂ Dy = (D;,r%), Diﬁ =
(D;,r%), AY = (A, p*), A = (A, p%). Let (T);cr, T; : D; < Ay, be a family
of one-to-one mappings.

For brevity, in what follows we shall omit the index in the notation of points of
a space and the carrier in the notation of distances. Most often we shall also
omit the symbol ¢ € I in the notation of the families (D¢), (T}), etc. The set I
is assumed fixed in all arguments. € denotes the empty set.

2°. Let (D%) be a family of subsets of the spaces (D%), D* C D®. The case
D¢ = DY is not excluded.

Definition 1. (7;) € (a),z on (ﬁf‘) (not all ﬁf‘ = 0), if for every € > 0 there

exists d(¢) > 0 such that for points z, € ﬁ? and z, € DY, when r(x,24) < d(e),
one has p?[T;(z,),T;(x,)] < ¢, and § does not depend on i € I.

Definition 2. (T;) € (b),5 on (D2), if for every & > 0 there exists d(c) > 0 such
that for each point z € ﬁf‘ the image of its spherical e-neighborhood contains
the spherical §-neighborhood of the point T;(z) in A? , and & does not depend
on ¢ € I or on the choice of the point = € 5?

Definition 3. (T;) € (ab),z on (D2), if (T}) e (a)op and (T;) € (b),5 on (D2).
3°. Denote by ﬁ? the completion of D with respect to r.

Theorem 1. In order that there exist a number a > 0 and two continuous,
strictly monotonically increasing on [0, a] functions ¢(&), ¥(£), ¢(0) = ¥(0) = 0,
such that for all points z,, x4 € D¢, under the condition r®(z,z,) < a, one has
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w[ro‘(fclxz)] < p® [Tz(%)Tz(%)] < @[ra(xﬂzﬂ (1)

(a, p,% do not depend on ¢ € I), it is necessary and sufficient that two conditions
hold: (Tz) € (a>aa on (D?)7 (Ti_l) € (a)aoc on (A?)

Under the conditions of this theorem each T is a homeomorphism D < A,
extendable to a homeomorphism i : ﬁ? > Z?, and (1), obviously, is valid also
on the completed spaces, so that (T}) € (a),, on (ﬁ?) and (T;1) € (a),, on

[e7e% [e7e

D) = D, 0) = { 7 . iroD; =,
! R {reD,: T"‘(x,aDi)zn}Oi, if 0D, + 0,

where {...} 1is the connected component of the set {...} containing the point
O, € D,. The sets D(m(n) = DEB) (n, 0,) are defined analogously, with the points

)

O, the same as above.

Definition 4. D¢ € (C),, if, considering Dga)(n) as a subset of the space D,
we have

Dy c | D).

n>0

Let # = e;(x) : D <> DY,y = E;(y) : A¥ <> A? be the natural mappings, and

e; 1 and E;! the inverse mappings.

Theorem 2. Let (T}) € (a),, on (D%), (T; 1) € (a),, on (A%), T,(0,) = O..

K2 K3

Suppose that for all i € I: ﬁ?,ﬁf,Z?,Z.ﬁ are compact, D¢ € (C),, (e;) €

K2

(ab) g on [D ()], (e;1) € (ab) g, on [DY” (1)),

(By) € (ab)ap on [AY ()], (B;1) € (ab)g, on [A ()] = AP (5, 0;) for all
n > 0. Then: 1) there exists a number a(n) > 0 and continuous, strictly
monotonically increasing on [0, a(n)] functions ®7(¢), 6;7(5), ®7(0) = 5;-7(0) =0
(j =1,2), such that

‘1’717[7"6@1952)] < Pﬁ[TK%)aTi(mz)] < q’g[TB(xl%)]

for all z; € DEB) (n), 4 € Dﬂ iel, ng(n) # 0, under the condition

Tﬁ(%%) <a(n),
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and

By [0° (y192)] < (T (y) T () < Balp (119n)]

for all y; € Agm(n), y e Al iel, Agm(n) # 0, under the condition

PP (y1y2) < a(n).

The number a(n) does not depend on i € I. 2) (T;) € (ab)zz on [DEB)(n)] and
(T;) € (ab) g5 on [A ()]

3

II. An analogue of Carathéodory’ s theorem.

5°. Let M8 = (M,r%), M = (x), r® = rP(2,2,), N® = (N,p?), N = (y), p® =
pP (y1y2) be two metric spaces, connected, locally connected, locally compact,
and separable. Let (D2), O € D8 ¢ MP, DS = (D,,r"), D, C M; (A?),
O € AP c NP, AB =(A,,p%), A, CN (n=1,2,..), be two sequences of
domains, and suppose all domains of the first sequence contain the fixed ball
SB(rg) : 1P(0,2) < 1y.*

Consider also two further sequences of metric spaces: (D%), D¥ = (D,,,r%),
,’,.OL

n = ma(T1y), and (A7), AT = (A, pR), o = py(Y1Ys), whose carriers D,
and A, are the same as above.**

6°. Consider the sequence (D?) of domains of M? under the assumptions of
item 5°. Let Dg be a domain in M” that is the union of all domains D? C M?#,
D? 5 O, having the following property: every point € D?, together with
some neighborhood of it in M?, belongs to D? for n > n. Dg is called the
nondegenerate kernel of the sequence (D2) with respect to the point O. The
sequence (D?) converges to Dg if every infinite subsequence of it has kernel Dg
(with respect to the point O).

7°. Theorem 3 (an analogue of Carathéodory’ s theorem). Let M”, N? be con-
nected, locally connected, locally compact, and separable metric spaces, (D2),
(AB) sequences of domains of the spaces M# and N?, respectively; D? contains
the ball S#(ry), A2 3 O’, (T,) a sequence of one-to-one mappings D,, <> A,
T,(0) = O for all n. In addition:

n
1) Ez,bi,gz,ﬁi are compact for all n;

2) (ey) € (ab)ag on [DA(n)], (") € (ab)go on (DY ()], (E,) € (ab)as on
[A%a)(n)], (E,") € (ab)g, on [A@(n)] for each n > 0, if the corresponding
sequences of sets are nonempty***;

3) (T,) € (a)aq on (D7), (T,,1) € (a)aq on (AT).

Then from (n) one can select an infinite subsequence (n”) such that:
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* Thus the metrics 7 and p” are induced in D? and A? from M? and N? and,
unlike in the preceding considerations, do not depend on n.

** The metrics r& and pS in general depend on n. It is more convenient for us
to emphasize this here, and therefore we supply the notation with indices.

ok D%O‘)(n)7 D;ﬂ)(n) are formed with respect to the point O, Agfw(n), AP (n)
with respect to the point O’.

a) (Dﬁ ,) converges as to a kernel to the domain D > S#(r), (A;BL /) converges
as to a kernel to the domain Ag EXOE

b) (T,,) converges uniformly inside Dg to the homeomorphism 7, : Dg “ Ag ,
(T,') converges uniformly inside Ag to Tyt

¢) for any points z,z, € Dg and y,y, € Ag the limits exist

lim o (@139) = 1§ (2125), lim P (Y1Y2) = P5 (Y1Y2),
n’—oo n’—oo

and 7§ and p§ will be metrics, and the kernels may be regarded as the

metric spaces Df and A§. For fo and i)_ ! the inequalities (1) of Theorem

1 are satisfied, so that T, € (a),,, on 58‘ and Tgl € (a),q On Zoa

The proof is carried out with the aid of Theorem 2 and arguments analogous to
the arguments in (2), § 18, in the proof of Theorem 21.

Remark 1. Theorem 21, § 18, in (?) also gives an analogue of Carathéodory’
s theorem for homeomorphisms of domains belonging to arbitrary compacta.
However, the requirements imposed there on the mappings are such that they
sharply narrow the class of sequences of domains admissible for consideration.
For example, the theorem does not completely cover the case of Carathéodory’ s
theorem on conformal mappings. This is explained by the fact that in definitions
13/, 14/, § 18 (?), which describe the assumed properties of mappings, arbitrary
compacta internal to the domains are considered, whereas, in order to remove
the indicated narrowing of the class of sequences of domains, one must consider
not arbitrary compacta, but continua containing the origin, which is what is
done everywhere subsequently in (?) in the study of plane mappings. However,
if definitions 13" and 14’ are changed in this way, then the proof of Lemma
13, § 18 in () does not go through. Additional restrictions on the containing
spaces are needed. Our Theorem 3 is free from this shortcoming and goes
somewhat beyond the theorem from (?) in the sense of the requirements on the
mappings (the properties of mappings postulated in (?) are consequences of the
assumptions of Theorem 3).

Remark 2. Theorem 3 can be formulated not for sequences, but for an arbitrary
family of mappings (in the spirit of (*)). Probably, results analogous to ours
can also be obtained for mappings of uniform structures.
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