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The problem of the equilibrium of an elastic body bounded by the planes
z = 4+h/2 and subjected to surface forces q*(z,y) and q~ (z,y), acting on the
boundary surfaces, was reduced by V. Z. Vlasov in [1] to the solution of a sys-
tem of differential equations of infinite order. In the present article we consider
a more general problem in which, in addition to the surface forces q* and q—,
arbitrary body forces Q(z,y, z) act, and we indicate an explicit solution of this
problem in the form of series whose construction is based on expansions in the
eigenfunctions of a certain non-self-adjoint differential operator.

Let us first note that by the substitution

Uy = 'U/O(.T, y) + ’U’l(xa y)Z + U(SC, Y, Z)a
u, = vo(z,y) +v1(z,9)z + v(z,Y, 2), (1)
u, = wo(2,y) +wy(2,y)z + wy(@,y)2* + w(@,y, 2)

one can reduce the problem under consideration to the case in which, instead

of the given system of forces Q, q*, and q, the elastic body is acted upon by
a system of forces P, p™, and p~ satisfying the conditions

h/2 h/2 h
/ Pdz+p"+p =0, / Pzdz+ - (pt—p ) =0,
—h/2 —h/2 2

h/2 B2
/ P, ( — 32> dz=0. (2)
/2 4
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Substituting the elastic displacements u,, u,,, and u,, expressed by formulas (1),

into the equilibrium equations of the elastlc body, we obtain from conditions (2)
the equations

G{V2u0+ ( )}+X0—0
5 (%

A
G|:v2vo b+2 %)} +Y0:07 (3)
h2
G{12V2u}1 1_2[VA0+(1_I/)U}1]} = Zl

for the functions v, vy, wy, and the equations

h2
G (12v2w2 + V2w, +A1) + Zy =0,
h? 7, 1 OA, Ow, Ow,
i - =1 —e) 22| -, — 20 X, =
G{12 [V“1+1f2y[aa; (1=6v) 8:1:” T o }+ 1 =0
h2 ) 1 [0A, w, dwy

R _, 1o 1
o - A, +4(1— 7, =
G{12OV G[V w0+172y[ 1+ 4( V)wz]}}‘f‘ 2=0

(4)

for the functions wy, u,, v, wy, where G is the shear modulus, v is Poisson’ s
ratio, and

A = Ouy/dx + dvy [y, Ay = Ouy /0x + Ovy [y,

h/2 1 h/2
Xy = ( Qxd2+qgf+qz>, Y0:h< deZJquJrqy),

—h/2 —h/2

1
h
h/2 1 h/2 h
Q.dz+q; +aq; |, Xi=+ Quzdz+ 5 (6 —az) | »
=il ) w=g [ e b )

;~\'—‘

1| e h
Yl:ﬁ Qyzdz+§(qy+—q;) ,
/2
1] he h 10 (M2 /n?
7, == dz+ = (¢F —q7 Ty = — — =2 d=.
=7 lh/QQz z+2( qz)]7 2= 73 h/zQZ<4 z) z

(5)
To find the elastic displacements u, v, w appearing in formulas (1), we introduce
for consideration the one-dimensional non-self-adjoint boundary-value problem
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vd®f/d€? — 3dg/dE* = N (1—v)f,
2d2f/d€* — (2— v)d?g/dE* = N2 (1 = v)g, (6)
—leg<l g=dg/de=0 for¢=+L.

The sequence of eigenfunctions of this boundary-value problem consists of the
functions fél) =1, gél) = 0 and féQ) =&, (2> = 0, corresponding to the

¢) and 7 (€), 9\ (€), corre-

eigenvalue A = 0, and of two sequences f,c &), ;C (&
1,2, ..., where )\Sy and )\9 are

sponding to the eigenvalues )\gﬁl) and )\Ec , k=
the nonzero roots of the equations

A+sin\ =0, A—sin A =0, (7)

lying in the right half-plane (the roots of equations (7) lying in the left half-

plane do not give new eigenfunctions). By flim* (f),ggcm* (&) and f](f)*(g), 99*(5),

k=0,1,2,..., we shall denote the eigenfunctions of the boundary-value problem

vd® f*/d€? +2d%g" [d€? = N (1 —v) f*,
—3d?f*/d€? — (2 —v)d?g"/dE = N (1 —v)g", (®)
—1<&<), vfr 429 =vdfr/dé+2dg /dE =0 for & = £3,

adjoint to the boundary-value problem (6), normalized in such a way that, along
with the biorthogonality conditions

1 1/2
/ (fk @) + gk gl ) ¢ = / (fk f (2) (1)*> d¢=0, k£>0,1>0,
1/2 1/2

1/2
[0 gl de = / (P g oY de =0, kAL

~1/2 1/2
9)
the conditions
Y2 ). 2 e (2
[ gy ag= [ (52 a2 de =1 o)
—1/2 1/2

A pair of functions F(£) and G(§), given on the interval —
represented by the series

ng%,canbe
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FO) =V + @6+ 3 [ 700 + 2 720)]

k=1

- (11)
(e = [ee(© + 797 ©).
k=1
1/2 12
C(l) = _ Z C<2) _ B E
V= LFo-gec]a = / lro-e)cac .

‘ 1/2 , :
= [ [PORO+ 60" @) i=12 k=12,...

—1/2

The completeness of the biorthogonal system of eigenfunctions constructed
above and the convergence of the corresponding expansions (11) follow from
known results in the theory of linear differential operators (see (?)).

Instead of the prescribed system of surface forces p*, p~ and body forces P, we
shall consider below the equivalent body forces P*, where

P* =P+ 0(z,h/2)pT +(z,—h/2)p~
h/2 13
(5(2,20) =0 for z # 2, / 0(z,2y) dz = 1) . (13)

—h/2

Putting successively in (11) and (12) F = Pi(z,y,h€), G = 0; F =
Pj(z,y,h§), G =0and F' =0, G = f 12 Pi(z,y,h¢’)d¢’, and taking into
account the equalities (2), we obtain the expansions

2 [e’e) 2 [e’e)
z ( z
Hewn) =3 3l wuf (7). A =23 e s’ (7).

2 o
P* ; (4) E )
@02 =323 @ (3)
(14)
where
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1 1 h/2 )% Z/ ’ DES 1 ) )* 1 |
W) =k [ [ Rtenn (5) s nians?” (5) + et (-3)]

—h/2 i

. 1 h/2 s (2 Al N |
W =3 | [ Blewnsd (5)a + s (3) et (<) |

—h/2 A

: 1 [ 2 YL 1 1]
W= | [, Pt () a erwnni? (5) +oennt? () |

—h/2
(15) '
) e
=T = [ e (16)
d¢ o

In this case the identical equality will hold

S5 () -0 "

1 k=1

Let us now consider the elastic displacements defined by the formulas

h 2 °°0¢><j> ) (# h 2 & ( ()
aely o () ey e ()

7=1 k=1

we eSS e g (2) g (7).

Jj=1 k=1

(18)

o (z,y, 2, y) = (2, Y U (@ — 2,y — o/ )+

+ 0 @y )V (@ =2y —y) + D @y YW (e — 'y — o)
(19)

)¢, ) = / W (¢ m)de for &> 0,
Uz(cﬁ(*fm):*U;? En. V& =0 0.0, (20)
e = & vET)

(Ky(2) is the Macdonald function of zero order). According to (6) and (17), in
the region |z| < h/2, r > ¢ (r = /(z —2')2+ (y — y')?), the elastic displace-
ments (18) correspond to body forces identically equal to zero, and to surface
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forces p equal to zero on the planes z = +h/2 and satisfying the limiting rela-
tions

2 oo
, z
lim 27ep, = ZZaﬁj)(a: Y )f/iﬁ (ﬁ) )
J=1 k=1
. J VA DN el
l%2ﬁ€py—]:1 k:1bk (xay>fk (h)’ (21)
S ) G (2
lim 27ep, = ij (2",y) ‘ij (*)
e—0 ;; h

on the cylindrical boundary surface r = . In accordance with the expansions
(14), formulas (18) determine the elastic displacements caused by body forces

P (2’ y 2)o(z — ',y —y') (0(&m) =0 for & + 1> #0, [[6(&,n)dEdn=1).

Thus, the elastic displacements caused by body forces P*(z,y, z) acting in the
region z,y € S, |z| < h/2, can be found from the formulas

S j=1 k=1
h 2. 99} o
v(z,y,2) = e //S;; ayk }(€J>(,) dx’ dy’, (22)
_h & d (2 G (? Lo
o) = 5o 323 0 [0 () -0 (7)]

As the distance from the region in which the body forces P* act increases, the
elastic displacements u, v, w rapidly decrease in accordance with the exponential
law of decrease of the Macdonald function K,(z) as Re z — +o0.

The solution indicated by us of the three-dimensional problem of the theory of
elasticity for a region bounded by the planes z = +h/2 opens the possibility of
a correct calculation of local deformations in elastic plates. The method applied
above of expansion in eigenfunctions of the boundary-value problem (6) can also
be used for a refined calculation of edge effects arising in an elastic plate of a
prescribed configuration.
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