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MATHEMATICS

V. V. PETROV, A. S. USKOV

INFORMATION ASPECTS OF THE REGU-
LARIZATION PROBLEM
(Presented by Academician A. N. Tikhonov, May 8, 1970)

In solving problems of statistical optimization of control systems, the question
of the correctness of the formulation of the problem plays an important role. A
problem is considered to be correctly posed if its solution exists, is unique, and
is stable with respect to small variations of the initial data.

In this sense, integral equations of the first kind, to which many problems of
statistical dynamics reduce, are ill-posed.

For the effective solution of these equations, A. N. Tikhonov and M. M. Lavrent’
ev developed regularization methods (1−4). In problems of statistical dynamics
these methods were further developed in the works of V. V. Solodovnikov and
V. L. Lenskii (5,6).
In the present note an attempt is made to show the informational content of the
regularization problem and to establish its direct connection with informational
methods in control theory.

Information estimates (throughputs) characterize the limiting capabilities of a
system, for the realization of which very large time delays would be required
(7−9).
These limiting capabilities correspond to physically unrealizable filters (7,8).
Thus, in order to solve the problem posed and to obtain simple informational
relations, it seems most expedient to consider the regularization method using
such filters as an example.

At the input of a device of the reproduction type there arrives a useful signal
𝑚(𝑡) with noise 𝑛(𝑡) superposed on it, so that the input signal 𝜑(𝑡) has the form

𝜑(𝑡) = 𝑚(𝑡) + 𝑛(𝑡).

Here 𝑚(𝑡) and 𝑛(𝑡) are stationary, random, Gaussian, mutually uncorrelated
processes with known correlation functions 𝑅𝑚(𝑡), 𝑅𝑛(𝑡) (or spectral densities
𝑆𝑚(𝑓), 𝑆𝑛(𝑓)) and zero mathematical expectations.
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The optimal characteristic must reproduce at the output, with minimum mean-
square error (m.s.e.), the useful signal entering the input.

The regularizing functional

𝐼1 = ∫
+∞

−∞
𝑘2(𝑡) 𝑑𝑡 (1)

reduces the optimization problem, without taking into account the condition of
physical realizability, to the minimization of the expression

𝐼 = 𝜆 ∫
+∞

−∞
𝑘2(𝑡) 𝑑𝑡 + 𝜀2, (2)

where

𝜀2 = 𝑅𝑚(0) + ∫
+∞

−∞
∫

+∞

−∞
𝑅𝜑(𝑡 − 𝜏)𝑘(𝑡)𝑘(𝜏) 𝑑𝑡 𝑑𝜏 − 2 ∫

+∞

−∞
𝑅𝑚(𝑡)𝑘(𝑡) 𝑑𝑡. (3)

mean square random error.

𝑅𝜑(𝑡) = 𝑅𝑚(𝑡) + 𝑅𝑛(𝑡).

Here 𝜆 is the Lagrange multiplier, and 𝑘(𝑡) is the desired optimal impulse re-
sponse.

A necessary and sufficient condition for the minimum of the functional (2) is
the integral equation of the second kind

𝜆𝑘(𝑡) + ∫
+∞

−∞
𝑅𝜑(𝑡 − 𝜏)𝑘(𝜏)𝑑𝜏 = 𝑅̇𝑚(𝑡). (4)

The solution of equation (4) in the frequency domain can be represented in the
form

Φ(𝑗𝑓) = 𝑆𝑚(𝑓)/(𝑆𝑚(𝑓) + 𝑆𝑛(𝑓) + 𝜆). (5)

The transfer function (5) may be regarded as the characteristic of a Shannon
filter (7,8), to whose input there is applied interference with spectral density

𝑆∗
𝑛(𝑓) = 𝑆𝑛(𝑓) + 𝜆. (6)

The Lagrange multiplier 𝜆 corresponds to the spectral density of white noise
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𝜆 = 𝑁2. (7)

The rms error corresponding to the optimal characteristic (5) is determined by
the formula

𝜀2 = ∫
+∞

−∞
𝑆𝜀(𝑓) 𝑑𝑓, (8)

where

𝑆𝜀(𝑓) = 𝑆𝑚(𝑓)[𝑆𝑛(𝑓) + 𝑁2]/(𝑆𝑚(𝑓) + 𝑆𝑛(𝑓) + 𝑁2). (9)

The minimum rms error (𝜀2)min occurs for 𝑁 = 0. The level of white noise is
found from equation (8) for a prescribed value of the rms error (𝜀2)0 satisfying
the condition

(𝜀2)0 > (𝜀2)min. (10)

We shall regard the signal 𝜀(𝑡) as approximately limited in spectrum (frequency-
band width 𝑊 ) and in time (duration in time 𝑇 ).

In a narrow frequency band Δ𝑓 of the spectrum, the entropy of the error is
(3,10)

𝐻𝜀Δ𝑓 = 𝑇 Δ𝑓 log 2𝜋𝑒𝑆𝜀(𝑓)Δ𝑓. (11)

The information rate of the error signal in the frequency band Δ𝑓 is

𝑅𝜀Δ𝑓 = Δ𝑓 log 2𝜋𝑒𝑆𝑚(𝑓)Δ𝑓 − Δ𝑓 log 𝑆𝑚(𝑓)
𝑆𝜀(𝑓) . (12)

The total rate of transmission of information by the error signal is determined
by summation over all frequencies

𝑅𝜀 = ∫
𝑊

log[2𝜋𝑒𝑆𝑚(𝑓)Δ𝑓] 𝑑𝑓 − ∫
𝑊

log 𝑆𝑚(𝑓)
𝑆𝜀(𝑓) 𝑑𝑓. (13)

By virtue of formulas (9), (13), the channel capacity can be represented in the
form

𝐶 = ∫
𝑊

log 𝑆𝑚(𝑓) + 𝑆𝑛(𝑓) + 𝑁2

𝑆𝑛(𝑓) + 𝑁2 𝑑𝑓. (14)
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The information per one degree of freedom of the error signal is

𝐻𝑛(𝜀) = 𝐻𝑛(𝑚) − 1
𝑊 ∫

𝑊
log 𝑆𝑚(𝑓) + 𝑆𝑛(𝑓) + 𝑁2

𝑆𝑛(𝑓) + 𝑁2 𝑑𝑓, (15)

where

𝐻𝑛(𝑚) = 1
𝑊 ∫

𝑊
log[2𝜋𝑒𝑆𝑚(𝑓)Δ𝑓] 𝑑𝑓. (16)

The quantity 𝐻𝑛(𝜀) characterizes the loss of information when the signal passes
through the filter.

The minimum of 𝐻𝑛(𝜀) corresponds to 𝑁 = 0.

As the level of white noise increases, the error entropy increases and, as 𝑁 → ∞,
tends to the entropy of the useful signal. In this case the throughput 𝐶 → 0.

Analogous results can be obtained when the condition of physical realizability
is taken into account,

𝑘(𝑡) = 0 for 𝑡 < 0. (17)

In this case the regularizing functional (1) reduces the Kolmogorov–Wiener prob-
lem to an integral equation of the second kind,

𝜆𝑘(𝑡) + ∫
∞

0
𝑅𝜑(𝑡 − 𝜏)𝑘(𝜏) 𝑑𝜏 = 𝑅𝑚(𝑡), 𝑡 > 0. (18)

The equations (4), (18) obtained by the regularization method satisfy A. N.
Tikhonov’s correctness conditions, and their numerical solution is simpler than
that of equations of the first kind.

From the informational point of view, this is equivalent to feeding into the input
of the system an additional disturbance in the form of white noise (4−7, 18), whose
level is determined by a certain prescribed admissible error.

A decrease in dynamic accuracy in the process of regularization (10) leads to
a corresponding change in the informational characteristics. The throughput
decreases (14), the error entropy increases (15), and the passband of the sys-
tem decreases (5). That is, by introducing a tolerance on dynamic accuracy,
and consequently also on information loss, the regularization method makes it
possible to simplify the problem of the physical realization of the system.

In applied information theory, such methods, using the ideas of regularization,
have found broad application. The developing information theory of control has
recently been based on the desire to take into account the specific features of
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system operation (dynamic errors due to limited energy resources) (8, 11). In
this case an error is allowed (and is not made sufficiently small), which makes it
possible to narrow the channel bandwidth and reduce the amount of auxiliary
energy, and consequently the dimensions and weight of the instruments and
devices entering into the system.

Several variants of the application of such an approach to questions of the design
of information devices and systems (6, 8, 11) may be indicated. The regularization
method underlies all these variants.
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Note: Figure translations are in progress. See original paper for figures.
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