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Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1970. Vol. 191, No. 4

UDC 539.3

THEORY OF ELASTICITY

I. M. RAPOPORT

A THREE-DIMENSIONAL PROBLEM OF
THE THEORY OF ELASTICITY FOR A
DOMAIN BOUNDED BY TWO PARALLEL
PLANES
(Presented by Academician A. Yu. Ishlinskii, 22 V 1969)

The problem of the equilibrium of an elastic body bounded by the planes
𝑧 = ±ℎ/2 and subjected to surface forces q+(𝑥, 𝑦) and q−(𝑥, 𝑦), acting on the
boundary surfaces, was reduced by V. Z. Vlasov in [1] to the solution of a sys-
tem of differential equations of infinite order. In the present article we consider
a more general problem in which, in addition to the surface forces q+ and q−,
arbitrary body forces Q(𝑥, 𝑦, 𝑧) act, and we indicate an explicit solution of this
problem in the form of series whose construction is based on expansions in the
eigenfunctions of a certain non-self-adjoint differential operator.

Let us first note that by the substitution

𝑢𝑥 = 𝑢0(𝑥, 𝑦) + 𝑢1(𝑥, 𝑦)𝑧 + 𝑢(𝑥, 𝑦, 𝑧),
𝑢𝑦 = 𝑣0(𝑥, 𝑦) + 𝑣1(𝑥, 𝑦)𝑧 + 𝑣(𝑥, 𝑦, 𝑧),
𝑢𝑧 = 𝑤0(𝑥, 𝑦) + 𝑤1(𝑥, 𝑦)𝑧 + 𝑤2(𝑥, 𝑦)𝑧2 + 𝑤(𝑥, 𝑦, 𝑧)

(1)

one can reduce the problem under consideration to the case in which, instead
of the given system of forces Q, q+, and q−, the elastic body is acted upon by
a system of forces P, p+, and p− satisfying the conditions

∫
ℎ/2

−ℎ/2
P 𝑑𝑧 + p+ + p− = 0, ∫

ℎ/2

−ℎ/2
P𝑧 𝑑𝑧 + ℎ

2 (p+ − p−) = 0,

∫
ℎ/2

−ℎ/2
𝑃𝑧 (ℎ2

4 − 𝑧2) 𝑑𝑧 = 0. (2)
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Substituting the elastic displacements 𝑢𝑥, 𝑢𝑦, and 𝑢𝑧, expressed by formulas (1),
into the equilibrium equations of the elastic body, we obtain from conditions (2)
the equations

𝐺 [∇2𝑢0 + 1
1 − 2𝜈 (𝜕Δ0

𝜕𝑥 + 2𝜈 𝜕𝑤1
𝜕𝑥 )] + 𝑋0 = 0,

𝐺 [∇2𝑣0 + 1
1 − 2𝜈 (𝜕Δ0

𝜕𝑦 + 2𝜈 𝜕𝑤1
𝜕𝑦 )] + 𝑌0 = 0,

𝐺 {ℎ2

12∇2𝑤1 − 2
1 − 2𝜈 [𝜈Δ0 + (1 − 𝜈)𝑤1]} = 𝑍1

(3)

for the functions 𝑢0, 𝑣0, 𝑤1, and the equations

𝐺 (ℎ2

12∇2𝑤2 + ∇2𝑤0 + Δ1) + 𝑍0 = 0,

𝐺 {ℎ2

12 [∇2𝑢1 + 1
1 − 2𝜈 [𝜕Δ1

𝜕𝑥 − (1 − 6𝜈)𝜕𝑤2
𝜕𝑥 ]] − 𝑢1 − 𝜕𝑤0

𝜕𝑥 } + 𝑋1 = 0,

𝐺 {ℎ2

12 [∇2𝑣1 + 1
1 − 2𝜈 [𝜕Δ1

𝜕𝑦 − (1 − 6𝜈)𝜕𝑤2
𝜕𝑦 ]] − 𝑣1 − 𝜕𝑤0

𝜕𝑦 } + 𝑌1 = 0,

𝐺 { ℎ2

120∇2𝑤2 + 1
6 [∇2𝑤0 + 1

1 − 2𝜈 [Δ1 + 4(1 − 𝜈)𝑤2]]} + 𝑍2 = 0

(4)

for the functions 𝑤0, 𝑢1, 𝑣1, 𝑤2, where 𝐺 is the shear modulus, 𝜈 is Poisson’s
ratio, and

Δ0 = 𝜕𝑢0/𝜕𝑥 + 𝜕𝑣0/𝜕𝑦, Δ1 = 𝜕𝑢1/𝜕𝑥 + 𝜕𝑣1/𝜕𝑦,

𝑋0 = 1
ℎ (∫

ℎ/2

−ℎ/2
𝑄𝑥 𝑑𝑧 + 𝑞+

𝑥 + 𝑞−
𝑥 ) , 𝑌0 = 1

ℎ (∫
ℎ/2

−ℎ/2
𝑄𝑦 𝑑𝑧 + 𝑞+

𝑦 + 𝑞−
𝑦 ) ,

𝑍0 = 1
ℎ (∫

ℎ/2

−ℎ/2
𝑄𝑧 𝑑𝑧 + 𝑞+

𝑧 + 𝑞−
𝑧 ) , 𝑋1 = 1

ℎ [∫
ℎ/2

−ℎ/2
𝑄𝑥𝑧 𝑑𝑧 + ℎ

2 (𝑞+
𝑥 − 𝑞−

𝑥 )] ,

𝑌1 = 1
ℎ [∫

ℎ/2

−ℎ/2
𝑄𝑦𝑧 𝑑𝑧 + ℎ

2 (𝑞+
𝑦 − 𝑞−

𝑦 )] ,

𝑍1 = 1
ℎ [∫

ℎ/2

−ℎ/2
𝑄𝑧𝑧 𝑑𝑧 + ℎ

2 (𝑞+
𝑧 − 𝑞−

𝑧 )] , 𝑍2 = 10
ℎ3 ∫

ℎ/2

−ℎ/2
𝑄𝑧 (ℎ2

4 − 𝑧2) 𝑑𝑧.

(5)

To find the elastic displacements 𝑢, 𝑣, 𝑤 appearing in formulas (1), we introduce
for consideration the one-dimensional non-self-adjoint boundary-value problem
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𝜈 𝑑2𝑓/𝑑𝜉2 − 1
2 𝑑2𝑔/𝑑𝜉2 = 𝜆2(1 − 𝜈)𝑓,

2𝑑2𝑓/𝑑𝜉2 − (2 − 𝜈)𝑑2𝑔/𝑑𝜉2 = 𝜆2(1 − 𝜈)𝑔,
− 1

2 < 𝜉 < 1
2 , 𝑔 = 𝑑𝑔/𝑑𝜉 = 0 for 𝜉 = ± 1

2 .
(6)

The sequence of eigenfunctions of this boundary-value problem consists of the
functions 𝑓 (1)

0 = 1, 𝑔(1)
0 = 0 and 𝑓 (2)

0 = 𝜉, 𝑔(2)
0 = 0, corresponding to the

eigenvalue 𝜆 = 0, and of two sequences 𝑓 (1)
𝑘 (𝜉), 𝑔(1)

𝑘 (𝜉) and 𝑓 (2)
𝑘 (𝜉), 𝑔(2)

𝑘 (𝜉), corre-
sponding to the eigenvalues 𝜆(1)

𝑘 and 𝜆(2)
𝑘 , 𝑘 = 1, 2, …, where 𝜆(1)

𝑘 and 𝜆(2)
𝑘 are

the nonzero roots of the equations

𝜆 + sin 𝜆 = 0, 𝜆 − sin 𝜆 = 0, (7)

lying in the right half-plane (the roots of equations (7) lying in the left half-
plane do not give new eigenfunctions). By 𝑓 (1)∗

𝑘 (𝜉), 𝑔(1)∗
𝑘 (𝜉) and 𝑓 (2)∗

𝑘 (𝜉), 𝑔(2)∗
𝑘 (𝜉),

𝑘 = 0, 1, 2, …, we shall denote the eigenfunctions of the boundary-value problem

𝜈 𝑑2𝑓∗/𝑑𝜉2 + 2𝑑2𝑔∗/𝑑𝜉2 = 𝜆2(1 − 𝜈)𝑓∗,
− 1

2 𝑑2𝑓∗/𝑑𝜉2 − (2 − 𝜈)𝑑2𝑔∗/𝑑𝜉2 = 𝜆2(1 − 𝜈)𝑔∗,
− 1

2 < 𝜉 < 1
2 , 𝜈𝑓∗ + 2𝑔∗ = 𝜈 𝑑𝑓∗/𝑑𝜉 + 2𝑑𝑔∗/𝑑𝜉 = 0 for 𝜉 = ± 1

2 ,
(8)

adjoint to the boundary-value problem (6), normalized in such a way that, along
with the biorthogonality conditions

∫
1/2

−1/2
(𝑓 (1)

𝑘 𝑓 (2)∗
𝑙 + 𝑔(1)

𝑘 𝑔(2)∗
𝑙 ) 𝑑𝜉 = ∫

1/2

−1/2
(𝑓 (2)

𝑘 𝑓 (1)∗
𝑙 + 𝑔(2)

𝑘 𝑔(1)∗
𝑙 ) 𝑑𝜉 = 0, 𝑘 ≥ 0, 𝑙 ≥ 0,

∫
1/2

−1/2
(𝑓 (1)

𝑘 𝑓 (1)∗
𝑙 + 𝑔(1)

𝑘 𝑔(1)∗
𝑙 ) 𝑑𝜉 = ∫

1/2

−1/2
(𝑓 (2)

𝑘 𝑓 (2)∗
𝑙 + 𝑔(2)

𝑘 𝑔(2)∗
𝑙 ) 𝑑𝜉 = 0, 𝑘 ≠ 𝑙,

(9)

the conditions

∫
1/2

−1/2
(𝑓 (1)

𝑘 𝑓 (1)∗
𝑘 + 𝑔(1)

𝑘 𝑔(1)∗
𝑘 ) 𝑑𝜉 = ∫

1/2

−1/2
(𝑓 (2)

𝑘 𝑓 (2)∗
𝑘 + 𝑔(2)

𝑘 𝑔(2)∗
𝑘 ) 𝑑𝜉 = 1. (10)

A pair of functions 𝐹(𝜉) and 𝐺(𝜉), given on the interval − 1
2 ≤ 𝜉 ≤ 1

2 , can be
represented by the series
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𝐹(𝜉) = 𝑐(1)
0 + 𝑐(2)

0 𝜉 +
∞

∑
𝑘=1

[𝑐(1)
𝑘 𝑓 (1)

𝑘 (𝜉) + 𝑐(2)
𝑘 𝑓 (2)

𝑘 (𝜉)] ,

𝐺(𝜉) =
∞

∑
𝑘=1

[𝑐(1)
𝑘 𝑔(1)

𝑘 (𝜉) + 𝑐(2)
𝑘 𝑔(2)

𝑘 (𝜉)] .
(11)

𝑐(1)
0 = ∫

1/2

−1/2
[𝐹(𝜁) − 𝜈

2 𝐺(𝜁)] 𝑑𝜁, 𝑐(2)
0 = 12 ∫

1/2

−1/2
[𝐹(𝜁) − 𝜈

2 𝐺(𝜁)] 𝜁 𝑑𝜁,

𝑐(𝑗)
𝑘 = ∫

1/2

−1/2
[𝐹(𝜁)𝑓 (𝑗)∗

𝑘 (𝜁) + 𝐺(𝜁)𝑔(𝑗)∗
𝑘 (𝜁)] 𝑑𝜁, 𝑗 = 1, 2, 𝑘 = 1, 2, … .

(12)

The completeness of the biorthogonal system of eigenfunctions constructed
above and the convergence of the corresponding expansions (11) follow from
known results in the theory of linear differential operators (see (2)).
Instead of the prescribed system of surface forces p+, p− and body forces P, we
shall consider below the equivalent body forces P∗, where

P∗ = P + 𝛿(𝑧, ℎ/2)p+ + 𝛿(𝑧, −ℎ/2)p−

(𝛿(𝑧, 𝑧0) = 0 for 𝑧 ≠ 𝑧0, ∫
ℎ/2

−ℎ/2
𝛿(𝑧, 𝑧0) 𝑑𝑧 = 1) . (13)

Putting successively in (11) and (12) 𝐹 = 𝑃 ∗
𝑥(𝑥, 𝑦, ℎ𝜉), 𝐺 = 0; 𝐹 =

𝑃 ∗
𝑦 (𝑥, 𝑦, ℎ𝜉), 𝐺 = 0 and 𝐹 = 0, 𝐺 = ∫𝜉

−1/2 𝑃 ∗
𝑧 (𝑥, 𝑦, ℎ𝜉′) 𝑑𝜉′, and taking into

account the equalities (2), we obtain the expansions

𝑃 ∗
𝑥(𝑥, 𝑦, 𝑧) =

2
∑
𝑗=1

∞
∑
𝑘=1

𝑎(𝑗)
𝑘 (𝑥, 𝑦)𝑓 (𝑗)

𝑘 ( 𝑧
ℎ) , 𝑃 ∗

𝑦 (𝑥, 𝑦, 𝑧) =
2

∑
𝑗=1

∞
∑
𝑘=1

𝑏(𝑗)
𝑘 (𝑥, 𝑦)𝑓 (𝑗)

𝑘 ( 𝑧
ℎ) ,

𝑃 ∗
𝑧 (𝑥, 𝑦, 𝑧) =

2
∑
𝑗=1

∞
∑
𝑘=1

𝑐(𝑗)
𝑘 (𝑥, 𝑦)𝜑(𝑗)

𝑘 ( 𝑧
ℎ) ,

(14)

where
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𝑎(𝑗)
𝑘 (𝑥, 𝑦) = 1

ℎ [∫
ℎ/2

−ℎ/2
𝑃𝑥(𝑥, 𝑦, 𝑧′)𝑓 (𝑗)∗

𝑘 (𝑧′

ℎ ) 𝑑𝑧′ + 𝑝+
𝑥 (𝑥, 𝑦)𝑓 (𝑗)∗

𝑘 (1
2) + 𝑝−

𝑥 (𝑥, 𝑦)𝑓 (𝑗)∗
𝑘 (−1

2)] ,

𝑏(𝑗)
𝑘 (𝑥, 𝑦) = 1

ℎ [∫
ℎ/2

−ℎ/2
𝑃𝑦(𝑥, 𝑦, 𝑧′)𝑓 (𝑗)∗

𝑘 (𝑧′

ℎ ) 𝑑𝑧′ + 𝑝+
𝑦 (𝑥, 𝑦)𝑓 (𝑗)∗

𝑘 (1
2) + 𝑝−

𝑦 (𝑥, 𝑦)𝑓 (𝑗)∗
𝑘 (−1

2)] ,

𝑐(𝑗)
𝑘 (𝑥, 𝑦) = − 1

ℎ [∫
ℎ/2

−ℎ/2
𝑃𝑧(𝑥, 𝑦, 𝑧′)𝜓(𝑗)

𝑘 (𝑧′

ℎ ) 𝑑𝑧′ + 𝑝+
𝑧 (𝑥, 𝑦)𝜓(𝑗)

𝑘 (1
2) + 𝑝−

𝑧 (𝑥, 𝑦)𝜓(𝑗)
𝑘 (−1

2)] ,

(15)

𝜑(𝑗)
𝑘 = 𝑑𝑔(𝑗)

𝑘
𝑑𝜉 , 𝜓(𝑗)

𝑘 = ∫
𝜉

0
𝑔(𝑗)

𝑘 (𝜉′) 𝑑𝜉′. (16)

In this case the identical equality will hold

2
∑
𝑗=1

∞
∑
𝑘=1

𝑐(𝑗)
𝑘 (𝑥, 𝑦)𝑓 (𝑗)

𝑘 ( 𝑧
ℎ) = 0. (17)

Let us now consider the elastic displacements defined by the formulas

𝑢 = ℎ
2𝜋𝐺

2
∑
𝑗=1

∞
∑
𝑘=1

𝜕Φ(𝑗)
𝑘

𝜕𝑥 𝑓 (𝑗)
𝑘 ( 𝑧

ℎ) , 𝑣 = ℎ
2𝜋𝐺

2
∑
𝑗=1

∞
∑
𝑘=1

𝜕Φ(𝑗)
𝑘

𝜕𝑦 𝑓 (𝑗)
𝑘 ( 𝑧

ℎ) ,

𝑤 = ℎ
2𝜋𝐺

2
∑
𝑗=1

∞
∑
𝑘=1

Φ(𝑗)
𝑘

𝑑
𝑑𝑧 [𝑔(𝑗)

𝑘 ( 𝑧
ℎ) − 𝑓 (𝑗)

𝑘 ( 𝑧
ℎ)] ,

(18)

Φ(𝑗)
𝑘 (𝑥, 𝑦, 𝑥′, 𝑦′) = 𝑎(𝑗)

𝑘 (𝑥′, 𝑦′) 𝑈 (𝑗)
𝑘 (𝑥 − 𝑥′, 𝑦 − 𝑦′)+

+ 𝑏(𝑗)
𝑘 (𝑥′, 𝑦′) 𝑉 (𝑗)

𝑘 (𝑥 − 𝑥′, 𝑦 − 𝑦′) + 𝑐(𝑗)
𝑘 (𝑥′, 𝑦′) 𝑊 (𝑗)

𝑘 (𝑥 − 𝑥′, 𝑦 − 𝑦′)
(19)

𝑈 (𝑗)
𝑘 (𝜉, 𝜂) = − 1

2ℎ ∫
∞

𝜉
𝑊 (𝑗)

𝑘 (𝜉′, 𝜂) 𝑑𝜉′ for 𝜉 > 0,

𝑈 (𝑗)
𝑘 (−𝜉, 𝜂) = −𝑈 (𝑗)

𝑘 (𝜉, 𝜂), 𝑉 (𝑗)
𝑘 (𝜉, 𝜂) = 𝑈 (𝑗)

𝑘 (𝜂, 𝜉),

𝑊 (𝑗)
𝑘 (𝜉, 𝜂) = 𝐾0(𝜆(𝑗)

𝑘
ℎ √𝜉2 + 𝜂2)

(20)

(𝐾0(𝑧) is the Macdonald function of zero order). According to (6) and (17), in
the region |𝑧| ≤ ℎ/2, 𝑟 ≥ 𝜀 (𝑟 = √(𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2), the elastic displace-
ments (18) correspond to body forces identically equal to zero, and to surface
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forces p equal to zero on the planes 𝑧 = ±ℎ/2 and satisfying the limiting rela-
tions

lim
𝜀→0

2𝜋𝜀𝑝𝑥 =
2

∑
𝑗=1

∞
∑
𝑘=1

𝑎(𝑗)
𝑘 (𝑥′, 𝑦′) 𝑓 (𝑗)

𝑘 ( 𝑧
ℎ) ,

lim
𝜀→0

2𝜋𝜀𝑝𝑦 =
2

∑
𝑗=1

∞
∑
𝑘=1

𝑏(𝑗)
𝑘 (𝑥′, 𝑦′) 𝑓 (𝑗)

𝑘 ( 𝑧
ℎ) ,

lim
𝜀→0

2𝜋𝜀𝑝𝑧 =
2

∑
𝑗=1

∞
∑
𝑘=1

𝑐(𝑗)
𝑘 (𝑥′, 𝑦′) 𝜑(𝑗)

𝑘 ( 𝑧
ℎ)

(21)

on the cylindrical boundary surface 𝑟 = 𝜀. In accordance with the expansions
(14), formulas (18) determine the elastic displacements caused by body forces
P∗(𝑥′, 𝑦′, 𝑧)𝛿(𝑥 − 𝑥′, 𝑦 − 𝑦′) (𝛿(𝜉, 𝜂) = 0 for 𝜉2 + 𝜂2 ≠ 0, ∬ 𝛿(𝜉, 𝜂) 𝑑𝜉 𝑑𝜂 = 1).

Thus, the elastic displacements caused by body forces P∗(𝑥, 𝑦, 𝑧) acting in the
region 𝑥, 𝑦 ∈ 𝑆, |𝑧| ≤ ℎ/2, can be found from the formulas

𝑢(𝑥, 𝑦, 𝑧) = ℎ
2𝜋𝐺 ∬

𝑆

2
∑
𝑗=1

∞
∑
𝑘=1

𝜕Φ(𝑗)
𝑘

𝜕𝑥 𝑓 (𝑗)
𝑘 ( 𝑧

ℎ) 𝑑𝑥′ 𝑑𝑦′,

𝑣(𝑥, 𝑦, 𝑧) = ℎ
2𝜋𝐺 ∬

𝑆

2
∑
𝑗=1

∞
∑
𝑘=1

𝜕Φ(𝑗)
𝑘

𝜕𝑦 𝑓 (𝑗)
𝑘 ( 𝑧

ℎ) 𝑑𝑥′ 𝑑𝑦′,

𝑤(𝑥, 𝑦, 𝑧) = ℎ
2𝜋𝐺 ∬

𝑆

2
∑
𝑗=1

∞
∑
𝑘=1

Φ(𝑗)
𝑘

𝑑
𝑑𝑧 [𝑔(𝑗)

𝑘 ( 𝑧
ℎ) − 𝑓 (𝑗)

𝑘 ( 𝑧
ℎ)] 𝑑𝑥′ 𝑑𝑦′.

(22)

As the distance from the region in which the body forces P∗ act increases, the
elastic displacements 𝑢, 𝑣, 𝑤 rapidly decrease in accordance with the exponential
law of decrease of the Macdonald function 𝐾0(𝑧) as Re 𝑧 → +∞.

The solution indicated by us of the three-dimensional problem of the theory of
elasticity for a region bounded by the planes 𝑧 = ±ℎ/2 opens the possibility of
a correct calculation of local deformations in elastic plates. The method applied
above of expansion in eigenfunctions of the boundary-value problem (6) can also
be used for a refined calculation of edge effects arising in an elastic plate of a
prescribed configuration.
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