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The solution of mixed problems of the theory of elasticity (*, 2) and of mathe-
matical physics for a layer with a circular line of change of boundary conditions
can be reduced to the study of the integral equation

KSQE/ ky(r,p)alp)pdp=f(r), 0<r<a, (1)

with kernel

i) = | " uK (), (ur)J,(up) dus @

J,

.(2) is the Bessel function of integer index s.

Some dual integral equations (®) are also reduced to equation (1).

The problem of hydrodynamic impact considered in (*) is equivalent to the
equation

AKyq = f(r), 0<r<a.

A is the axisymmetric Laplace operator.

Equation (1) is a spatial analogue of the convolution equation on a finite interval
(). If a certain plane mixed problem of mathematical physics gives rise to a
convolution equation on an interval, then the same mixed problem in the spatial
formulation with a step condition of boundary conditions on a circle of radius
a leads to equation (1).
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In papers (172) a method was proposed for the asymptotic study of equation (1)
as a — 0. In the same papers an expansion of the solution in the parameter a
is given. In () another method of solving this equation was proposed, based on
the study of dual integral equations. However, both methods prove ineffective
if a — oo. In (%) a method was proposed for constructing the zero term of the
asymptotics of equation (1) as a — oo. In the author’ s paper (°), under the
assumption of meromorphy of the function K (u), a regular representation of
the solution of the indicated equation for large a is constructed.

In the present note a theorem is given that answers a number of general questions
concerning the properties of the solution of equation (1) for large a. An analytic
form of the solution is given and the domain of its existence and uniqueness is
indicated.

1. Let E denote the set of smooth contours I'—the boundaries of all possible
convex neighborhoods V(T") of the point —ico, lying entirely in the lower
half-plane and having no common points with the real axis. By pu(I)
we shall denote the distance from V(I') to the real axis. We shall write
r, >T, if V(T'y) D V(T';) and the distance between the contours I'y and
T'; is bounded below by a fixed number. It is not difficult to see that for
I'; € E one can easily construct, and moreover not uniquely, a contour

T,cE

and such that I'y, > I';. The contour I', can be constructed by deforming, for
example, I'; in such a way that its points are displaced along the outward normal
by an amount not reaching the distance from I'; to the real axis.

Let there be found a contour I'; € E with equation z = z + iy(z) (y(z) <
—u(Ty), ly(x)| = O(2f), © — 0o, € > 1) such that the function K(z) is regular
in the domain Q: |Im 2| < —y(x), |z| < oo, and is continuous on I'y.

In addition, we shall assume that K (z) is an even function, real on the real axis,
and possessing the asymptotic behavior

K(z) =2z 2[140(z")],  z€Q+Ty, |2 = oo,

In this case, for K(z) the representation

K(z) = K_(2)K,(2) (4)

holds.

K_(z) is regular in the domain QUIm z < 0, K (z), respectively, in QUIm z > 0,
and, moreover, the estimate

K (z), K_(2)~cz 7, 2€Q, |z 5> o0 (5)
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is valid.

Denote by A the set of functions ¢(z), regular in the domain S = QNIm z < —d
(6 > 0 is an arbitrarily small fixed number) and admitting the representation

()
) =P()=,  maxld(a) <oo  0<8<p(ly)
z€
If in A we introduce a norm by the relation

lela = Igeagclzb(Z)I, (6)

then A becomes a Banach space.

On elements of A we define the operator

o b [ [ Mttty
(27i)? Ik, Jr, z—t,

Pty ty) = K (ta) [Ry(t)) + Ry(ty)]/(t5 — t7) K (ty),

I's>Ty,>T, r,er, k=1,2,3,

Ry(t) =t (ita) I (ita) —t,  Ry(t) = tK, , (ita) K (ita) — t;  (8)

I,(t), K (t) are modified Bessel functions of order s.

It is not difficult to establish that the operator F'(a,z) acts continuously in
A. The norm of the operator A, acting from the contour I'; to the contour
'y >T'y, > T, is estimated by the inequality

Pty < [

The same operator, acting in A from the contour I'; to I';, we represent in the
form

zp t27
z—t2

(9)

F(a,z)e

plty, ts)p(ts) dtsdt 1
2/ 4: t3)p(t3) dtzdt, —‘/p(27t3>¢(ﬁ3>dt3+
T

z—t 211
4 3 4 3

Ry (2) + Ry(2)

5y , zel'y, Ty<I,€E, (10)

+¢(2)
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where

S } (11)

The functions under the integral sign in relations (7), (10) are, obviously, an-
alytic in S; therefore the contours of integration may be deformed. In doing
so, the form of the operator will not change if the contour does not intersect
a singularity of the integrand. We complete E by piecewise-smooth I s. The
integration in (7), (10) must be performed in the order in which the differentials
occur, i.e., first the inner integral is evaluated, then the outer one.

Theorem. The unique solution in L,(0,a) (p > 1) of the integral equation (1)
with right-hand side f(r) € c5(0,a) (A > ) for values a > a, is given by the
relation

_ [T 2mndr)dn N yng b,
)= [T S s (12)

n=0

ay is the greatest root of the equation

VA L B 1 (13)

Here the infimum is taken over all contours ,, € E such that 7, < vy < 73 < 4.
Moreover, the relation

q(r)(a—r)Y € ¢(0,a), (14)

holds, and for the partial sum

_ [T 2T dn N yng D
o) = [ PSS Ay s (15)

the asymptotic estimate

[a(r) — g (N](a—7)7 = Ofa 2™ ], a— co. (16)

holds.
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Here the following notation has been introduced:

sy [T HIIO8
_ > TK3+1 (iTa)Js (77&) i a 77(1)(77) d77 mr
v () ‘/o { K, (ira) e >] Km0

(17)

D(t):i/w, I, <TecE, tely>T,
2w Jp t—T

f(r) = / n®(n).J, () i,

F"(a, 2) is the n-th iteration of the operator F(a, 2); ¢3(0,a) is the set of func-
tions whose second derivative satisfies a Holder condition with exponent A on
[0, a]; ¢(0,a) is the set of continuous functions on [0, a].

2. As an example, consider equation (1) for s = 0 in the case (°) when

K(z) = (22 + b%)793, K (z)=(b—iz) "2, K (2) = (b+i2)7%?,

and the cut connects the infinitely remote point along the imaginary axis with
the points +ib, —ib, ib, respectively, for each function. The branches of the
functions are chosen from the condition

K. (2) = 2z %% exp(ir/4), K (2) — 279 exp(—in/4), z — o0.

Let us compute a,. As the contours v, we take the contours described by the
equations

e =2 —i(|z| + By), k=1,2,3,4, b> B, > B, > B;>B,>0.

For B, > 1 we obtain a substantially simplified, and therefore overestimated,
bound of the form

108 |
1F 0, -, 1F]r, 1, < Q(By, By, B, b) |Q(Bs, By, By, b) + 7(31 — By)\/ B Bs + 14B; 2] a=*.
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Here

18 | 2r  3\/B,+b 9 )
Q(BlaBQ7B37b):ﬁ \/Bil—’— 312 h'l(Bl—’—BZ) X|iB1_BZ+7T(BZ_BS+Blo.5) .

For b = 5, setting B, =5 —k (k = 1,2,3,4) and carrying out the calculations,
we obtain a; < 11.3. Thus, in the present case, the series (12) represents a
solution of equation (1) in the interval

11.3 < a < .
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