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Abstract
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MATHEMATICS

V. V. ANISIMOV

LIMIT THEOREMS FOR SEMI-MARKOV
PROCESSES WITH A COUNTABLE SET OF
STATES
(Presented by Academician V. M. Glushkov, 12 I 1970)

Let, for each 𝑡 ∈ (0, ∞), 𝜘𝑡(𝑠) ∈ {1, 2, …} be a time-homogeneous right-
continuous semi-Markov process (s.m.p.), which is specified, following (1,2 ), by
the matrix of transition probabilities

𝐹𝑡(𝑖, 𝑗, 𝑢) = 𝑃{𝜀𝑘+1 = 𝑗, 𝜏𝑡(𝜀𝑘) < 𝑢 ∣ 𝜀𝑘 = 𝑖}, 𝑖, 𝑗 = 1, 2, … ,

where 𝜀𝑘 = 𝜘𝑡(𝜃𝑡(𝑘)), 𝜏𝑡(𝜀𝑘) = 𝜃𝑡(𝑘 + 1) − 𝜃𝑡(𝑘), 𝜃𝑡(𝑘) is the time of the 𝑘-th
jump, i.e. 𝜃𝑡(0) = 0, and 𝜃𝑡(𝑘) = min{𝑠 ∶ 𝑠 > 𝜃𝑡(𝑘 − 1), 𝜘𝑡(𝑠) ≠ 𝜀𝑘−1}, 𝑘 ≥ 1.
Introduce the following random variables:

𝛽𝑡(𝑖, 𝑘) = min{𝑛 ∶ 𝑛 > 𝛽𝑡(𝑖, 𝑘 − 1), 𝜀𝑛 = 𝑖}, 𝑘 ≥ 1

(𝛽𝑡(𝑖, 0) = 0),

and 𝜈𝑡, 𝜈𝑡(𝑖), Ω𝑡(𝑖), 𝑖 = 1, 2, …, respectively, the total number of jumps of the
s.m.p., the number of visits to state 𝑖, and the total time spent in 𝑖 during time
𝑡.
Let, for each 𝑡 ∈ (0, ∞),

𝑓 (𝑘)
𝑡 (𝑖, 𝑥), 𝑥 ∈ (0, ∞), 𝑖 = 1, 2, … , 𝑘 = 0, 1, 2, … ,

be a family of mutually independent random variables, independent of the s.m.p.
𝜘𝑡(𝑠) (here and in what follows the quantities 𝛾(𝑘), 𝑘 = 0, 1, 2, …, denote random
variables independent and identically distributed with 𝛾). Introduce an additive
functional 𝑆(𝑡) of the form
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𝑆(𝑡) =
𝜈𝑡−1
∑
𝑘=0

𝑓𝑡(𝜀𝑘),

where 𝑓𝑡(𝜀𝑘) = 𝑓 (𝑘)
𝑡 (𝜀𝑘, 𝜏𝑡(𝜀𝑘)), 𝑘 = 0, 1, 2, ….

In what follows we shall assume that the embedded Markov chain, which, as is
known, is specified by the matrix 𝑃(𝑡) = ‖𝑝𝑡(𝑖, 𝑗)‖, 𝑖, 𝑗 = 1, 2, …, where 𝑝𝑡(𝑖, 𝑗) =
𝐹𝑡(𝑖, 𝑗, ∞), 𝑖, 𝑗 = 1, 2, …, has one positive class with stationary distribution 𝑞𝑡(𝑖),
𝑖 = 1, 2, …, and

𝑀𝜏𝑡(𝑖) = 𝑚𝑡(𝑖) < ∞, 𝑖 = 1, 2, … ,

𝐴𝑡 =
∞

∑
𝑖=1

𝑞𝑡(𝑖)𝑚𝑡(𝑖) < ∞,

and the matrix ̄𝑃 = lim𝑡→∞ 𝑃(𝑡) also corresponds to a chain with one positive
class.

Put

𝑎𝑡 = 𝐴−1
𝑡

∞
∑
𝑖=1

𝑞𝑡(𝑖)𝑚𝑡(𝑓𝑖),

if 𝑀𝑓𝑡(𝑖, 𝜏𝑡(𝑖)) = 𝑚𝑡(𝑓𝑖) < ∞, 𝑖 = 1, 2, … , and the given series converges
absolutely, and 𝑎𝑡 = 0 otherwise. Denote

𝑋𝑡(𝑘) =
𝛽𝑡(1,𝑘+1)−1

∑
𝑖=𝛽𝑡(1,𝑘)

𝜏𝑡(𝜀𝑖), 𝜑𝑡(𝑘) =
𝛽𝑡(1,𝑘+1)−1

∑
𝑖=𝛽𝑡(1,𝑘)

𝑓𝑡(𝜀𝑖),

𝑌𝑡(𝑘) = 𝜑𝑡(𝑘) − 𝑎𝑡𝑋𝑡(𝑘), 𝑘 = 1, 2, …

Theorem 1. If there exist 𝛾(𝑡) and 𝑏(𝑡) such that

𝑃
⎧{
⎨{⎩

1
𝛾(𝑡)

𝑉𝑡(1)
∑
𝑘=1

(𝑋𝑡(𝑘) − 𝐴𝑡
𝑞𝑡(1)) < 𝑧

⎫}
⎬}⎭

→ 𝐹(𝑧), ∗ (1)

𝑃
⎧{
⎨{⎩

1
𝑏(𝑡)

𝑉𝑡(1)
∑
𝑘=1

𝑌𝑡(𝑘) < 𝑧
⎫}
⎬}⎭

→ Φ(𝑧), (2)
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𝛾(𝑡)/𝑡 → 0, 𝐴𝑡/𝛾(𝑡)𝑞𝑡(1) → 0, (3)

and for any 𝜀 > 0, 𝑖 = 1, 2, …

𝑃{𝑓𝑡(𝑖, 𝜏𝑡(𝑖)) > 𝜀𝑏(𝑡)} → 0,

𝑃{𝑎𝑡𝜏𝑡(𝑖) > 𝜀𝑏(𝑡)} → 0

as 𝑡 → ∞, and 𝐹(𝑧) is a proper distribution function, then, independently of
the initial state of the s.m.p.,

𝑃 { 1
𝑏(𝑡) (𝑆(𝑡) − 𝑡𝑎𝑡) < 𝑧} → Φ(𝑧).

Corollary. If 𝑎𝑡 ≠ 0 and for any 𝑘 = 1, 2, …, as 𝛼𝑡 = 𝑜(1),

𝑀 exp{𝑖𝜆𝛼𝑡(𝑚𝑡(𝑓𝑘))−1𝑓𝑡(𝑘, 𝜏𝑡(𝑘))} = 1 + 𝛼𝑡𝑖𝜆(1 + 𝑜𝑘(1)),

then, under assumptions (1) and (3), the quantity (𝑡𝑎𝑡)−1𝑆(𝑡) tends in proba-
bility to one as 𝑡 → ∞, i.e., the law of large numbers is valid for 𝑆(𝑡).
Let us also note that under assumptions (1) and (3)

𝑃 { 𝐴𝑡
𝛾(𝑡)𝑞𝑡(1) (𝑣𝑡(1) − 𝑡𝑞𝑡(1)

𝐴𝑡
) < 𝑧} → 1 − 𝐹(−𝑧).

The significance of Theorem 1 is that it makes it possible to reduce the study of
additive sums of an s.m.p. of the type 𝑆(𝑡) to the study of sums of a nonrandom
number of independent identically distributed summands.

We apply the results obtained to the study of the vector of numbers of visits
and sojourn times in the states of a certain finite subset 𝐼 = {1, 2, … , 𝑟} of the
states of the s.m.p. To this end set

𝑓𝑡(𝑖, 𝑥) = 𝜑𝑖 + 𝑓𝑖𝑥, 𝑖 = 1, … , 𝑟, 𝑓𝑡(𝑖, 𝑥) = 0, 𝑖 > 𝑟,

where 𝜑𝑖, 𝑓𝑖, 𝑖 = 1, … , 𝑟, are arbitrary real numbers.

Denote 𝜃∗
𝑡(0) = 0, and

𝜃∗
𝑡(𝑘) = min{𝜃𝑡(𝑙) ∶ 𝜃𝑡(𝑙) > 𝜃∗

𝑡(𝑘 − 1), 𝜀𝑙 ∈ 𝐼}, 𝑘 ≥ 1.

Set 𝜏∗
𝑡 (𝜀∗

𝑘) = 𝜃∗
𝑡(𝑘 + 1) − 𝜃∗

𝑡(𝑘), where 𝜀∗
𝑘 = 𝜒𝑡(𝜃∗

𝑡(𝑘)). It is clear that
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𝜏∗
𝑡 (𝑖) = 𝜏𝑡(𝑖) + ̃𝜏𝑡(𝑖), 𝑖 ∈ 𝐼,

where

̃𝜏𝑡(𝑖) = min{𝑠 ∶ 𝜒𝑡(𝑠) ∈ 𝐼 ∣ 𝜒𝑡(0 − 0) = 𝑖, 𝜒𝑡(0) ≠ 𝑖}.

* Here the notation 𝑉𝑡(𝑗) denotes the integer part of 𝑡
𝐴𝑡

𝑞𝑡(𝑗), 𝑗 = 1, 2, …

Suppose that for each 𝑗 ∈ 𝐼 there exist 𝑏𝑡(𝑗) and 𝐵𝑡(𝑗) such that the joint
distribution

⎛⎜
⎝

1
𝑏𝑡(𝑗)

𝜈𝑡(𝑗)
∑
𝑘=1

(𝜏 (𝑘)
𝑡 (𝑗) − 𝑚𝑡(𝑗)) , 1

𝐵𝑡(𝑗)
𝜈𝑡(𝑗)
∑
𝑘=1

( ̃𝜏 (𝑘)
𝑡 (𝑗) − 𝑚̃𝑡(𝑗))⎞⎟

⎠

sl⟹ (𝜉𝑗, ̃𝜉𝑗)∗, (4)

𝐷𝑡/𝑡 → 0, 𝐴𝑡/𝐷𝑡 → 0,

where

𝐷𝑡 = max{√𝑡𝐴𝑡, 𝑏𝑡(𝑗), 𝐵𝑡(𝑗), 𝑗 ∈ 𝐼},

𝑚𝑡 = max{𝑚𝑡(𝑗), 𝑗 ∈ 𝐼}, 𝑚̃𝑡(𝑗) = 𝑀 ̃𝜏(𝑗).

Let

𝜓𝑗(𝜆1, 𝜆2) = 𝑀 exp{𝑖(𝜆1𝜉𝑗 + 𝜆2 ̃𝜉𝑗)}.

Theorem 2. If condition (4) is fulfilled and 𝑡𝑚𝑡(𝐴𝑡𝑏𝑡)−1 → 0, then the joint
distribution of the random vector

{𝑚𝑡
𝐵𝑡

(𝜈𝑡(1) − 𝑡𝑞𝑡(1)
𝐴𝑡

) , √𝐴𝑡
𝑡 (𝜈𝑡(1) − 𝑞𝑡(1)

𝑞𝑡(𝑖)
𝜈𝑡(𝑖)) ,

𝑖 = 2, … , 𝑟, 𝑔𝑡(𝑘) (Ω𝑡(𝑘) − 𝑡𝑞𝑡(𝑘)𝑚𝑡(𝑘)
𝐴𝑡

) , 𝑘 = 1, … , 𝑟} ,

independently of the initial state, converges weakly to a distribution with char-
acteristic function of the form
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exp{−𝜎2(𝜑2, … , 𝜑𝑟)
2 }

𝑟
∏
𝑗=1

𝜓𝑗(𝜌𝑗𝑓𝑗 − ̃𝜌𝑗𝑎(𝑓), 𝛼𝑗𝑎(𝑓)),

where the parameters 𝜑𝑖(𝑓𝑖), 𝑖 = 1, … , 𝑟, correspond to the first (last) 𝑟 com-
ponents of the vector, 𝜎2(𝜑2, … , 𝜑𝑟) is a nondegenerate quadratic form in the
variables 𝜑𝑖, 𝑖 = 2, … , 𝑟. Here

𝐵𝑡 = max{𝑏𝑡(𝑖),
𝑚𝑡
𝐴𝑡

𝐵𝑡(𝑖), 𝑖 = 1, … , 𝑟} , 𝑎(𝑓) = 𝜑1 +
𝑟

∑
𝑖=1

𝑐𝑖𝑓𝑖,

𝑔𝑡(𝑘), 𝑘 = 1, … , 𝑟, are normalizing factors, and 𝜌𝑗, ̃𝜌𝑗, 𝛼𝑗, 𝑐𝑖, 𝑗 = 1, … , 𝑟, are
certain constants.

The results obtained, in particular, as applied to countable Markov chains hav-
ing an ergodic distribution, agree with the results of V. A. Volkonskii (3), and
for a p.m.p. for which

𝐹𝑡(𝑖, 𝑗, 𝑢) = 𝑝(𝑖, 𝑗)𝐹(𝑖, 𝑢), 𝑖, 𝑗 = 1, 2, … ,

under our assumptions they make it possible to obtain the corresponding results
of H. Kesten (4).
Kiev State University
named after T. G. Shevchenko

Received
1 XII 1970
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* In the sense of weak convergence of distribution functions.

Note: Figure translations are in progress. See original paper for figures.
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