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FINDING SADDLE POINTS ON POLYHEDRA

(Presented by Academician L. V. Kantorovich, 18 X 1969)

For finding saddle points, various methods were proposed in (*~*). Below we
consider the case in which the sets of variation of the variables are polyhedra.
Many other sets can often be described sufficiently well by polyhedra.

Let, in the Euclidean space E,,, the set
Ql = {‘T | (Amx) +a; < 0,1i¢€ LNl}a

and in the space E,_,, the set

Qy ={y | (Bj,y) +b; <0, j€1,N,}

Without loss of generality we assume that

HAz”:lv i€1,N1; ”B]H:L j617N2a

and that the sets 2; and ), are bounded.

On Q; x Q, there is given a twice continuously differentiable function f(z,y),
strictly convex in x and strictly concave in y on 2 x ), i.e., there exist M; >0
and M, > 0 such that for all [z,y] € Oy x Qy, and all V € E,, W € E,, the
inequalities

> f(z,y) > f(z,y)
(V, &TQV> > M, |[V|?, — (W7 8y2W> > M, |W 2.

It is required to find a saddle point of the function f on €; x €, i.e., a point
[z*,y%] € Q; x Q, satisfying the inequalities

fl@*y) < f(a*,y*) < flz,y7) (1)

for all z € Q, y € Q.
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Let x € Q;, y € Q,. Introduce the index sets

Q(z) ={i|ie€1, Ny, (4;,x)+a; =0},

Qa(y) ={j 7€ LNy, (Bj,y)+b; =0},

as well as the cones

Ff(w)={g|geEn,g=— > a4, ai>o},

1€Q4 (z)
I3 (y) = {qlqum, g=— Y. BB, ﬁj>o}.
JEQ2(y)

If Q,(z) =0, then I'f (x) = {0}, and if Q5(y) = 0, then I'J (y) = {0}.

We also introduce the functions

dy(z,y) = min |z —0f(x,y)/0x| = |z (z,y) — Of(x,y)/ 0],

zel7 (z)
dy(x,y) = i |2+ 0f (. y)/ 0yl = |zo(2,y) + Of (2, y)/ 9yl

We note that for any [z, y] € ; X Q5 the points z; (z,y) and z,(z,y) are unique.
If dy(z,y) > 0, then the direction

9(@,y) = |21 (z,y) — 0f (2,y) 0z (21(x,y) — Of (2,y) /0)

is the direction of steepest descent of the function f;(z) = f(z,y) at the point
z = x; and if dy(z,y) > 0, then the direction

a(x,y) = lz(x,y) + 0f (x,y) /Oyl (25(2,y) + Of (2, y)/0y)
is the direction of steepest descent of the function fy(z) = —f(z, z) at the point
z=1y.
From Theorem 1 of paper (2) the following can be proved.

Theorem 1. In order that the point [x*,y*] € Qy X Qy be a saddle point of the
function f on the set 1 x €y, it is necessary and sufficient that
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di(z%,y") = dy(27,y") = 0. (2)

Geometrically, the necessary condition (2) means that at the saddle point there
must be

of(a*,y")/0x e T{(a*),  Of(x*,y")0y € T3 (y). (3)

For any € > 0, consider the sets

Qi.(x)={i|iel,N;, —e < (4;,2) +a; <0},

Q2E(y> = {] | J € ]-7N27 —€ S (Bj7y) +b] S 0}
and the cones

Firs(‘r):{g|g€Ena g=— Z aiAi7 ai>0}7

1€Q1.(x)

F§g(y)—{q|q€Em, g=- Y BB 6j20}.

JEQ2: ()

Let

die(@y) = min |z = 0f(z,y)/02] = |21c(@,y) — 0f (@, y) /0] = |ge (@, y)l,

zel'] (z
dye (2,y) = Juin |2+ 0f (2, y) /0yl = | 25c (2, ) + Of (2,y) /0yl = llgc(z,y)].

It can be shown that there is always a representation of the point z;.(z,y) in
the form

2T y) = — Z (@, y) Ay,

1€Q1c(x)

such that if o;(z,y) > 0, then necessarily

(&S @15(33’3/) = {Z | (S Qle('r>7 (Ai’gs(xvy» = O}
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Similarly, the existence of such a representation of the point z,_(z,y) in the
form

ng(x,y) = - Z ﬂj(xay)B]W
JEQ2.(y)

is shown, so that for those j for which 3,(x,y) > 0, one has

J€Qy(z,y) ={jljeQaly), (Bjq(z,y) =0}

For the remaining i € Q;.(x) and j € Q,.(y) we have

(Ai7ge($7y)) = (Ai7zls(x7y) - 8f(:b‘,y)/a$) < 07

(Bj7qa(x’y)) = (BjaZ2a(xay) + af(x,y)/ﬁy) <0

Of course, there may also exist other representations of the points z;_(z,y) and
Zoe(x,y) (for example, if among the vectors {A4;} (or {B,} there are linearly
dependent ones). A point [z,y] € ©Q; X Q, will be called an e-saddle point of
the function f on the set 2, x £, if

die(z,y) = dye(2,y) = 0. (4)

Let us now consider the function

do(e,y) = ¢ [ @22, 9) + dB.(2.)].

It is clear that condition (4) is equivalent to the condition d,(z,y) = 0.

Fix € > 0. We describe the following method of successive approximations for
finding an e-saddle point.

As a first approximation choose an arbitrary point [z, y,] € ©; X Q5. Suppose
that [z, y,] € Q1 X Q, has already been found. If d_(x, y;) = 0, then the point
[, Y] is an e-saddle point, and the process terminates. If d_(z;,y;) > 0, then
consider the rays

Of(xy,y
Lo = Tp T O (ﬁa(%v%) - % =z + agy,

Of(xy,y
Yoo = Yp T O (ZQE(xkayk) + (a];’k) =y + aqy,
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find «;, > 0 such that

da(xkak7ykak> = Iolggda($kavyka)v Tro €1, Ypa € (o,
and set
Lrt1 = Thay,» Ye+1 = Ykay -

It is clear that (z,1,Yk1) € Q1 X Qo, do(@ppq, Ypsr) < do(xy,y,). We then
proceed analogously.

Thus we construct a sequence {[z;,y;]} C @ x 5. If this sequence contains
a finite number of points, then the last point obtained, by construction, is an
e-saddle point of the function f on 2 x €,. Otherwise, the following holds.

Theorem 2. Every limit point of the sequence {[xy,y,]} is an e-saddle point
of the function f on the set 1 x Q.

If we are interested in finding a saddle point (and not an e-saddle point), then
we can use the following algorithm.

Fix any €; > 0 and, using the method described above with € = ¢, in a finite
number of steps find a point [z, y;] € Q; x Q5 such that

del<$17y1) < aey,

where a > 0 is any fixed number independent of k. Now set €, = %61 and take as
the first approximation the point [z, y,]| obtained; applying the basic algorithm
again with € = &5, in a finite number of steps we obtain a point [z, y,] such
that d._(z,y,) < ag,. We continue analogously. It is not difficult to show that
the sequence {[z;, y,]} tends to a saddle point of the function f on 0y x Q.

Remark. If the function f(x,y) is convex-concave, then instead of it one may
consider the strictly convex-concave function

F(z,y) = f(z,y) + ca® — dy?,
where ¢ > 0 and d > 0 are arbitrary numbers. For small ¢ and d, the function
F(z,y) does not differ much from f(z,y).
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