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THE DOMAIN OF ATTRACTION OF A SAD-
DLE IN THE PROCESS OF STEEPEST DE-
SCENT
(Presented by Academician L. V. Kantorovich, July 8, 1969)

In the preceding note (1) it was established that the process of steepest descent
in the plane can converge to a saddle point only in exceptional situations. For
an 𝑛-dimensional space 𝑅𝑛 the question remains open. It has been possible to
obtain only some partial results. They are set out below.

Let 𝜑(𝑥) be a function of class 𝐶2 in a domain 𝐺 ⊂ 𝑅𝑛; 𝑥 = 0 a nondegenerate
saddle point; 𝑝 its Morse index; 𝜆1, … , 𝜆𝑝 the negative eigenvalues of the Hessian
𝐻0 = 𝐻(0); {𝑒𝑗}𝑛

1 the corresponding system of principal axes. Put

𝜌(𝑥) = ∇𝜑(𝑥) − 𝐻0𝑥, 𝜌𝑗(𝑥) = 𝜉𝑗[𝜌(𝑥)],

where {𝜉𝑗}𝑛
1 are the coordinates in the basis {𝑒𝑗}𝑛

1 .

The domain of attraction of the saddle 𝑥 = 0 is the set of those initial ap-
proximations for which the process of steepest descent converges to this saddle.

Theorem 1. All points 𝑥 of the domain of attraction of the saddle satisfy the
system of equations

𝜉𝑗 =
∞

∑
𝑘=0

𝛾(Γ𝑘𝑥)𝜌𝑗(Γ𝑘𝑥)
𝑘

∏
𝑠=0

(1 + 𝛾(Γ𝑠𝑥)|𝜆𝑗|)
(𝑗 = 1, … , 𝑝). (1)

Here, as in (1), 𝛾(𝑧) is the descent coefficient; Γ is the descent operator:

Γ𝑧 = 𝑧 − 𝛾(𝑧)∇𝜑(𝑧).

Proof. For brevity put

𝛾𝑘 = 𝛾(Γ𝑘𝑥), 𝜌𝑘
𝑗 = 𝜌𝑗(Γ𝑘𝑥), 𝜉𝑘

𝑗 = 𝜉𝑗(Γ𝑘𝑥).
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Then

𝜉𝑘+1
𝑗 = (1 + 𝛾𝑘|𝜆𝑗|)𝜉𝑘

𝑗 − 𝛾𝑘𝜌𝑘
𝑗 (𝑗 = 1, … , 𝑝).

Putting

𝜂𝑘
𝑗 = 𝜉𝑘

𝑗

𝑘−1
∏
𝑠=0

(1 + 𝛾𝑠|𝜆𝑗|)−1,

we obtain

𝜂𝑚+1
𝑗 = 𝜂0

𝑗 −
𝑚

∑
𝑘=0

𝛾𝑘𝜌𝑘
𝑗

𝑘−1
∏
𝑠=0

(1 + 𝛾𝑠|𝜆𝑗|)
.

It remains to note that, since lim𝑚→∞ 𝜉𝑚
𝑗 = 0, a fortiori lim𝑚→∞ 𝜂𝑚

𝑗 = 0, while,
on the other hand, 𝜂0

𝑗 = 𝜉0
𝑗 = 𝜉𝑗.

Remark. It is not clear whether all points satisfying equations (1) belong to
the domain of attraction of the saddle. In any case, the proof given above is not
reversible.

From the“physical”point of view, Theorem 1 means that the domain of attrac-
tion of the saddle is an (𝑛 − 𝑝)-dimensional manifold. In reality this cannot be
proved even locally (i.e., near the saddle). The main difficulty

is contained in the justification of termwise differentiability of the series (1) (dif-
ferentiability of the individual terms of these series can be proved). We shall
establish only that the domain of attraction of the saddle forms an asymptoti-
cally zero angle with the plane 𝜉𝑗 = 0 (𝑗 = 1, … , 𝑝).
Suppose that there exists a neighborhood 𝑈 of zero such that

𝜑(0) < lim
𝑥→𝜕𝑈

𝜑(𝑥),

and that zero is not connected with the remaining stationary points lying in
𝑈 (see (1)). Denote by 𝑥− the projection of the vector 𝑥 onto the subspace
corresponding to the eigenvalues 𝜆1, … , 𝜆𝑝.

Theorem 2. As 𝑥 → 0 along the domain of attraction,

‖𝑥−‖ = 𝑜(‖𝑥‖).

In the proof of this theorem, Theorem 1, Lemma 1 (1), and the following are
used.
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Lemma. For sufficiently small 𝜂 > 0 there exists a neighborhood of zero 𝑉𝜂 in
which either 𝜑(Γ𝑥) < 𝜑(0), or 𝜑(𝑥) ≥ 𝜂‖𝑥‖2.

Let us note that the study of the series (1) is facilitated by the elementary
identity

∞
∑
𝑘=0

𝛾𝑘
∏𝑘

𝑠=0(1 + 𝛾𝑠|𝜆|)
= 1

|𝜆| .

This identity is certainly valid if lim𝑘→∞ 𝛾𝑘 > 0.
But in fact

lim
𝑧→0

𝛾(𝑧) ≥ ‖𝐻0‖−1.

Let us consider the structure of the domain of attraction as a whole. Put

𝜆(𝑥, 𝑦) = (∇𝜑(𝑥), 𝑥 − 𝑦)
‖𝑥 − 𝑦‖2 , 𝑅(𝑥, 𝑦) = 𝐻(𝑥) − 𝜆(𝑥, 𝑦)𝐼.

Denote by 𝔐 the set of pairs {𝑥, 𝑦} for which (𝑥 − 𝑦) ∧ ∇𝜑(𝑥) = 0, (𝑥 −
𝑦, ∇𝜑(𝑦)) = 0 (∧ is the symbol of the exterior product).

Theorem 3. Suppose that on the intersection of the set 𝔐 with the domain
𝜆(𝑥, 𝑦) > 0 the conditions

det𝑅(𝑥, 𝑦) ≠ 0, (𝑅−1(𝑥, 𝑦)∇𝜑(𝑥), ∇𝜑(𝑦)) ≠ 0 (∇𝜑(𝑦) ≠ 0) (2)

are fulfilled. If, in a neighborhood of the saddle, its domain of attraction belongs
to a smooth 𝑞-dimensional manifold, then as a whole it belongs to a countable
union of smooth 𝑞-dimensional manifolds.

In the case of a hyperbolic saddle (see (1)), the conditional Theorem 3 can be
replaced by an unconditional assertion:

Theorem 4. Under the fulfillment of the conditions (2) the domain of attraction
of a hyperbolic saddle belongs to a countable system of smooth curves.

This corresponds to the fact that, for a nondegenerate hyperbolic saddle, 𝑝 =
𝑛 − 1. However, in Theorem 4 the saddle may also be degenerate to any degree.

Let us note that Theorems 3 and 4 do not depend on Theorems 1 and 2. The-
orem 4 may be regarded as an 𝑛-dimensional analogue of Theorem 6 (1). Here,
however, it remains unclear whether the conditions (2) are fulfilled in “general
position,”i.e., for a dense set of functions 𝜑.
Kharkov State University
named after A. M. Gorky
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* As before, on the intersection of 𝔐 with the domain 𝜆(𝑥, 𝑦) > 0.
Note: Figure translations are in progress. See original paper for figures.
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