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(Presented by Academician Yu. V. Linnik on 27 X 1969)

Consider the congruence

P42l +-+ap=d (mod p*), (1)

where n, t, s are natural numbers, p is prime, and d is an arbitrary integer. Let
My, ..., My, Qy,...,Q, be integers, 0 < M, < M; +Q; <p®, j=1,...,t. In
the works of A. A. Karatsuba (1'?) an asymptotic formula was obtained for the
number of solutions of congruence (1) in an incomplete system of residues

M;<z, <M;+Q;—1, j=1,..t (2)

Generally speaking, it is impossible to obtain an analogous asymptotic formula
for the number of solutions of congruence (1) when t = n (see (*3)). In this
connection it is of interest to study such a congruence which, in a certain sense,
would differ little from congruence (1), and for the number of whose solutions an
asymptotic formula could be obtained for ¢ = n. In the present work we consider
the congruence obtained from congruence (1) by replacing the constant number
d by a variable y, with a small interval of variation ¢, and some generalizations of
it with a possibly smaller number of variables z, ..., z,. A similar approach to
the formulation of the problem was used by Yu. V. Linnik () in considering the
binary Goldbach problem. An asymptotic formula for the number of solutions
of the congruence obtained in this way already holds for ¢ = min(n, s) and ¢
increasing arbitrarily slowly with the growth of p, or for fixed p > n + 1 and
q increasing arbitrarily slowly with the growth of s, if ¢ > n + 1. In (°) it was
shown that, as s — oo and ¢ = s, an analogous asymptotic formula for ¢ = n,
generally speaking, does not hold.

We shall henceforth consider the congruence
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T

Z x5 =y (mod pY), (3)

where Ajp s Mjs S > 3 are integers, (ajr;,p) =1,3<n; < <n, <p.

Let t = oy + - + a,, [; = min(n, s); we shall call the number N, defined as

follows, the harmonic index of congruence (3):

-1
T

N = (Z/) .
Jj=1 "7

For congruence (1), N = min(n, s). Denote by T, (N) the number of solutions
of congruence (3) for which inequalities (2) hold and m <y < m+ ¢— 1, where
m and ¢ are integers, 0 <m <m + q < p°.

Theorem 1. Let ¢t > N, and let € > 0 be a real number, 1 < ¢ < p?,

ps(1/2+1/lj+a) < erv <p°, r.=1
J

J sy J =100, T (4)

Then for the quantity 7, (N) the following expression holds:

T;(N) = qQ, -+ Qp*{1+ O(y(q)n(t) max(p /21, p~h(t/N-1)},

where

1, ifg=1, s, ift=N,
g =4 ", . . n(t) = .
q 'Ing, ifq>2; 1, ift> N.
The constant in the symbol O depends only on nq,...,n_,aq,...,c, and €.

The proof of the theorem is based on the following lemmas.

Lemma 1. Let f(zq,...,2,) be an integral rational function with integer coef-
ficients in ¢ variables x,...,z;, t > 1; let T' be the number of solutions of the
congruence

flzy,...,z) =y (mod p*),
for which the inequalities (2) hold, m <y <m+¢— 1.

Then
T=qQ Qi+

Mi+Q,-1  M+Q,—1
+0 [ max ex Ty, T
0 DL D DD DS B

x1=M,
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with an absolute constant in the symbol O, z € [1,p® — 1]; v(¢) = 1, if ¢ = 1,
Yo(q) =Ing, if ¢ > 2.

Proof. We express the number of solutions 7" through a trigonometric sum (see
(6), question 1, a to Chapter IV)

s pF Mi+Q-1  M+Q,~1m+g—1
E E E E exp—z [z, x) —y).
k=0 =z=1 x, =M, x, =M, y=m

(z,p)=1

Hence
T —qQ1 Q| <
s M+Q, -1 M+Q;—
<p_SZR(k:) max Z Z exp—zf (X1, x|,  (B)
= 2#£0 ( mod p) e
1
where
pz mil 27m | < Z | sin zq/p¥| ()
ex —z —
= 1= p Y “—~ sinmz/pk

Zp)=1
If ¢ = 1, then R(k) < p*. For ¢ > 2, to estlmate R(k) we use the following
result of B. I. Golubov (7), putting M = p*.

There exists an absolute constant ¢, > 0 such that

M-1 .
M
ZISILZQ/QCOMM )

—~ sinmz/M

From formula (5) and inequalities (6) and (7) the assertion of the lemma follows.

Lemma 2 (Hua Loo-keng (%)). Let a,q, P be integers, (a,q) = 1, ¢ > 1,
P>1,n2>2.

Then for any € > 0

L om P 2
Z exp —ax" = — Z exp —azx™ + O(q'/?*¢),
o q q q

=1

where the constant in the symbol O depends only on n and ¢.
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Lemma 3. Let f(z) = ayz + -+ + a',, be a polynomial of degree n > 2 with
integer coefficients, p > n a prime, a,, =0 (mod p), s > 1.

Then the estimate holds

e ) (n—1p'%, ifs=1,
2mi
<9 (n—1)p° if2<s<n,
c(n)p*- 1/”) for any s > 1.

The proof of the first of the inequalities written above is the subject of the
papers (?,10) and § 2 of A. G. Postnikov’ s book (!!). The second and third
inequalities are proved, respectively, in the papers of A. A. Karatsuba (12) and
Hua Loo-keng ((13), pp.7—12). In the case when f(z) = az", (a,p) = 1, Lemma
3 follows from lemmas of 1. M. Vinogradov ((14), pp.269—271).

Proof of Theorem 1. By Lemma 1 we have

T;(N)=qQ; ...Qp* + O (70((1)195 ip’“s (k)> : (8)

k=1

where

Y +Qjr. —1 o

X n

- [TS5 s s s, |3 o ]

J=1 Tj—l ﬂij-j—MjTj
We estimate the expression Sjrj(k) by Lemma 2:

. 7_‘1 k(1/2+¢)

Estimating the modulus of the complete sum on the right-hand side of the last
equality by Lemma 3, depending on the value of k£ we obtain

Qrp 2 k=1,
1 .
Sjr, (k) < Q0™ if 2 <k <ny,
Qe p ™M, it 4+ 1< k<5,

in view of the fact that erj satisfies inequality (4). In estimating the remain-
der term in formula (8), we shall split the sum over k in accordance with the
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estimates for Sjrj (k) obtained above. Depending on the value of s, we consider
the following three cases.

1°. If s < ny, then

S

Zka(k) <Q...Q, <pt/2+1 + Zpkt> <« Q) ...Q, max (pft/2+1’ pfs(t/Nfl)) )
k=1 k=2
)

2°. Let n; < s <mn;,, where j is one of the numbers 1,...,7 —1 (7 > 2). Then

s U5
S Pk < Q. Q (p-t/”l + PP
k=1 k=2
=1 n,u
4 ph@atotay)—k(ay /oty /n,) (10)

+ Z pk(ajHJr...Jra.,)k(al/n1+...+aj/nj)> < Ql Qt max <p7t/2+17 pfnl(t/Nfl)) )
k:nj+1

3. If s>n,+1, then

s ny
Zka(k) KQp--Qy (pt/ZH + Zpkit_k
k=1 k=2

7=1 M1

+Z Z prlavattar)—k(a/nyt.tay/n,) 4 zs: p—k(t/N—1)> <

v=1 k=n,+1 k=n_+1

< n(t)Q; ... Q, max (p_t/QH, p‘"l(t/N_1)> , (11)
where n(t) = s for t = N. If t > N, then tN ' —1 > Ny!, where N, is the least
common multiple of nq, ..., n,; consequently,

Z pRE/N=1) < mna(t/N-1) (pt/N—l o 1)*1 « pmalt/N=1)

k=n_+1

Thus, for t > N, n(t) = 1. From formula (8) and inequalities (9), (10), and (11),
with v(¢) = ¢ 7,(q), the theorem being proved follows.
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From comparison of A. A. Karatsuba’ s result (2) and Theorem 1 we obtain

Corollary. If n > 20, t > cn, where ¢ is an absolute constant, then the
asymptotic formula holds

t

) p” p” . .
2 2
Zp”’t Z ( exp 7721:") exp (—lyzzd) =14+0 (pft/QH) ,
v=0 z=1 =1 p p
(z,p)=1

where the constant in the O-symbol depends only on n and ¢.
n,

Let fj(:Bj) == aljxj + Eh -|-anjjfL'jJ

coefficients, (anjj,p) =1,j=1,..,t p > max(ng,...,n;), s > 2. Denote by

be a polynomial of degree n; > 2 with integral

T,(N) the number of solutions of the congruence

filzy) -+ fi(z,) =y (mod p%), (12)
when z, ..., 2, run through a complete system of residues modulo p®, m < y <
m-+q—1.

Theorem 2. If ¢t > N, where N is the harmonic index of congruence (12),
1 < ¢ < p®, then for T, () one has the expression

Tq(N) _ qps(tfl) {1 +0 (’Y(Q)ﬂ(t) max (pft/2+1’ pf(t/Nfl) min(nl,...,nt,s)))} )

The constant in the O-symbol depends only on n,...,n,; the values v(g) and
7n(t) are determined by the conditions of Theorem 1.

The author expresses his deep gratitude to K. A. Rodosskii for his constant
attention to his work and valuable advice.
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