
Soviet-era science, translated into English

DECREASING
SEQUENCES OF
MEASURABLE
PARTITIONS AND
THEIR APPLICATIONS
MATHEMATICS

1970

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-197001.79606

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-197001.79606


Abstract
Full Text
UDC 517.39+519.53+519.4+517.91

MATHEMATICS

A. M. VERSHIK

DECREASING SEQUENCES OF MEASUR-
ABLE PARTITIONS AND THEIR APPLICA-
TIONS
(Presented by Academician Yu. V. Linnik on 29 XII 1969)

Decreasing sequences of measurable partitions arise in various situations, among
which one should single out the theory of endomorphisms of spaces with measure,
the theory of dynamical systems in which time is an inductive limit of compact
groups, and, finally, the theory of nonmeasurable partitions, which has a number
of important applications to dynamical systems and rings of operators.

The main purpose of this work is to construct a rather unexpected example of
two nonisomorphic sequences that differ by a not very obvious limiting invariant.
The example is described in § 4°; on its basis a Markov regular process is
constructed that negatively solves Lévy’s problem (see (1, 2)) for homogeneous
conditional measures.

1°. Decreasing sequences. Let, on the interval [0, 1] with Lebesgue measure
(or on a Lebesgue space 𝑋 with continuous measure), there be given a monoton-
ically decreasing sequence of measurable partitions 𝜉 = {𝜉𝑖}, 𝜉𝑖+1 < 𝜉𝑖, 𝑖 = 1, …
(3). The problem is posed of the metric classification of such sequences. Leaving
aside the relatively uninteresting case of finite sequences, this problem can be
made concrete as follows.

Let two decreasing sequences on 𝑋, 𝜉 = {𝜉𝑖}∞
𝑖=1 and 𝜉′ = {𝜉′

𝑖}∞
𝑖=1, be finitely

isomorphic, i.e., for every natural 𝑛 there exists an automorphism (= a one-
to-one mod 0 measurable invertible measure-preserving transformation) 𝑇𝑛 of
𝑋 such that 𝑇𝑛𝜉𝑖 = 𝜉′

𝑖 , 𝑖 = 1, … , 𝑛. When does there exist an automorphism
𝑇 for which 𝑇 𝜉𝑖 = 𝜉′

𝑖 , 𝑖 = 1, …? In other words, what are the limiting invari-
ants of a decreasing sequence of measurable partitions? The problem is easily
reformulated in terms of algebras of measurable sets or rings of operators.

The first limiting invariant is obvious—the measurable intersection

∞
⋀
𝑖=1

𝜉𝑖.
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Its exclusion (i.e., reduction of the problem to the case

∞
⋀
𝑖=1

𝜉𝑖 = 𝜈,

where 𝜈 is the trivial partition) is carried out similarly to the decomposition of an
automorphism into ergodic components (3). New and useful in many questions
is another invariant—the accompanying partition. Let 𝜉 = {𝜉𝑖} be a finite or
infinite sequence of measurable partitions. The accompanying partition Ξ(𝜉)
is the finest of all measurable partitions that remain fixed under the action of
the group of automorphisms with respect to which all 𝜉𝑖 are invariant (in other
words, Ξ(𝜉) is the partition into the ergodic components of this group). It is
clear that any automorphism 𝑇 carrying 𝜉 into 𝜉′ carries Ξ(𝜉) into Ξ(𝜉′) in a
fixed way, i.e., the induced isomorphism

𝑇Ξ ∶ 𝑋/Ξ(𝜉) → 𝑋/Ξ(𝜉′)

does not depend on 𝑇 .

If Ξ(𝜉) = 𝜀 (where 𝜀 is the partition into individual points mod 0), then the
sequence 𝜉 is called absolutely nonhomogeneous (example: a Bernoulli 𝑆-
endomorphism with two states and probabilities 𝑝 ≠ 1/2 and 𝑞; then {𝑆−𝑖𝜀}∞

𝑖=1
is absolutely nonhomogeneous). The most difficult and interesting

in the classification problem, the case of a homogeneous sequence Ξ(𝜉) = 𝜈.
To it, using the accompanying partition, one can reduce the general classification
problem. Finite segments of a homogeneous sequence look very simple.

Lemma 1. Every finite homogeneous decreasing sequence of measurable parti-
tions {𝜉𝑖}𝑛

𝑖=1 is determined, up to isomorphism, by 𝑛 numbers 𝑟𝑖, 𝑖 = 1, … , 𝑛,
taking natural values or +∞: 𝑟𝑖 is the number of points in an element of the
partition 𝜉𝑖/𝜉𝑖−1, 𝑖 = 1, … , 𝑛, 𝜉0 = 𝜀, which is the same for almost all elements
(𝑋/𝜉𝑖 is assumed to be non-discrete, 𝑖 = 1, … , 𝑛).
A homogeneous sequence 𝜉 = {𝜉𝑖}∞

𝑖=1 is called dyadic if 𝜉𝑖 ↓ 𝜈 and 𝑟𝑖 = 2 for
all 𝑖. Almost every element of the partition 𝜉𝑖 in such a sequence consists of
2𝑖 points of equal (conditional) measure, 𝑖 = 1, …. Dyadic sequences are, by
the lemma, finitely isomorphic. The central difficulty of the general problem is
their classification. The simplest example of a dyadic sequence is the standard
dyadic sequence: 𝜉(0) = {𝜉(0)

𝑖 }∞
𝑖=1, 𝑋 = [0, 1]; an element of 𝜉(0)

𝑖 is the set
containing, together with a given number, all numbers differing from it only in
the first 𝑖 digits of the binary expansion.

In (4) it was proved that any two dyadic sequences 𝜉 and 𝜉′ are lacunarily
isomorphic, i.e., there exists a sequence of natural numbers 𝑖𝑘 ↗ ∞ such that
{𝜉𝑖𝑘

}∞
𝑘=1 and {𝜉′

𝑖𝑘
}∞

𝑘=1 are isomorphic. This result is very important for the
trajectory theory of dynamical systems (see (5)) and for a number of questions in
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the theory of rings of operators. However, the statement formulated in (4), p. 18,
without proof and not used there, a more general assertion on the isomorphism
of all dyadic sequences, turned out to be erroneous*. From it, of course, as
noted in (4), lacunary isomorphism would also follow.

Theorem 1. There exists a dyadic sequence not isomorphic to the standard
dyadic sequence.

An outline of the proof of this theorem is given in the following sections. The
construction of such a sequence serves as the basis for examples. In fact, there
exists a continuum of pairwise non-isomorphic dyadic sequences (see item 5∘).

2∘. Universal projector. Let 𝜂 be a measurable partition of a Lebesgue
space (𝑋, 𝜇); 𝐿(𝑋; 𝐾) is the space of all measurable mappings of 𝑋 into the
metric compactum 𝐾. A universal projector with respect to 𝜂 is a mapping
𝒫𝜂 ∶ 𝐿(𝑋; 𝐾) → 𝐿(𝑋; 𝑆(𝐾)), where 𝑆(𝐾) is the simplex of all nonnegative
normalized measures on 𝐾, and 𝒫𝜂 is constructed as follows: let 𝑓 ∈ 𝐿(𝑋; 𝐾);
considering the restriction 𝑓 to almost every element 𝐶 of the partition 𝜂, we
obtain a uniquely defined mod 0 measurable family {𝑓𝐶}𝐶∈𝜂, 𝑓𝐶 ∶ 𝐶 → 𝐾, and
if {𝜇𝐶} is the canonical system of measures (𝜇𝐶 is the conditional measure on 𝐶
—see (3)), and 𝑓𝜇𝐶 is the image of 𝜇𝐶 under the mapping 𝑓𝐶 , then (𝒫𝜂𝑓)(𝑥) =
𝑓𝜇𝐶(𝑥), where 𝐶(𝑥) is the element of 𝜂 containing 𝑥.
Let 𝜉 = {𝜉𝑖}𝑛

𝑖=1 be a decreasing sequence of partitions. The universal projector
for 𝜉 is defined as follows: 𝒫𝜉 = 𝒫𝜉𝑛

⋯ 𝒫𝜉𝑖
. 𝒫𝜉 is an operator from 𝐿(𝑋; 𝐾)

to 𝐿(𝑋; 𝑆𝑛(𝐾)), where 𝑆𝑛(𝐾) = 𝑆(𝑆𝑛−1(𝐾))**. In terms of 𝒫𝜉 one can easily
describe invariant properties of sets and functions with respect to 𝜉, in particular,
give a classification of finite decreasing sequences (a more traditional approach
to such a classification is in (8)). The usefulness of universal projectors is seen
from the following theorem.

* Unfortunately, this formulation found its way into the works (6), p. 51, and
(7), p. 277). The author offers deep apologies to the authors of (6,7 ).
** 𝑆(𝐾) is a metrizable compactum in the weak topology.

Theorem 2. In order that a dyadic sequence 𝜉 = {𝜉𝑖}∞
𝑖=1 on (𝑋, 𝜇) be isomor-

phic to the standard one, it is necessary and sufficient that, for every measurable
𝐴 ⊂ 𝑋 and every 𝛾 > 0, there exist an 𝑛 and an element 𝛼𝑛 ∈ 𝑆𝑛({0; 1}) such
that

∫
𝑋

𝜌𝑛([𝒫{𝜉𝑖}𝑖=1
𝑛𝜒𝐴](𝑥), 𝛼𝑛) 𝑑𝜇 < 𝛾;

here 𝜒𝐴 is the characteristic function of the set 𝐴; 𝜌𝑛 is the metric on 𝑆𝑛, defined
inductively by

𝜌𝑛(𝛼, 𝛼′) = inf∫
𝑋

𝜌𝑛−1(𝑔(𝑥), 𝑔′(𝑥)) 𝑑𝜇,

where the infimum is taken over all such pairs 𝑔, 𝑔′ ∈ 𝐿(𝑋; 𝑆𝑛−1) that 𝑔𝜇 =
𝛼, 𝑔′𝜇 = 𝛼′, and 𝜌0({0}, {1}) = 1.*
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Commenting on Theorem 2, we note that its condition requires almost constancy
of 𝒫{𝜉𝑖}1

𝑛𝜒𝐴, while the constancy of the latter function means measurability of
𝐴 with respect to a well-coordinated with {𝜉𝑖}𝑛

1 , independent complement 𝜁
to 𝜉 (analogous to the partition of [0, 1] into the intervals [𝑝/2𝑛, (𝑝 + 1)/2𝑛],
𝑝 = 0, … , 2𝑛 − 1, which is an independent complement to 𝜉(0)

𝑛 ).

Corollary 1. An ergodic action with discrete spectrum of the group 𝐷 of all
roots of unity of degree 2𝑛, 𝑛 = 1, … , on an interval generates a standard dyadic
sequence {𝜉𝑛} (here 𝜉𝑛 is the partition into the trajectories of the subgroup of
roots of degree 2𝑛).

It suffices to observe that there exists a multiplicative basis on the interval from
whose elements one can form the system 𝜉.
3°. Combinatorial lemmas. Let us clarify in more detail the structure of
the range of values of 𝒫 for a dyadic sequence. Since almost every element of 𝜉1
has two points of equal conditional measure, the values of 𝒫𝜉1

𝑓, 𝑓 ∈ 𝐿(𝑋; 𝐾),
will be measures on 𝐾 of the form 1/2(𝛿𝑘1

+ 𝛿𝑘2
); 𝑘1,2 ∈ 𝐾. Denote their set by

𝑆𝑑(𝐾) ⊂ 𝑆(𝐾). Analogously,

𝒫{𝜉𝑖}1
𝑛𝑓 ∈ 𝑆𝑑

𝑛(𝐾),

where
𝑆𝑑

𝑛(𝐾) = 𝑆𝑑(𝑆𝑑
𝑛−1(𝐾)).

Let 𝐼𝑁 be the set of vertices of the 𝑁 -dimensional unit cube; 𝐻𝑛 the group of
permutations of the 2𝑛 symbols 1, 2, … , 2𝑛, constructed inductively as follows:
𝐻1 = 𝔖2; 𝐻𝑛 is the minimal subgroup of 𝔖2𝑛 containing the group 𝐻𝑛−1×𝐻𝑛−1
(where the factors act respectively on the symbols 1, 2, … , 2𝑛−1 and 2𝑛−1 +
1, … , 2𝑛), as well as the permutation

(1, 2𝑛−1 + 1) × (2, 2𝑛−1 + 2) ⋯ (2𝑛−1, 2𝑛).
The action of 𝐻𝑛, applied to the coordinates of the 2𝑛-dimensional cube, induces
its action on 𝐼2𝑛 , denoted by the same letter 𝐻𝑛. Introduce on 𝐼𝑁 the Hamming
metric

𝑟𝑁(𝑞, 𝑞′) = 1
𝑁

𝑁
∑
𝑖=1

|𝑞𝑖 − 𝑞′
𝑖 |

and transfer it to 𝐼2𝑛/𝐻𝑛 by the rule

̃𝑟2𝑛(𝑄, 𝑄′) = inf 𝑟2𝑛(𝑞, 𝑞′), 𝑞 ∈ 𝑄, 𝑞′ ∈ 𝑄′.

Lemma 2. (𝑆𝑑
𝑛({0; 1}), 𝜌𝑛) is canonically isometric to (𝐼2𝑛/𝐻𝑛, ̃𝑟2𝑛).

Let 𝑚𝑁 be the uniform distribution on 𝐼𝑁 .

Lemma 3. In order that a sequence of sets Γ𝑁 ⊂ 𝐼𝑁 , 𝑁 = 1, … , have the
property that, for every 𝛾 > 0,

lim
𝑁→∞

𝑚𝑁{𝑞 ∈ 𝐼𝑁 ∶ 𝑟𝑁(𝑞, Γ𝑁) < 𝛾} = 1,
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it is necessary that
|Γ𝑁 | ∼ 2𝑁(1−𝛽𝑁), 𝛽𝑁 → 0.

Lemma 4. The longest trajectory of 𝐻𝑛 in 𝐼2𝑛 has 23/4⋅2𝑛−1 points (𝑛 ≥ 2).
Corollary 2. The sequence 𝑚̃2𝑛 of projections of the measures 𝑚2𝑛 onto
𝐼2𝑛/𝐻𝑛 does not converge weakly to a 𝛿-measure, i.e. for every sequence {𝑄𝑛},
𝑄𝑛 ∈ 𝐼2𝑛/𝐻𝑛, 𝑛 = 1, … , and 𝛾 > 0,

lim 𝑚̃2𝑛{𝑄 ∈ 𝐼2𝑛/𝐻𝑛 ∶ ̃𝑟2𝑛(𝑄, 𝑄𝑛) < 𝛾} < 1.

4°. Examples. Let 𝐺 be a countable group; 𝐹(𝐺) the space of all functions
on 𝐺 with values 0 or 1; 𝜈 the measure on 𝐹(𝐺), the countable product of the
measures (1/2, 1/2) on {0; 1}; 𝐺 acts as a group of automorphisms on (𝐹(𝐺), 𝜈):

𝑔 ↦ 𝑉𝑔, (𝑉𝑔𝑓)(ℎ) = 𝑓(𝑔ℎ), 𝑓 ∈ 𝐹(𝐺);

({𝑉𝑔} is the generalized Bernoulli group).

* This metric coincides with the Kantorovich–Rubinstein metric (11).
a) Let 𝐷 be the group of all roots of unity of degree 2𝑛, 𝑛 = 1, …. Let 𝜀𝑛 be

the partition (𝐹(𝐷), 𝜈) into the trajectories of the action of the (periodic)
automorphism 𝑉𝑔, where 𝑔𝑛 is a primitive root of degree 2𝑛.

The dyadic sequence {𝜀𝑛}∞
𝑛=1 is not isomorphic to the standard one.

Proof. Let 𝐴 = {𝑓 ∈ 𝐹(𝐷) ∶ 𝑓(𝑒) = 1}. It is verified that the image of 𝜈 under
the mapping

𝒫{𝜀𝑖}1𝑛𝜒𝐴 ∶ 𝐹 (𝐷) → 𝑆𝑑
𝑛({0; 1}) = 𝐼2𝑛/𝐻𝑛

is the measure 𝑚̃2𝑛 , and it follows from Corollary 2 that the conditions of Theo-
rem 2 are not satisfied. The example proving Theorem 1 has been constructed.

b) We construct a Markov process—a random walk along the trajectories of
a dynamical system.*

Let 𝑊2 be the free group with two generators 𝑤1 and 𝑤2, 𝑇𝑖 = 𝑉𝑤𝑖
, 𝑖 = 1, 2,

automorphisms of (𝐹(𝑊2), 𝜈) (see above). The Markov process, and with it the
Markov endomorphism 𝑅, is defined as follows: the set of states is 𝐹(𝑊2), the
initial distribution is 𝜈; the transition probability is

𝑝(𝑓, 𝐸) = 1
2,

if 𝑇1𝑓 ∈ 𝐸 or 𝑇2𝑓 ∈ 𝐸, and 0 in the remaining cases. This endomorphism is
exact (the process is regular), and its entropy is easily computed:

ℎ(𝑅) = 𝐻(𝜀 ∣ 𝑅−1𝜀) = 1.
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The constructed Markov endomorphism 𝑅 is not a factor-endomorphism of a
Bernoulli endomorphism with two states of equal measure.

Proof. The dyadic sequence {𝑅−𝑛𝜀}∞
𝑛=1 is not isomorphic to the standard one

(see example a)); for 𝐴 one must take the set of trajectories 𝑥 = (𝑥𝑛)𝑛⩽0 for
which 𝑥0(𝑒) = 1, where 𝑒 is the identity of 𝑊2.**

5∘. Remarks. 1. The existence of a continuum of pairwise nonisomorphic
dyadic sequences is established with the help of the notion of the entropy of a
sequence of partitions.

2. For lack of space, applications to the theory of nonmeasurable (approxi-
mately measurable) partitions are not presented here.

Leningrad State University
named after A. A. Zhdanov

Received
25 XII 1969
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* Similar Markov processes were considered in (9)—ergodicity conditions—and
in (10)—the 𝐾-property.

** The constructed Markov process has a paradoxical property, which, in a free
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formulation, looks as follows. Suppose that the process of the development of
mathematics is the same as the constructed process; if the editorial board every
year, starting from −∞, publishes a volume of Itogi nauki containing only every-
thing substantially new discovered in that year, then reading all these volumes
does not make it possible to reconstruct completely the picture of mathematics
in any given year. (Of course, no nontrivial discoveries occurred at −∞.)

Note: Figure translations are in progress. See original paper for figures.
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