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MATHEMATICS
K. A. KASYMOV

ON THE ASYMPTOTICS OF THE SOLUTION
OF A PROBLEM WITH AN INITIAL JUMP
FOR A SYSTEM OF QUASILINEAR EQUA-
TIONS WITH THE SAME PRINCIPAL PART
CONTAINING A SMALL PARAMETER

(Presented by Academician A. A. Dorodnitsyn, 22 XII 1969)

§ 1. Consider the system of differential equations

e(Ou/ot + Ou/ox) = F(t,x,u,v),
Ov/0t + ov/0x = G(t, x,u,v), (1)

with initial conditions

§@ult,2)|,_, = u@), o(t.)|_, =), (2)

where € > 0 is a small parameter, and £(¢) is a certain function of e, which will
be determined below. Suppose that the right-hand sides F' and G of system (1)
have the representations:

F(t,x,u,v) = u"™ lf(t,x, v) + Z fi(t, z,v)ui] ,

G(t,z,u,v) = u™ [g(t, x,v) + Zgi(t,x, fu)ul} , (3)

where n and m are certain real numbers satisfying the conditions:
aym=n,n>Lb)jn—1<m<n n>1;¢c)m=n—1, n>1, and in the
strip Q0 <t < T < 00, —00 < < +00), for all values of v,

ft,z,v) <0, g(t,z,v)>0. (4)
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Then the solution of problem (1), (2), with the corresponding choice of the
function £(¢), will, as ¢ — 0, tend to the solution of the degenerate system

0=F(t,z,u,v),

v /Ot + Ov/0x = G(t, x,u,v), (5)
but, however, this solution will not satisfy the initial condition v(t,x)|f:0 =
v (), but will satisfy another initial condition:

olt,2)|,_, = (@) + A), (6)

where A(z) will be called the initial jump of the function v(¢, z). The existence
of an initial jump of the function v(¢, ) depends on the form of the function £(¢)
(the form of £(¢), in turn, depends essentially on the character of the nonlinearity
of the right-hand side of system (1)), namely

g, m=n, n>1;
Ele) = et/mtl=n) 1 <m<n, n>1; (7)
e/, m=n—1, n>1.

In the present note we investigate case b) for n > 1, while the remaining cases
are investigated analogously. The initial jump A(z), by virtue of (4), is deter-

is determined uniquely from the equation

(@)™ " | —(m+1—n)

To construct the asymptotics of the solution of problem (1), (2), we divide the
strip Q into three strips (1,2):

Q(0<t<ty, —0o <z < +00), t = O(elm=on=Dl/(m+1-n)y
Qa(t) St <t), —oco<a < +00), 13 =0(e);
Qs <t<T, —00o <z < +00), 0<o<l1.

§ 2. Construction of the asymptotics in the first strip. We make the
change of variables

T=1t/e, ePu = z, a=[m—on—-1)1]/(m+1—n),
B=(01-0)/(m+1—n).

Then the first strip @ is transformed into the strip Q{(0 <7 < 70, —c0o <z <
+00), where 7¥ = O(1) as € — 0, and problem (1), (2) takes the form
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0z 0z Z/ j '
o — N a 15 . @ -
87‘+€ ox  ° {f(a T i e 1 ’
v v zf: i i
_ _ ~o0,m a By (e -
787‘ 5 O ez [g<€ T,T, ’U) + - € gl(e T, T, U>Z ] ’ (9)
50/(m+17n)2(7_’ x, E)|7-:O B u8<$)7 ’U(T, x, E)|T:O = ’()8(.%) (10)

We seek an approximate solution of problem (9) and (10) in the form

/7

2(1,3,€) = zo(T, T, 8) + Zssa“’ﬁzsp(ﬂx,e),
5,p
4

(T, z,8) = vy(T,2,8) + Zss‘”pﬁvsp(r, Z,€). (11)
5,p

Substituting (11) into (9), in the first approximation we obtain

820/37' = f(Oa €, U0>Z(7)L7 80/(m+17n>20(7.3 €T, €)|7_: = ug(‘r>7

0vy /0T = €79(0, 2, vy) 2" vo(T, z, 5)’7:0 = v9(z). (12)

Solving this system and using formula (8) for the initial jump, for z,(7, x,€) and
vo(T, x,€) we obtain the estimates

A(z) —vy(r,2,6) = O(e%) (7_ + 50(n—1)/(m+1—n))*(m+1—n)/(n71) ’
20(T, 2, e)=0(1) (7_ + Ea(n—l)/(m—o—l—n))*l/(nfl) ’ (13)

where A(z) = v](z) + A(x). Hence, at 7 = 7{ one can directly verify that

20(7-?71‘75) = O(l)’ A(J?) —UO(T?,J?,&E) = O(EU)' (14)
For z,(7,%,¢€), vy, (T, 7,€) we have the problems:
07y, /0T = nz 1 f(0,2,v0)2,, + 25 10,2, 0)v,, + D

v, /0T = €7 [mzf" 1 g(0,2,v0) 20, + 25" 90 (0, 2, v9)v,,| + ¥, (15)

24, (T, 5)|T:0 =0, v, (T, T, »3)|T:O =0.

The estimates hold
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1

Zsp(T"TvE) = O(2¢(T,2,¢)) (2(T, $7(C:))s(nfl)ﬂ)’

1
(z(7, 2, €))stnDp”

Vgp(T,2,8) = O(1) (16)

Under the appropriate conditions on F, G, ud(x), and v(z), the existence and
uniqueness of the solution of problem (1), (2) follows from [3].

Theorem 1. Every solution u,v of problem (1), (2) in Q, admits the asymptotic
expansion

N
u ==/ (m4l=n) | o (7 2. €) + Z esotPbz (1,2,€)| + Ry,
s+p=1

N
v=1y(T,T,€) + Z esotPby  (7,2,¢) + Sy, (17)
s+p=1

and for Ry and Sy in the closed domain Q,, bounded by the straight linest = 0,
t =19 and the characteristics of system (1), the estimates uniform in t, x hold

Ry=0 ( Z Z_:(strpl)/(erln)) ’ Sy =0 ( Z 6(sm+p)/(m+1n)> )
s+p=N+1 s+p=N+1

(18)

§ 3. Construction of the asymptotics in the second strip

In the strip @5, system (1) is solved with the initial conditions

5<1’”)/(m+1’">u(t,x,5)’ = z?(x,s), v(t,x,£)| = v?(m,s), (19)

—+0 —+40
t=t9 t=t9

where 20 (x, €) and v?(x, €) are the exact values of the solution at ¢t = ¢{, bounded
as € — 0. Make the change t = t9 + e7; then the second strip @, passes into
the strip QY (0 < 7 < 79, —00 < & < +00), where 79 = O(1) as ¢ — 0, and

problem (1), (19) takes the form:

Ou/OT + € 0u/0z = F(t9 + e, 2, u,v),

/0T +e0v/dx = eG(1Y + eT, x,u, V), (20)
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€<1_0)/<m+1_n)u(7—?m75)|7- = z(l)($7€), 'U<7',-’17;€)’T

=0 =0

We seek an approximate solution of problem (20) in the form

u(T,x,€) = ug(7,x,€) + euy (1, 2,6) + -,

v(T,z,€) = vy(T, 2, €) + evy (T, 2,€) + - (21)
Substituting (21) into (20), in the first approximation we obtain the equation
for ug(r,x,¢€)

Ouy /0T = F(t9, 2, uy, 9 (2, €)), 5(1*">/(m+1’")u0’7:0 =(x,e). (22

Assuming now that F' = O(ug), from (22) we obtain

(7, 3,6) = O [(r + gln1)(1=0)/(m+1-m)) "/ <"‘1’] . (23)

Hence we note that, for 7 = 7, the function uy (73, 2,e) = O(1) as € — 0.

Substituting (21) into (20) and comparing the coefficients of equal powers of ¢,
we obtain a system of equations for determining the coefficients.

ug(7,x,€),v,(7, 2, €) of the expansions (21):

auk/aT = F?i(t?axa an”O)“k + Fé(t(1)7x7u071)0)vk + (I)ka 24
3vk/aT + \Ilk, Uk|7_:0 - 0, Uk|‘l':0 = O, ( )

The estimates hold
Uk(T,fE,é‘) = O[(UO(Ov z7€)>k<m+1in>] UO(T,I,E), (25)

O(T,2,8) = O[(“o(O,x,e))’“<’”+1—")] ,

where u (7, z,€) is the solution of equation (22).

Theorem 2. Every solution u,v of problem (1), (19) in the second strip @,
admits the asymptotic expansion

N t—19
u(t,z,e) = g ek, ( L ,:z:,s) + Ry,
— €
h=0 (26)
al t—19
v(t,z,€) = E kv, ( 1,.%',5) + Sy
£
k=0
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and for R}, and S in the domain ,, bounded by the straight lines ¢ = ¢9,
t = t9 and by the characteristics of system (1), the estimates uniform in ¢,x
hold

REV — O(E(NJrl)of(lfU)/(erlfn)) , SJ/V _ O(€(N+1)0') ) (27)

We shall not dwell here on the construction of the asymptotics of the solution
in the third strip. We only note that it can be constructed by using the results

of works (4,%).

In conclusion I express my deep gratitude to Corresponding Member of the
Academy of Sciences of the USSR L. A. Lyusternik for his constant attention
to this work.
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