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The role of the concept of dispersion in classical probability theory is well known.
In particular, it is indispensable in the study of questions connected with the
summation of independent random variables. When considering analogous prob-
lems on compact groups, expressing any convergence properties in terms of nu-
merical characteristics of distributions is also attractive, especially if one takes
into account the nontriviality of multiplication in noncommutative groups in
comparison with the usual addition of real numbers.

Let G be an arbitrary compact group. Denote by 9 the set of all Borel measures
on (G. Measures concentrated at elements of G will be denoted by the same
elements and often called shifts. As usual, e, is the identity in all groups under
consideration. The invariant measure on a subgroup g, g C G, is denoted by n,.
Regarding the operation of composition of measures as multiplication in 9t, we
obtain that 9 is a compact associative semigroup.

We now single out the minimum necessary properties that a dispersion must
possess in order to obtain, in general form, conditions for convergence of com-
positions of measures, and in order that, starting from these properties, one
can describe a general construction of dispersions for the semigroup of measures
M. For convenience we adopt the multiplicative form of dispersion (one can,
obviously, pass to the customary additive form by taking logarithms). The
description of dispersions for measures on finite groups is given in (1).

Definition. Let E be a closed semigroup of measures containing the left and
right shifts, £ C 9. Any real function D on E is called a dispersion for
distributions from F if the following conditions are fulfilled:

1°. 0 < D(u) < oo for all u € E and D +# const.
2°. D is continuous, i.e., D(u,,) — D(u) if n,, — 1 weakly, u,,, p € E.
3°. D(vu) = D(v)D(u) for all u,v € E.

4°. D(n,) = 0 for all invariant measures from £, where g # e;.
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The following important properties of dispersions follow from 1°—4°.

a) D(e;) = 1. Indeed, by 1°, D # 0. Therefore there exists a measure
i, 1€ E; such that D(u) # 0. But then from 3° we obtain:

D(p) = D(pey) = D(n)D(ey) # 0,
whence D(e;) = 1.

b) D(a) =1 for any a € G. Consider the set {a”}, n = 1,00. This will be
a commutative subgroup of G. Therefore there exists a sequence n, such
that a™ — e, as n; = co. By 2°—3° and a) we have

D(a)™ = D(a™) — D(e;) = 1.
Consequently, D(a) = 1.

¢) D(p) < 1forall pe E. If D(u) =1, then the measure p is concentrated
at one element of G.

Indeed, by the main result of (?) it follows that there exist elements a,, of the
group G such that

W, — ng.
If 1 is not concentrated at one element of G, then g # e;. Then by 2°—4° and

b) we have:
D(p)" = D(p") = D(u" - a,,) = D(ny) =0,

ie., D(u) < 1. If p is concentrated at one element of G, then by b) D(u) = 1.

If 4 € E is the distribution of a random variable &, then we put D(€) = D(u).
The properties of D(§), evidently, follow from 1°—4°.

We now give an application of the notion of dispersion to the characterization of
a certain property of a sequence of measures {y,,}. We shall say of the sequence
{1, } that it is of type e, if every sequence fi,, =y, 14, » ™; = 0, With n; — oo,
has as limit points only shifts. A sequence of independent random variables is
called of type e; if the corresponding sequence of measures is of type e;. If the
independent variables on G, {¢,,}, are of type e, then it can be shown that there
exist elements a,, of G such that, for the sequence {&,}, where &, = a,'¢,a,,,1,
the product &/ --- £/, will converge almost everywhere as n — oo for every ¢. Thus,
in order to clarify almost everywhere convergence, it is necessary to know the
type of the sequence.

Proposition 1. Let the measures {u,,} belong to E. In order that the sequence
{1} be of type ey, it is necessary and sufficient that the series > (1 — D(u,,))
converge. (For sufficiency it is assumed that the series converges for at least
one dispersion.)

For arbitrary noncommutative groups it is easy to indicate semigroups of mea-
sures in 9 for which a dispersion can be defined. However, this can no longer
be done for the whole of 91, defined on an arbitrary compact group G.
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Proposition 2. If a compact group G is infinite-dimensional or zero-
dimensional but contains an infinite number of elements, then no dispersion
exists on the semigroup of measures 9.

Proof. The groups indicated in the proposition contain, in every neighborhood
of the identity, subgroups (3). Therefore there exists a sequence of subgroups g;,
g; # ey, contracting to e;. Consequently, ng — e; weakly. Suppose now that
some dispersion D is defined in 9. Then, by property 4°, D(ngi) = 0, while by
the continuity property of D,

lim D(ngi) = D(ey) =1,

i—00
which contradicts a).

It follows from Proposition 2 that compact groups admitting a generalization
of the notion of dispersion are either finite groups or finite-dimensional groups,
which are Lie groups (3). Since in (1) the dispersions of measures on finite groups
are described, we shall give the general form and properties of dispersions of all
distributions on compact Lie groups.

For what follows, the notion of a weak dispersion will be useful. By this we mean
a function D on 9 satisfying only the first three conditions in the definition
of dispersion. It will be shown that all dispersions are constructed from weak
dispersions.

Proposition 3. Let G be an arbitrary compact group. If D is a weak dispersion
on M of the group G, then there exists a normal divisor N of the group G for
which D(ny) =1, and every subgroup g for which D(n,) = 1 is contained in N.

For the proof of this proposition one can use the same scheme as in the proof
of the analogous assertion in (1). For this it is only necessary to apply Zorn’ s
lemma.

We shall call the subgroup N the kernel of the weak dispersion. We denote a
weak dispersion with kernel N by Dp. Thus a dispersion can be regarded as a
weak dispersion with kernel e;.

Lemma 1. If the support of some measure v is contained in N, then
DN(I/> == 1.

Indeed, since the support of v is contained in NV, we have vny = n,. Therefore,
taking Proposition 3 into account,

1= Dy(ny) = Dy(vny) = Dy(v) x Dy(ny) = Dy(v).

The function D(v) = Dy (v)Dy, (v) is a weak dispersion.

Lemma 2. The kernel of a weak dispersion D equal to the product of weak
dispersions with kernels Ny and Ny is equal to N; N Ny.
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Indeed, suppose that for some subgroup g the value Dy (ng)Dy, (n,) is equal
to D(n,) = 1. Then Dy (n,) = Dy, (n,) = 1. By Proposition 3, the subgroup
g must be contained both in V; and in Ny, i.e. ¢ C N; N N,. On the other hand,
by Lemma 1, Dy (ny n,) = Dy, (ny,nn,) = 1, and therefore D(ny y,) = 1.
Consequently, Ny N N, is the kernel of the weak dispersion D = Dy Dy, .

Corollary 1. If Ny N N, = ey, then the product Dy Dy, will be a dispersion.

In particular, the product of dispersions by any weak dispersion again gives
a dispersion. Thus, Corollary 1 shows that, in the formation of dispersions,
weak dispersions play a large role. As will be seen from Proposition 4, this
is not accidental. The totality of all weak dispersions with kernel N forms a
semigroup under multiplication. We shall denote this semigroup by D y(G).

Proposition 4. Dy (G) ~ D, (G/N).
Proof. Let ¢ be the natural mapping G — G/N. If p is a measure on G, then
denote by ¢(u) the naturally induced measure on G/N. It is clear that

O(p12) = (1) P(p12)-

Suppose that for measures p; and p, on G we have ¢(u;) = ¢(uy). Then
Uiy = pony, whence

Dy (py) = Dy(pny) = Dy (pany) = Dy (ps)-

That is, if we put D(p(p)) = Dy (1), then D will be a single-valued function on
all measures of the group G/N and will satisfy items 1°—3°. However, D also
satisfies item 4°. To see this, note that in the contrary case there would be a
subgroup ¢ in G/N for which

D(ng) =1 = Dy(¢p~"(ny)) = Dy(ngy)-

But the equality Dy (n,y) = 1 for g # e; contradicts Proposition 3. Conversely,
if D, is a dispersion on G/N, then for any measure p on G put

Dy(p) = D, (¢(n)).

It is clear that D, satisfies items 1°—3°. The proposition is proved.

Corollary 2. The group G/N, where N is the kernel of some weak dispersion,
is either finite or a Lie group.

Indeed, this follows from Propositions 2 and 4.

Thus, despite the great generality in the definition of weak dispersions, weak
dispersions in principle do not go beyond the set of all dispersions on finite
groups and Lie groups. Therefore, by virtue of Corollary 1, in order to obtain
the general form of dispersions it suffices to describe all weak dispersions on
compact Lie groups.
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A compact group G has a countable number of irreducible representations.
Therefore they can be arranged in pairs {Qi,@}, 1 = 1,00, so that each pair
(up to equivalence) occurs only once. Let R, be the linear space over the field
of real numbers generated by the imaginary and real parts of the elements of
the matrix @,,. By the orthogonality relations for irreducible representations
(3), the spaces R, and R, are orthogonal for m # n. If

Qn(z) = [g;;()l,
then

|/ ss@mtan]| = .t

is the Fourier coeflicient of the measure . We have

Q,(vp) = Q,(V)Q, (1)

for v, € M. Therefore
| det @, ()] =T,

is a weak dispersion on 9%. It can be shown that the kernel I',, is equal to
the kernel of the representation (),,. Let R be the algebraic sum of the rings
R,, n = 1,00, and let M, be the semigroup of measures on G having a finite
number of nonzero Fourier coefficients. Then by (5), R is dense in the space
C of all continuous real-valued functions on G, and My is dense in IM. Define
multiplication in C' as convolution with respect to the invariant measure on G.
The spaces R,, are closed with respect to this multiplication and therefore are
finite-dimensional rings. It follows from (5) that the rings R,, are semisimple.

Proposition 5. The ring R,, is simple.

Proof. If Q,, = Q,,, then the functions

f= Z(aklukl + BrVri)s

where uy,;, v),; are the real and imaginary parts of g, fill R, and are determined
by the coefficients uniquely. The correspondence

= e+

+ifBy| will be isomorphic. Therefore the ring R,, is simple. If @, ~ Q, and
R, is not simple, then in R,, there is a two-sided ideal R, distinct from R,
and 0. By virtue of the orthogonality of R, R, and the density of R in C, R,
will be an ideal in C. Then from (5) R, contains the left and right translates
of a function f € R, by arbitrary elements of G. Consequently, if {f;(x)},
i = 1,1, is a basis of Ry, then f;(ax) = Y  a;;(a)f;(z), or f(az) = a(a)f(z) in
vector form. Taking into account the linear independence of the f;, we obtain
flaad'z) = ala)f(a'z) = ala)a(a’) f(z) = alaa’) f(z), and therefore a(aa’) =
a(a)a(a’). From the linear independence of the f; there exist elements z, such
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that det | f;(z,)| # 0. Consequently, the a,;(a)—the elements of the matrix a(a)
—are expressed linearly in terms of the continuous functions f;(az,). Thus a(a)
is a linear representation of G. Since f;(ar,) € Ry, the a;;(a)—the elements
of the representation a(a)—also belong to R,. But a(a), as a representation
of G, decomposes into a direct sum of irreducible representations. Therefore,
taking into account the orthogonality of R, and R,,, we obtain Ry = R,,. The
proposition is proved.

As a consequence of the simplicity of R,, and the density of R in C, we obtain

Proposition 6. If I' is a continuous homomorphism, under multiplication, of
the ring C into the nonnegative numbers, not identically equal to zero, then
I'= 1"2; Fg:, a; > 0. This representation is unique.

Now we can formulate the main result.

Theorem. Every dispersion D on 91 is representable in a unique way in the
form D = I‘%i I‘%z, «; > 0. The numbers n, are such that the intersection of
the kernels of the representations Qni is equal to e;.

Proof. Let smg’” be the semigroup of measures in 9, for which Q,(x) = 0
when ¢ > n+1. M, = Uzozl Sﬁé"). Consider the mapping ¢ : f + f + 1 for
fe U?Zl R, = R™. The mapping ¢ is one-to-one, continuous, and ¢(f, f,) =
w(f1)p(fy) (the product is understood as convolution). Every measure from
93“(((Jn> is represented in a unique way in the form f+1, or symbolically o~ t(u) = f.
If f € R™ is sufficiently small in modulus, then Af+1, |A| < 1, will always be the
density of some measure from zmg’”. Thus ¢! (zmg”>) contains a neighborhood of
zero in R™ . Let D be given on 9. By virtue of the density of M, = Uzozl Em(()m
in 9, D is determined by its specification on 2M,. Consequently, for some n,
D, considered on im(()"), is not identically equal to zero. Define D on <p*1(9ﬁ(()"))
by putting D(¢~*(u)) = D(u). Then D is a continuous homomorphism of the
neighborhood ! (Emén) ) into the nonnegative numbers. By standard arguments
it is shown that D extends uniquely from @*1(9323”) ) to all of R™. But then, by
virtue of Proposition 6, D has the form I'y? ~-~I‘i:‘, a; > 0. Consequently, this
is also an expression for D on 9, since n is arbitrary. Since a dispersion is a
weak dispersion with kernel e, it follows, by Lemma 2, that the intersection of
the kernels Iy, , @ =1, s, equal to the kernels Qni, is e;. The theorem is proved.

In conclusion I express my gratitude to V. Ya. Kozlov for his attention.
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