
Soviet-era science, translated into English

GROUPS OF TYPE
\(CS\)
MATHEMATICS

1970

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-197001.79322

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-197001.79322


Abstract
Full Text
UDC 519.44

MATHEMATICS

E. I. SHATYLO

GROUPS OF TYPE 𝐶𝑆
(Presented by Academician V. I. Glushkov, 24 VI 1969)

The imposition of one or another restriction on one or another system of sub-
groups of an arbitrary group often leads to classes of groups whose structure can
be described by specifying generators and defining relations. Classical examples
of such an approach to the study of groups are the investigation of Miller and
Moreno (1), devoted to finite nonabelian groups all of whose proper subgroups
are abelian, and the investigation of O. Yu. Schmidt (2), devoted to finite non-
nilpotent groups all of whose proper subgroups are nilpotent. A description of
the structure of Miller–Moreno groups and Schmidt groups (the latter are also
called groups of type 𝑆) down to specifying generators and defining relations was
obtained by Redei (3,4 ). All proper subgroups of Schmidt groups are nilpotent
and, consequently, decompose into direct products of their Sylow 𝑝-subgroups.
It is clear that, by imposing on the proper subgroups the condition of decom-
posability into one or another (generally speaking, no longer direct) product
of their Sylow 𝑝-subgroups, one can obtain various extensions of the class of
Schmidt groups.

Here one may use, in particular, the decompositions introduced by S. N.
Chernikov into uniform products (i.e., into products in which the cyclic
subgroups generated pairwise by any two distinct factors are permutable), who
at one time posed the problem of studying periodic groups decomposable into
a uniform product of their Sylow 𝑝-subgroups. An article by V. P. Shunkov (5)
is devoted to this problem.

The present article is devoted to a question proposed to the author by S. N.
Chernikov, concerning the structure of finite groups not decomposable into a
uniform product of their Sylow 𝑝-subgroups, under the condition that all their
proper subgroups are decomposable into products of this kind. For brevity, let
us call such groups groups of type 𝐶𝑆, or, more shortly, 𝐶𝑆-groups. By virtue
of the definition formulated here, the class of 𝐶𝑆-groups includes all Schmidt
groups, except for those among them which decompose into a uniform product
of their Sylow 𝑝-subgroups. It is not difficult to verify that Schmidt groups of
this kind are exhausted by groups of orders 𝑝𝑞𝑛 with generators 𝐴 and 𝐵 and
defining relations:
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𝐴𝑝 = 𝐵𝑞𝑛 = 1, 𝐵−1𝐴𝐵 = 𝐴𝑠, where 𝑠𝑞 ≡ 1 (mod 𝑝),
𝐵−𝑞𝐴−1𝐵𝑞𝐴 = 1.

The study of groups of type 𝐶𝑆 has been carried by the author to the specifica-
tion of generators and defining relations (see Theorems 3 and 4).

1∘. Let ℌ be some group (in multiplicative notation), ℜ some ring with identity,
and 𝜑 a fixed multiplicative homomorphism from ℌ into ℜ:

(𝛼 ⋅ 𝛽)𝜑 = 𝛼𝜑 ⋅ 𝛽𝜑 (𝛼 ∈ ℌ, 𝛼𝜑 ∈ ℜ). (1)

Obviously, one multiplicative homomorphism always exists—it is the trivial ho-
momorphism, mapping any element 𝛼 of ℌ to the identity of the ring ℜ. With
this notation, the following proposition, established by Rédei (3), holds.

(∗) The set of all pairs (𝛼, 𝑎) (𝛼 ∈ ℌ, 𝑎 ∈ ℜ) forms, with respect to multiplica-
tion

(𝛼, 𝑎)(𝛽, 𝑏) = (𝛼 ⋅ 𝛽, 𝑎 + 𝛼𝜑 ⋅ 𝑏), (2)

a group. This group is called the skew product ℌℜ of the first kind. Below,
such a product is established for a cyclic group ℌ and a finite ring ℜ related to
one another in a definite way.

Let 𝑝 and 𝑞 be two distinct prime numbers, 𝑚 some natural number, 𝑢𝑚 the
least natural number for which 𝑝𝑢𝑚 ≡ 1 (mod 𝑞𝑚), ℌ(𝑞𝑚) a cyclic group of
order 𝑞𝑚, 𝐾(𝑝𝑢) a finite field with 𝑝𝑢 elements, and 𝐾∗(𝑝𝑢) its multiplicative
group (cyclic of order 𝑝𝑢 − 1).

Lemma 1. Let 𝛼 be a generating element of the cyclic group ℌ = ℌ(𝑞𝑚), and
let 𝑟 be an element of order 𝑞𝑚 of the multiplicative group 𝐾∗(𝑝𝑢𝑚) of the finite
field 𝐾(𝑝𝑢𝑚), related in the indicated way to the group ℌ = ℌ(𝑞𝑚). Then there
exists a nontrivial skew product of the first kind 𝔊1 = ℌℜ—a group that is
the set of pairs of the form (𝛼𝑖, 𝑎) (𝑖 = 0, 1, … , 𝑞𝑚 − 1), where 𝑎 ∈ 𝐾(𝑝𝑢𝑚),
multiplied according to the rule

(𝛼𝑖, 𝑎)(𝛼𝑘, 𝑏) = (𝛼𝑖+𝑘, 𝑎 + 𝑟𝑖 ⋅ 𝑏), (3)

corresponding to the multiplicative homomorphism 𝜑 ∶ 𝛼𝜑 = 𝑟.

This proposition follows directly from proposition (∗).
Lemma 2. Let Ψ(𝑥) be an irreducible polynomial from the factorization of the
polynomial (𝑥𝑞𝑚 − 1)/(𝑥𝑞𝑚−1 − 1) into irreducible factors over the field 𝐾(𝑝).
Let 𝑀 be the set of all possible pairs (𝑖, 𝑓(𝑥)), where 𝑖 is an integer and 𝑓(𝑥) is
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a polynomial with coefficients in the field 𝐾(𝑝), of which any two distinct ones
satisfy the condition:

either 𝑖 ≢ 𝑘 (mod 𝑞𝑚), or 𝑓(𝑥) ≢ 𝑔(𝑥) (mod Ψ(𝑥)). (4)

Then, with respect to multiplication defined by the rule

(𝑖, 𝑓(𝑥))(𝑘, 𝑔(𝑥)) = (𝑖 + 𝑘, 𝑓(𝑥) + 𝑥𝑖𝑔(𝑥)), (5)

the set 𝑀 forms a group 𝔊2, and this group is isomorphic to the group 𝔊1 = ℌℜ
of Lemma 1.

If one denotes by 𝐾(𝑝)[𝑥] the field of residue classes of the polynomial ring with
coefficients in the field 𝐾(𝑝) modulo Ψ(𝑥), then the isomorphism between 𝔊1
and 𝔊2 noted here may be described as the correspondence that assigns to an
arbitrary element (𝛼𝑖, 𝑎) of 𝔊1 that element (𝑖, 𝑓(𝑥)) of 𝔊2 for which 𝑎 and 𝑓(𝑥)
are corresponding elements of the isomorphic fields 𝐾(𝑝𝑢𝑚) and 𝐾(𝑝)[𝑥].
Lemma 3. Let the irreducible polynomial Ψ(𝑥) (see Lemma 2) have the form

Ψ(𝑥) = 𝑥𝑢𝑚 − 𝑐𝑢𝑚−1𝑥𝑢𝑚−1 − ⋯ − 𝑐0. (6)

Then the group 𝔊2 of Lemma 2 (and consequently also the group 𝔊1) is iso-
morphic to the abstract group 𝔊3 with generating elements 𝑃0, 𝑃1, … , 𝑃𝑢𝑚−1, 𝑄
and defining relations:

𝑃 𝑝
0 = 𝑃 𝑝

1 = ⋯ = 𝑃 𝑝
𝑢𝑚−1 = 𝑄𝑞𝑚 = 1,

𝑃𝑖𝑃 𝑗 = 𝑃𝑗𝑃 𝑖,

𝑄−1𝑃𝑖𝑄 = 𝑃𝑖+1 (𝑖 = 0, 1, … , 𝑢𝑚 − 2),

𝑄−1𝑃𝑢𝑚−1𝑄 = 𝑃 𝑐0
1 𝑃 𝑐1

0 ⋯ 𝑃 𝑐𝑢𝑚−1
𝑢𝑚−1 . (7)

One of the isomorphisms between the groups 𝔊2 and 𝔊3 is determined by the
correspondence

(0, 𝛼𝑖) ↔ 𝑃𝑖 (𝑖 = 0, 1, … , 𝑢𝑚 − 1),

(−1, 0) ↔ 𝑄.
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Lemmas 1, 2, and 3 are natural generalizations of Theorems 5, 6, and 7 from
(3), and their proofs repeat the proofs of the corresponding theorems.

Theorem 1. Let 𝔊 be a finite group decomposable into the semidirect product
𝔊 = 𝔓𝜆{𝑄}, where 𝔓 is an elementary abelian group and 𝑄𝑞𝑚 = 1, and no
power 𝑄𝑞𝑘 different from the identity is contained in the center of the group
𝔊. Then the group 𝔊 contains a subgroup ℌ, isomorphic to the wreath product
ℌℜ, where ℌ = ℌ(𝑞𝑚) is cyclic of order 𝑞𝑚 and ℜ = 𝐾(𝑝𝑢𝑚).
In the proof of the theorem the following is used.

Lemma 4. If 𝔊 = 𝔓𝜆{𝑄} is the decomposition of the group 𝔊 from Theorem 1
and 𝑄𝑖 is a power of the element 𝑄 with exponent 𝑞𝑖 (𝑖 = 0, 1, … , 𝑞𝑚 − 1), then
for any 𝑖 there exists in the set 𝔓 an invariant subgroup 𝔓𝑞𝑖 in 𝔊 such that the
center of the group {𝔓𝑞𝑖 , 𝑄} is equal to the identity.

2∘. We proceed to the consideration of 𝐶𝑆-groups.

Theorem 2. Every 𝐶𝑆-group 𝔊 has order of the form 𝑝𝑘𝑞𝑙
, where 𝑝 and 𝑞 are

distinct prime numbers, and is a semidirect product of its Sylow subgroups, the
non-invariant one of which is cyclic.

Lemma 5. The factor group of a 𝐶𝑆-group 𝔊 by the Frattini subgroup Φ(𝔓)
of an invariant Sylow 𝑝-subgroup is itself a 𝐶𝑆-group.

A 𝐶𝑆-group 𝔊 = 𝔓𝜆{𝑄} with a non-invariant cyclic Sylow subgroup {𝑄}, in
which no power 𝑄𝑞𝑘 of the element 𝑄 different from the identity is contained in
the center of the group 𝔊, will be called a 𝐶𝑆-group.

Theorem 3. A group 𝔊 of order divisible by the primes 𝑝, 𝑞, and with an
elementary abelian Sylow 𝑝-subgroup is a 𝐶𝑆-group if and only if it has one of
the following three types.

1. 𝔊 is a Miller–Moreno group of order 𝑝𝑢1𝑞, where 𝑢1 > 1 is the least natural
number for which 𝑝𝑢1 ≡ 1 (mod 𝑞).

2. 𝔊 is a group of order 𝑝2𝑞𝑚 with decomposition 𝔊 = ({𝑃1} × {𝑃2})𝜆{𝑄},
where

𝑃 𝑝
1 = 𝑃 𝑝

2 = 𝑄𝑞𝑚 = 1,

𝑄−1𝑃1𝑄 = 𝑃 ℎ1
1 , 𝑄−1𝑃2𝑄 = 𝑃 ℎ2

2 , (8)

ℎ1, ℎ2 ∈ 𝐾(𝑝), ℎ1 ≠ ℎ2, ℎ𝑞
1 = ℎ𝑞

2,

and at least one of the numbers ℎ1 and ℎ2 is a primitive root of degree 𝑞𝑚 from
unity in the prime field 𝐾(𝑝). The number 𝑚 ≥ 1 here does not exceed the
greatest exponent 𝑛 of the power of 𝑞 dividing 𝑝 − 1.
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3. 𝔊 is a group of order 𝑝𝑞𝑞𝑛+1 , where 𝑛 ≥ 1 is the greatest exponent of
the power of the number 𝑞 dividing 𝑝 − 1, and the generating elements
𝑃0, 𝑃1, … , 𝑃𝑞−1, 𝑄 of the group 𝔊 satisfy the relations:

𝑃 𝑝
0 = 𝑃 𝑝

1 = ⋯ = 𝑃 𝑝
𝑞−1 = 𝑄𝑞𝑛+1 = 1,

𝑄−1𝑃𝑖𝑄 = 𝑃𝑖+1 (𝑖 = 0, 1, … , 𝑞 − 2), (9)

𝑄−1𝑃𝑞−1𝑄 = 𝑃 ℎ
0 ,

where ℎ is a primitive root of degree 𝑞𝑛 from unity in 𝐾(𝑝).
We shall call groups of types 1, 2, and 3 respectively 𝐶𝑆1-, 𝐶𝑆2-, and 𝐶𝑆3-
groups. The existence of a 𝐶𝑆-group with prescribed prime divisors of its order
is established below in Theorem 5.

Theorem 4. If the factor group 𝔊/Φ(𝔓) of a 𝐶𝑆-group 𝔊 by the Frattini
subgroup Φ(𝔓) of an invariant Sylow 𝑝-subgroup 𝔓, and 𝔊, is a 𝐶𝑆2- or 𝐶𝑆3-
group, then Φ(𝔓) = 1, and therefore the group 𝔊 itself will be a 𝐶𝑆2- or
𝐶𝑆3-group. If, however, the factor group 𝔊/Φ(𝔓) is a 𝐶𝑆1-group, then 𝔊 is a
group of type 𝑆.

Theorem 5. For an arbitrary pair of distinct primes 𝑝 and 𝑞 there exist
𝐶𝑆-groups with a cyclic noninvariant Sylow 𝑞-subgroup (𝑝-subgroup). All 𝐶𝑆-
groups of order 𝑝𝛼𝑞𝛽 are exhausted either by groups of type 𝑆 (𝐶𝑆1-groups), or
by groups of types 𝐶𝑆2 and 𝐶𝑆3.

Remark. Every 𝐶𝑆-group is a semidirect product 𝔊 = 𝔓𝜆𝔔 of its Sylow 𝑝-
and 𝑞-subgroups 𝔓 and 𝔔, the second (noninvariant) of which is cyclic. Let
𝔔 = {𝑄} and 𝑄𝑞𝑚 = 1. Take natural numbers 𝑘 and 𝑚1 = 𝑘 + 𝑚, and in
the defining relations of the group 𝔊 replace the element 𝑄 by the element 𝑄1
(𝑄𝑞𝑚1

1 = 1), and introduce additional relations requiring the commutativity of
the element 𝑄𝑞𝑚

1 with every element of 𝔓. Then the group 𝔊 will pass into the
group

𝔊1 = 𝔓𝜆{𝑄1},
satisfying the condition

𝔊1/{𝑄𝑞𝑚

1 } ≅ 𝔊.
Starting from an initial 𝐶𝑆-group 𝔊 of order 𝑝𝑙𝑞𝑚, we obtain in this way an
infinite series of 𝐶𝑆-groups with orders 𝑝𝑙𝑞𝑘+𝑚 (𝑘 ≥ 0). If the group 𝔊 was a
group of type 𝐶𝑆𝑖 (𝑖 = 1, 2, 3), then an arbitrary group from the corresponding
series will be called a 𝐶𝑆𝑖-group. The totality of groups of this kind exhausts
all 𝐶𝑆-groups with orders divisible by the chosen primes 𝑝 and 𝑞 and with an
invariant Sylow 𝑝-subgroup.
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Corollary. 𝐶𝑆-groups that are not groups of type 𝑆 are exhausted by 𝐶𝑆2-
and 𝐶𝑆3-groups.
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