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1. Many algorithms of integer linear programming are based on the idea of
cutting planes (see (1'?)). These algorithms behave very “irregularly.”
Problems of considerable size may be solved rather quickly, while at the
same time some small problems are not solved in tens of thousands of
iterations. Up to the present time, all published results on the effectiveness
of the cutting-plane method have been based on machine experiments (for
a survey of results see (1) and (?), Ch. 9).

In the present paper we study one of the best-known algorithms of the cutting-
plane method (the fully integer Gomory algorithm (2)). For the Gomory algo-
rithm an example of a “bad” problem (problem Tj) is constructed, i.e., a problem
with a number of iterations growing rapidly with the growth of the coefficients
and with an increase in the number of variables. This made it possible to obtain
a nontrivial lower estimate for the maximum number of iterations (Theorem 2).
In addition, it turned out (Theorem 3) that in solving the problem Tj, large
numbers appear in the simplex tableaux.

2. The terminology and notation relating to the fully integer Gomory algo-
rithm are borrowed from the book (?) (where it is called Gomory’ s third
algorithm). Instead of Gomory’ s third algorithm we shall study a cer-
tain algorithm (the Gg-algorithm), which coincides in every respect with
Gomory’ s third algorithm except, perhaps, for the rule for choosing the
row k (see (%), p. 174, bottom) according to which the integer proper cut
is constructed. In the Gs-algorithm, k at the p-th iteration is also chosen
from the set {i | i € {1,2,...,n}; :Efal < 0}, but it is chosen according
to some G-rule. Thus Gomory’ s third algorithm is also a G'3-algorithm.
All subsequent considerations refer to an arbitrary Gy-algorithm (and, in
particular, to Gomory’ s third algorithm).

3. We consider an integer linear programming problem whose linear con-
straints are written in the form of an integer and [-normal simplex tableau
Ty
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JEN,
mp=al+ Y al(—wy), i=1...n, (2)
JeNy
r; >0, j=1,..,n, (3)
z; integer, j=1,..,n. (4)

Here N is the set of indices of the nonbasic variables corresponding to the
simplex tableau T;,. N, C {1,2,...,n}. In what follows we call problem (1)—(4)
problem Tj,.

4. By r(T) we denote the number of nonbasic variables corresponding to
the tableau T (i.e., the number of elements of the set N,). By ¢(7,) we
denote the maximum of the absolute values of the elements of the tableau
Ty

q(Ty) :max{|m?j\ |i=0,1,...,n; j € NyU{0}}. (5)

By I(T},) we denote the number of iterations of the G-algorithm correspond-
ing to the initial tableau T,. By K(r,q) we denote the set of integer linear
programming problems specified in the form of integer

and [-normal simplex tableaux T, for which r(T,) = r and ¢(T,) = ¢. Further,
let

I(r,q) = max{I(Ty) | Ty € K(r,q)}. (6)

5. Theorem 1. Let ¢ > 2 and r > 3. Then

I(r,q) = oo (7)

The proof is based on the construction of a problem Ty for which the G;-
algorithm gives an infinite number of iterations. This problem is written out
below (the idea of constructing T}, and the proof of (7) are taken from (*)).

Problem.

zo =0+ 1=z, ),
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- —1—q(—xy) + 1(—z5) + 1(—x¢), forr=3,
' —1- q<7xr+1) + 1(*1’T+2)’ for r > 4,

Ly :O_q<_‘rr+i>+1<_x7“+i+1)7 2§i§7’—3,
T,_g=0—q(—9,_o) + 1(—29,_1) + 1(—23,),

T, =04+ 1(—2,4q) — q(=T9,_1) + (¢ — 1)(—To,),
Ly = 0+ (Z (q - 1)(_x]>) - q(_‘rQT)7

z; =0+ (=1)(—=z;), i=r+1,..,2n

0 <z, integer, i=1,2,...,2r.

For greater clarity, see the simplex tableau T, corresponding to the problem T§
for r = 4.

1 -z -z —z; —xz
T 0 1 0 0 0
z; —1 —q 1 0 0
Ty 0 0 —q 1 1
T 0 1 0 —q q—1
Ty 0 g—1 g—1 g¢g—1 —q
Ts 0 —1 0 0 0
Tg 0 0 —1 0 0
Ty 0 0 0 —1 0
Tg 0 0 0 0 —1

It is not difficult to see (on the basis of the same considerations as in (%)) that
the problem Tj is infeasible. Meanwhile, the greatest interest for investigation
is represented by problems that have a solution (it is precisely for such problems
that Gomory’ s third algorithm will be finite). Denote by K'(r + 1,q) the set
of solvable integer linear programming problems given in the form of simplex
tableaux Ty € K(r + 1,q). Further, let

I'(r+1,q) =max{I(T,) | T, € K'(r+1,q)}. (8)
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Theorem 2 (main). Let ¢ > 2 and r > 3. Then

I'(r+1,q) > [¢" 2+ (r—2)]/r+1. (9)

6. The proof of Theorem 2 is based on the construction of the feasible problem
Ty € K'(r + 1, q) written below, for which one can show that

I(Ty) > ¢ 2+ (r—2)]/r+ 1. (10)
It is obvious that

I'(r+1,q) = I(Ty), (11)

so that (9) immediately follows from (10) and (11), which proves Theorem 2.
7. The problem T}, has the following form:
Problem T,

2o =0+ 1(=z,11) + ¢(=T9,11),

o —1—gq(—z,) + 1(—z5) + 1(—z4) — 1(—2;), forr=3,
! —1—q(=2, 1) + 1=2,15) — L(=T5,11), for r > 4,

x’:O_q(_xrfi)+1(_xT+i+l)7 23@ST—3)

T,_g=0—q(—Ty,_5) + U=g,_1) + 1(—23,),

T =0+ 1(—2, 1) — q(=T9,_1) + (g — 1)(—my,),

z, =0+ ( i (q— 1)(—$j)> —q(—5,),

J=r+1

;=04 (—1)(—z;), i=r+1,..,2r+1,

?

0 <z, integer, +=1,...,2r+ 1.

In other words, the tableau Tj, is obtained from the tableau 7 by adjoining the
TOW Zy,,; and the column z,,. ;. For greater clarity, the simplex tableau 7
corresponding to r = 4 is written out below.
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1 -z -z —z; —xg Zg
Ty 0 1 0 0 0 q
ry —1 —q 1 0 0 -1
Ty 0 0 —q 1 1 0
T 0 1 0 —q q—1 0
Ty 0 ¢g—1 g—1 g¢g-—1 —q 0
T 0 -1 0 0 0 0
Tg 0 0 —1 0 0 0
Tr 0 0 0 —1 0 0
Tg 0 0 0 0 -1 0
T 0 0 0 0 0 -1

By X’ = (1, ..., 25, 1) we denote the desired [-optimal plan of the problem Tj,.
The proof of formula (10) is carried out in several stages.

Lemma 1. 5, , > 1.
Lemma 2. (z7,...,25,,25,.,,) = (0,...,0,1).

Following (2), denote by T,,T}, ..., T}, ... the simplex tableaus successively ob-
tained when applying the Gj-algorithm to the problem 7. To the tableau
T, = ||x§j\|i:0}1’_“’2r+1;jeNk there corresponds the set N, of indices of nonbasic

variables. Here N,, = N, U {0}. If the G5-algorithm solves the problem T} in a
finite number of iterations, then we denote by ¢ the number of the last iteration.
At the k-th iteration there is a transition from the tableau T} to the tableau

Ty

Lemma 3. z,,,, enters the basis only at the last (the J-th) iteration, i.e.

(2r+1)e N, k=0,1,..,0; 2r+1¢ Ns,,.
Lemma 4. If t < J, then

K
doaly=—1;  al,=2% i=01,..,2r+1, jEN,.
=1

i 257

Lemma 5. If t < J, then

—(r—1)(g—1)—1<at;<q—1, i=1,.,r

Lemma 6. If ¢t < J, then

0=al <zl <..<zly, i=r+1,..2r

Lemma 7. If t <6 and Al = 2!, — 2%, i=1,...,r, then

¢ ¢ ¢ —
¢ ) axio—Tpo— T, forr=3,
Y| gaty o — ot for r >4
4%r11,0 — Tri2,00 orr=z4,
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t_ ot t ;
A =420~ Trpipre 2SEST =3,
t _ t t t
Al 5= qTop_2.0 — Tor—1,0 — L2r,0-

Lemma 8. If t < J, then

=1

Lemma 9. If: 1) t <4, 2) 2!, < —1, 3) t > 1, then
inﬂ',o >q7 2+ (r—2).
i=1

Lemma 10. If the Gj-algorithm, in a finite number of iterations, gives a
solution of problem T, then there will be an iteration number ¢ > 1 such that

t<§

)

t
i < —L

Lemma 11. If: 1) 1 <¢ <4, 2) 2t < —1, then
24 (r—2)

B T T T 7R

Here ]Z[ denotes the least integer not less than Z.

It follows directly from Lemma 11 that formula (10) holds, which also makes it
possible (see above) to prove Theorem 2.

8. Lemma 11 makes it possible to write down explicitly integer linear pro-
gramming problems of small size and with small coefficients, for which
the number of iterations of any Gs-algorithm (including Gomory’ s third
algorithm) is sufficiently large. For example, for r = 10 and ¢ = 10
(2r +1 = 21) we obtain I(Ty) > 107 + 2.

9. From Lemmas 9 and 10 it follows directly that

Theorem 3. If the Gj-algorithm, in a finite number of iterations, gives a
solution of problem T, then there will be an iteration number ¢ > 1 such that

max{al, ;o li=1,...,7} > [q" 2+ (r —2)] /7.

Theorem 3 shows that problem T, is “bad” not only in the sense that it is
solved in a large number of iterations, but also in the sense that, in the process
of solving problem T, large elements may occur in the simplex tableaux.
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