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In this note it is shown that the integral conservation laws of the “moment,” “en-
ergy,” and “momentum” of a system of bodies in a curved V, can be obtained
from a single covariant differential conservation law for the symmetric energy-
momentum tensor of this system, under the assumption that space-time V,
admits a certain group of motions.*

As is known (1,2), in a Riemannian space the equality of vectors assigned to

different points of it has no absolute meaning, since these vectors transform dif-
ferently upon transition to a new coordinate system. For this reason integration
in a Riemannian space is defined only for scalars. Since the volume element is a
completely antisymmetric quantity, the scalar under the integral sign is formed
by contracting some antisymmetric tensor with the volume element. Symmet-
ric tensors do not yield a scalar under such contraction. Therefore, to integrate
them one must use artificial devices; for example, first contract a symmetric
tensor with certain additionally introduced quantities to obtain a vector, and
then integrate this vector. It is precisely in this way, by considering the con-
traction of the energy-momentum tensor 7% with the Killing vector &¢, which
defines the group of motions of space-time V,, that one can formulate integral
conservation laws in general relativity (,%). It will be shown below that in this
case, instead of the set of integral conservation laws of moment, energy, and
momentum that hold in flat V,, there arises one general conservation law, ob-
tained from the covariant differential conservation law for the symmetric energy-
momentum tensor T,

The character and the number of quantities conserved integrally are then de-
termined by the structure of the group of motions, i.e., by the form of the
Killing vector. The narrower the group of motions of V,, the fewer components
of “energy,” “momentum,” and “moment” that are conserved integrally we can
define.
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Let us consider Green’ s formula in a Riemannian space (*)

/ J™ dyo = f Jme(N)N,, dsv, (2)

where N, is the normal vector; e(N) is the indicator of the vector N,,; d v and
dsv are invariant volume elements.

* By impulses and moments here are meant quantities which, in a particular
coordinate system, have a form analogous to the corresponding quantities in
the Cartesian coordinate system in flat V. In a Riemannian space this termi-
nology is somewhat conventional, since the division of conserved quantities into
impulses and moments becomes dependent on the coordinate system.

For a symmetric tensor of rank two T, a formula analogous to formula (2) can
be obtained with the aid of an additional vector \; (*°)

/(Tik)\k);i d4/U = /Tik;k)\k d4’U + /TZk)\,l’k d47}. (3)

It is clear from formula (3) that an integral conservation law for a symmetric
tensor has meaning only along certain directions, namely along the trajectories
of the vector field A,. If a Riemannian space does not admit the existence of any
vector field (which is possible in the general case), then no integral conservation
laws can be found in this space. True, for a Riemannian space having a metric
with Minkowski signature, this restriction is inessential, since the condition for
the existence of such a metric coincides with the condition for the existence on
the manifold of a continuous field of directions (). Thus, in spaces of general rel-
ativity there always exists some vector field and, consequently, one can always
construct integral conserved quantities (at least one). The character of the
vector field A, determines the properties of the conserved integral quantity. Al-
though we integrate the differential conservation law for the energy-momentum
tensor, the integral quantity may have quite a different meaning. Let us note,
for example, that if the Lagrangian does not contain second derivatives of the
field variables, then any conservation current generated by a group G, can be
reduced to the form:

oL

J& =Ty —
& 9.,

11,

where dz¥ = £/e?, dp = IyYe?, € are the parameters of GG,. Thus, for scalar
representations of G, (61 = 0), the properties of JJ are determined by the
properties of T} and the vectors &Y.

Let A, determine a group of motions of space-time, i.e., let it be a Killing vector:
A = &y with ;.. = 0. Then relation (3) takes the form, reminiscent of formula

(2):
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/Tik;igk dyv = %Tikfkg(N)Ni d3v. (4)

In the special case of flat space, £¥ has the form: 1) for translations, &F = 6F;
2) for rotations, f(km) = L<m)klxl, where L(m>kl = 6kg, — kg, is the matrix of
Lorentz rotations.

From formula (4), in the first case we obtain

/T““;i dyv = %T“%(N)Ni dsv,

whence, taking (1) into account, upon integrating over infinitely distant surfaces
where T% vanishes, we obtain the integral conservation law for the 4-momentum
P’ where

Pl = /TiOE(N)NO dsvs.

In the case of rotations of flat space, formula (4) gives
/Tik;iL(pq)knxn dyv = /<TikL(Pq)ann);i dyv—

— / TikL(pq)ki d41} = fTikL(pq)knmna(N)Ni d3’U.

If the tensor T is symmetric, from this we obtain the usual conservation law
for the angular momentum of the system

/M(pq)i;i dyv = %M(pq)i‘g(N)Ni dsv,
where

Mgy = Tpmg — Ty (5)
Let us note that formula (5) describes the total angular momentum of the sys-
tem, and not the orbital one (7). The decomposition of the total angular momen-
tum into spin and orbital parts occurs when the canonical energy-momentum
tensor is used, which, generally speaking, is not symmetric. It is possible that
defining the total angular momentum of a system by means of formula (5) will
prove convenient in general relativity, since the symmetric energy-momentum
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tensor can be taken from Einstein’ s equations (in particular, apparently, one
may use the Einstein tensor G'* instead of 7).

Let us now consider the group of motions of a 4-dimensional space of constant
curvature (the de Sitter group). In stereographic coordinates the line element
of this space has the form (8) —ds? = ¢*dz®?, where ¢ = (1 + (r®> —23)/4R?)™!
(r? = (21)2 + (22)2 + (2%)?). The de Sitter group is isomorphic to the rotation
group O;. Its generators may be represented in the form (8)

I, =¢'P + &Lkla Ly, =z,P, —x, P

5R? ., where P, = —i0/0x".

Thus, only in the limit of flat space (R — o) does the 4-momentum operator II,
acquire the meaning of a coordinate-translation operator. In curved space the
“momentum” will always be mixed with the “angular momentum.” To avoid this,
it would be necessary to choose in the group of motions 4 mutually commuting
operators and call them the 4-momentum operators. However, this is impossible,
since the de Sitter group is simple and has rank 2. As a result, the 4-momentum
and the total angular momentum of the system become components of the 5-
dimensional total angular momentum of the system.

Let us write down the integral conserved quantities, assuming, as usual, that
at spatial infinity 7% = 0.* For the components of the 4-dimensional angular
momentum we obtain the usual expression

Mm:/M%ﬂNWMﬂ:/wM%M%, (6)

where M| (%m) is determined by formula (5), but x are no longer Cartesian, but
stereographic coordinates.

The generalized “translations” give 4 Killing vectors, which define (under the
same conditions at spatial infinity) the generalized “4-momentum” with compo-
nents:

P = [ varids e -

2

_ 3770 73 T 470 73 4To%a 0 73 _ .

_/cp Tyd m—/Z—RQ@ T5d :C+/<p 5 R? Tz («=1,2,3); (7)
P‘l:/N/—gT,?fgde:

Zk x% T,T

370 73 4 Fa 073 4 0LlELa ;3

- @Zﬂx—/w . ﬂﬂx+/w§ TR g3, (8)
/ 2R i 2R
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These expressions have meaning in the case where the metric of space-time
is regarded as rigidly prescribed and is not connected with the distribution of
matter. If, however, a geometrized theory is considered (general relativity), then
T* will necessarily be proportional

* We consider a system of bodies occupying a finite volume in de Sitter space.
The metric V, is regarded as prescribed.

metric tensor g%, and instead of (6)—(8) we obtain

MOa :/V_g£?0a)d3x:/@4xad3x (9)

(the other components of the “moment” are equal to zero),

2 2, .2 2
0o_ 313 e ys [l tag) /AR 4 o
P _/“"dx_/QRZ‘pdx_/1+(r2—xg)/4R2‘pd$’ (10)

TTq

P = / 2R? (1+ (r? — 22)/4R?)

P3d3z. (11)

Let us note that if 7,2 can be reduced to a divergence, the integrals (7), (8)
become surface integrals, which in a closed model leads to P? = 0.

The expressions obtained for the integral conserved quantities possess two im-
portant features. The first of these is chronometric invariance (ch.i.). In the case
under consideration, the lines of time are orthogonal to the space-time section
2% = const. Therefore the ch.i. element of three-dimensional volume (coinciding
with the invariant volume element d;V according to Synge (*)) has the form
@®d3z; the normal vector is N; = 67/Goo; No = /Joo; N° = 1/,/Goo- Taking
this into account, let us write the expressions for P*, M,, in explicitly chrono-
metrically invariant form (the ch.i. components of the tensors are integrated

over the ch.i. volume element)

z*M,
PO — /¢3d3x—/ 0(0c) <p3d3x7
2\/9oo R?

T IITkM a M, m
po :/ 0a ap3d3x—/27()<1€2)803d3$7 M, = [ =2 33,
V900 V0o lt V00

Ch.. in Zelmanov’ s sense ensures the independence of the quantities found
from arbitrary coordinate transformations connected with the given reference
system. Thus these quantities do indeed characterize the chosen system. The

sovietrxiv.org/items/ru-197001.77968 Machine Translation


https://sovietrxiv.org/items/ru-197001.77968

motion of the system as a whole is described here by the motion group V,, with
respect to which the set of 10 components P*, M,; forms a regular representation.
“Translations” in V; mix P* and M,;, with one another.

In conclusion, the author thanks K. P. Stanyukovich for his interest in the work,
and also G. A. Sokolik and the participants of the seminar under his direction
for useful and friendly discussions.

Received
28 V 1969

REFERENCES

1. I. A. Schouten, D. J. Struik, Introduction to New Methods of Differential
Geometry, Moscow—Leningrad, 1939.

2. P. K. Rashevskii, Riemannian Geometry and Tensor Analysis, Nauka,
1964.

3. A. Z. Petrov, New Methods in the General Theory of Relativity, Nauka,
1966.

4. J. Synge, General Relativity, 1L, 1960.
5. V. A. Fock, The Theory of Space, Time and Gravitation, Moscow, 1955.

6. A. I. Akhiezer, V. B. Berestetskii, Quantum FElectrodynamics, Moscow,
1959.

7. A. Lichnerowicz, Global Theory of Connections and Holonomy Groups,
1L, 1960.
8. F. Gursey, in: Theory of Groups and Elementary Particles, Moscow, 1967.
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-197001.77968 Machine Translation


https://sovietrxiv.org/items/ru-197001.77968

	Abstract
	Full Text
	N. P. KONOPLEVA
	ON INTEGRAL CONSERVATION LAWS
	IN GENERAL RELATIVITY
	REFERENCES


