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MATHEMATICS

B. G. KOTSAREV

ON THE QUESTION OF AN ASYMPTOTIC
FORMULA

FOR THE NUMBER OF SOLUTIONS OF A
CONGRUENCE OF WARING TYPE
(Presented by Academician Yu. V. Linnik on 27 X 1969)

Consider the congruence

𝑥𝑛
1 + 𝑥𝑛

2 + ⋯ + 𝑥𝑛
𝑡 ≡ 𝑑 (mod 𝑝𝑠), (1)

where 𝑛, 𝑡, 𝑠 are natural numbers, 𝑝 is prime, and 𝑑 is an arbitrary integer. Let
𝑀1, … , 𝑀𝑡, 𝑄1, … , 𝑄𝑡 be integers, 0 ≤ 𝑀𝑗 < 𝑀𝑗 + 𝑄𝑗 ≤ 𝑝𝑠, 𝑗 = 1, … , 𝑡. In
the works of A. A. Karatsuba (1,2) an asymptotic formula was obtained for the
number of solutions of congruence (1) in an incomplete system of residues

𝑀𝑗 ≤ 𝑥𝑗 ≤ 𝑀𝑗 + 𝑄𝑗 − 1, 𝑗 = 1, … , 𝑡. (2)

Generally speaking, it is impossible to obtain an analogous asymptotic formula
for the number of solutions of congruence (1) when 𝑡 = 𝑛 (see (2,3)). In this
connection it is of interest to study such a congruence which, in a certain sense,
would differ little from congruence (1), and for the number of whose solutions an
asymptotic formula could be obtained for 𝑡 = 𝑛. In the present work we consider
the congruence obtained from congruence (1) by replacing the constant number
𝑑 by a variable 𝑦, with a small interval of variation 𝑞, and some generalizations of
it with a possibly smaller number of variables 𝑥1, … , 𝑥𝑡. A similar approach to
the formulation of the problem was used by Yu. V. Linnik (4) in considering the
binary Goldbach problem. An asymptotic formula for the number of solutions
of the congruence obtained in this way already holds for 𝑡 = min(𝑛, 𝑠) and 𝑞
increasing arbitrarily slowly with the growth of 𝑝, or for fixed 𝑝 ≥ 𝑛 + 1 and
𝑞 increasing arbitrarily slowly with the growth of 𝑠, if 𝑡 ≥ 𝑛 + 1. In (5) it was
shown that, as 𝑠 → ∞ and 𝑞 = 𝑠, an analogous asymptotic formula for 𝑡 = 𝑛,
generally speaking, does not hold.

We shall henceforth consider the congruence
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𝜏
∑
𝑗=1

𝛼𝑗

∑
𝑟𝑗=1

𝑎𝑗𝑟𝑗
𝑥𝑛𝑗

𝑗𝑟𝑗
≡ 𝑦 (mod 𝑝𝑠), (3)

where 𝑎𝑗𝑟𝑗
, 𝑛𝑗, 𝑠 ≥ 3 are integers, (𝑎𝑗𝑟𝑗

, 𝑝) = 1, 3 ≤ 𝑛1 < ⋯ < 𝑛𝜏 < 𝑝.

Let 𝑡 = 𝛼1 + ⋯ + 𝛼𝜏 , 𝑙𝑗 = min(𝑛𝑗, 𝑠); we shall call the number 𝑁 , defined as
follows, the harmonic index of congruence (3):

𝑁 = 𝑡 (
𝜏

∑
𝑗=1

𝛼𝑗
𝑙𝑗

)
−1

.

For congruence (1), 𝑁 = min(𝑛, 𝑠). Denote by 𝑇 ′
𝑞(𝑁) the number of solutions

of congruence (3) for which inequalities (2) hold and 𝑚 ≤ 𝑦 ≤ 𝑚 + 𝑞 − 1, where
𝑚 and 𝑞 are integers, 0 ≤ 𝑚 < 𝑚 + 𝑞 ≤ 𝑝𝑠.

Theorem 1. Let 𝑡 ≥ 𝑁 , and let 𝜀 > 0 be a real number, 1 ≤ 𝑞 ≤ 𝑝𝑠,

𝑝𝑠(1/2+1/𝑙𝑗+𝜀) ≤ 𝑄𝑗𝑟𝑗
≤ 𝑝𝑠, 𝑟𝑗 = 1, … , 𝛼𝑗, 𝑗 = 1, … , 𝜏. (4)

Then for the quantity 𝑇 ′
𝑞(𝑁) the following expression holds:

𝑇 ′
𝑞(𝑁) = 𝑞𝑄1 ⋯ 𝑄𝑡𝑝−𝑠{1 + 𝑂(𝛾(𝑞)𝜂(𝑡) max(𝑝−𝑡/2+1, 𝑝−𝑙1(𝑡/𝑁−1))}.

where

𝛾(𝑞) = {1, if 𝑞 = 1,
𝑞−1 ln 𝑞, if 𝑞 ⩾ 2; 𝜂(𝑡) = {𝑠, if 𝑡 = 𝑁,

1, if 𝑡 > 𝑁.

The constant in the symbol 𝑂 depends only on 𝑛1, … , 𝑛𝜏 , 𝛼1, … , 𝛼𝜏 and 𝜀.

The proof of the theorem is based on the following lemmas.

Lemma 1. Let 𝑓(𝑥1, … , 𝑥𝑡) be an integral rational function with integer coef-
ficients in 𝑡 variables 𝑥1, … , 𝑥𝑡, 𝑡 ⩾ 1; let 𝑇 be the number of solutions of the
congruence

𝑓(𝑥1, … , 𝑥𝑡) ≡ 𝑦 (mod 𝑝𝑠),
for which the inequalities (2) hold, 𝑚 ⩽ 𝑦 ⩽ 𝑚 + 𝑞 − 1.

Then
𝑇 = 𝑞𝑄1 ⋯ 𝑄𝑡𝑝−𝑠+

+𝑂 ⎛⎜
⎝

𝛾0(𝑞)𝑝−𝑠
𝑠

∑
𝑘=1

𝑝𝑘 max
𝑧≢0 ( mod 𝑝)

∣
𝑀1+𝑄1−1

∑
𝑥1=𝑀1

⋯
𝑀𝑡+𝑄𝑡−1

∑
𝑥𝑡=𝑀𝑡

exp 2𝜋𝑖
𝑝𝑘 𝑧𝑓(𝑥1, … , 𝑥𝑡)∣⎞⎟

⎠
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with an absolute constant in the symbol 𝑂, 𝑧 ∈ [1, 𝑝𝑠 − 1]; 𝛾0(𝑞) = 1, if 𝑞 = 1,
𝛾0(𝑞) = ln 𝑞, if 𝑞 ⩾ 2.

Proof. We express the number of solutions 𝑇 through a trigonometric sum (see
(6), question 1, a to Chapter IV)

𝑇 = 𝑝−𝑠
𝑠

∑
𝑘=0

𝑝𝑘

∑
𝑧=1

(𝑧,𝑝)=1

𝑀1+𝑄1−1
∑

𝑥1=𝑀1

⋯
𝑀𝑡+𝑄𝑡−1

∑
𝑥𝑡=𝑀𝑡

𝑚+𝑞−1
∑
𝑦=𝑚

exp 2𝜋𝑖
𝑝𝑘 𝑧(𝑓(𝑥1, … , 𝑥𝑡) − 𝑦).

Hence

|𝑇 − 𝑞𝑄1 ⋯ 𝑄𝑡𝑝−𝑠| ⩽

⩽ 𝑝−𝑠
𝑠

∑
𝑘=1

𝑅(𝑘) max
𝑧≢0 ( mod 𝑝)

∣
𝑀1+𝑄1−1

∑
𝑥1=𝑀1

⋯
𝑀𝑡+𝑄𝑡−1

∑
𝑥𝑡=𝑀𝑡

exp 2𝜋𝑖
𝑝𝑘 𝑧𝑓(𝑥1, … , 𝑥𝑡)∣ , (5)

where

𝑅(𝑘) =
𝑝𝑘

∑
𝑧=1

(𝑧,𝑝)=1

∣
𝑚+𝑞−1

∑
𝑦=𝑚

exp 2𝜋𝑖
𝑝𝑘 (−𝑧𝑦)∣ ⩽

𝑝𝑘−1
∑
𝑧=1

| sin 𝜋𝑧𝑞/𝑝𝑘|
sin 𝜋𝑧/𝑝𝑘 . (6)

If 𝑞 = 1, then 𝑅(𝑘) < 𝑝𝑘. For 𝑞 ⩾ 2, to estimate 𝑅(𝑘) we use the following
result of B. I. Golubov (7), putting 𝑀 = 𝑝𝑘.

There exists an absolute constant 𝑐0 > 0 such that

𝑀−1
∑
𝑧=1

| sin 𝜋𝑧𝑞/𝑀|
sin 𝜋𝑧/𝑀 ⩽ 𝑐0𝑀 ln 𝑞. (7)

From formula (5) and inequalities (6) and (7) the assertion of the lemma follows.

Lemma 2 (Hua Loo-keng (8)). Let 𝑎, 𝑞, 𝑃 be integers, (𝑎, 𝑞) = 1, 𝑞 ⩾ 1,
𝑃 ⩾ 1, 𝑛 ⩾ 2.

Then for any 𝜀 > 0

𝑃
∑
𝑥=1

exp 2𝜋𝑖
𝑞 𝑎𝑥𝑛 = 𝑃

𝑞
𝑞

∑
𝑥=1

exp 2𝜋𝑖
𝑞 𝑎𝑥𝑛 + 𝑂(𝑞1/2+𝜀),

where the constant in the symbol 𝑂 depends only on 𝑛 and 𝜀.
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Lemma 3. Let 𝑓(𝑥) = 𝑎1𝑥 + ⋯ + 𝑎𝑛
𝑛𝑥 be a polynomial of degree 𝑛 ⩾ 2 with

integer coefficients, 𝑝 > 𝑛 a prime, 𝑎𝑛 ≢ 0 (mod 𝑝), 𝑠 ⩾ 1.

Then the estimate holds

∣
𝑝𝑠

∑
𝑥=1

exp 2𝜋𝑖
𝑝𝑠 𝑓(𝑥)∣ ⩽

⎧{
⎨{⎩

(𝑛 − 1)𝑝1/2, if 𝑠 = 1,
(𝑛 − 1)𝑝𝑠−1, if 2 ⩽ 𝑠 ⩽ 𝑛,
𝑐(𝑛)𝑝𝑠(1−1/𝑛), for any 𝑠 ⩾ 1.

The proof of the first of the inequalities written above is the subject of the
papers (9, 10) and § 2 of A. G. Postnikov’s book (11). The second and third
inequalities are proved, respectively, in the papers of A. A. Karatsuba (12) and
Hua Loo-keng ((13), 𝑝𝑝.7—12). In the case when 𝑓(𝑥) = 𝑎𝑥𝑛, (𝑎, 𝑝) = 1, Lemma
3 follows from lemmas of I. M. Vinogradov ((14), 𝑝𝑝.269—271).
Proof of Theorem 1. By Lemma 1 we have

𝑇 ′
𝑞(𝑁) = 𝑞𝑄1 … 𝑄𝑡𝑝−𝑠 + 𝑂 (𝛾0(𝑞)𝑝−𝑠

𝑠
∑
𝑘=1

𝑝𝑘𝑆(𝑘)) , (8)

where

𝑆(𝑘) =
𝜏

∏
𝑗=1

𝑎𝑗

∑
𝑟𝑗=1

𝑆𝑗𝑟𝑗
(𝑘), 𝑆𝑗𝑟𝑗

(𝑘) = max
𝑧≢0 (mod 𝑝)

∣
𝑀𝑗𝑟𝑗 +𝑄𝑗𝑟𝑗 −1

∑
𝑥𝑗𝑟𝑗 =𝑀𝑗𝑟𝑗

exp 2𝜋𝑖
𝑝𝑘 𝑧𝑎𝑗𝑟𝑗

𝑥𝑛𝑗
𝑗𝑟𝑗

∣ .

We estimate the expression 𝑆𝑗𝑟𝑗
(𝑘) by Lemma 2:

𝑆𝑗𝑟𝑗
(𝑘) = max

𝑧≢0 (mod 𝑝)

𝑄𝑗𝑟𝑗

𝑝𝑘 ∣
𝑝𝑘

∑
𝑥𝑗𝑟𝑗 =1

exp 2𝜋𝑖
𝑝𝑘 𝑧𝑎𝑗𝑟𝑗

𝑥𝑛𝑗
𝑗𝑟𝑗

∣ + 𝑂 (𝑝𝑘(1/2+𝜀)) .

Estimating the modulus of the complete sum on the right-hand side of the last
equality by Lemma 3, depending on the value of 𝑘 we obtain

𝑆𝑗𝑟𝑗
(𝑘) ≪

⎧{
⎨{⎩

𝑄𝑗𝑟𝑗
𝑝−1/2, if 𝑘 = 1,

𝑄𝑗𝑟𝑗
𝑝−1, if 2 ≤ 𝑘 ≤ 𝑛𝑗,

𝑄𝑗𝑟𝑗
𝑝−𝑘/𝑛𝑗 , if 𝑛𝑗 + 1 ≤ 𝑘 ≤ 𝑠,

in view of the fact that 𝑄𝑗𝑟𝑗
satisfies inequality (4). In estimating the remain-

der term in formula (8), we shall split the sum over 𝑘 in accordance with the
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estimates for 𝑆𝑗𝑟𝑗
(𝑘) obtained above. Depending on the value of 𝑠, we consider

the following three cases.

1∘. If 𝑠 ≤ 𝑛1, then

𝑠
∑
𝑘=1

𝑝𝑘𝑆(𝑘) ≪ 𝑄1 … 𝑄𝑡 (𝑝−𝑡/2+1 +
𝑠

∑
𝑘=2

𝑝𝑘−𝑡) ≪ 𝑄1 … 𝑄𝑡 max (𝑝−𝑡/2+1, 𝑝−𝑠(𝑡/𝑁−1)) .

(9)

2∘. Let 𝑛𝑗 < 𝑠 ≤ 𝑛𝑗+1, where 𝑗 is one of the numbers 1, … , 𝜏 − 1 (𝜏 ≥ 2). Then

𝑠
∑
𝑘=1

𝑝𝑘𝑆(𝑘) ≪ 𝑄1 … 𝑄𝑡 (𝑝−𝑡/2+1 +
𝑛1

∑
𝑘=2

𝑝𝑘−𝑡+

+
𝑗−1
∑
𝜈=1

𝑛𝜈+1

∑
𝑘=𝑛𝜈+1

𝑝 𝑘−(𝑎𝜈+1+…+𝑎𝜏)−𝑘(𝑎1/𝑛1+…+𝑎𝜈/𝑛𝜈)+ (10)

+
𝑠

∑
𝑘=𝑛𝑗+1

𝑝 𝑘−(𝑎𝑗+1+…+𝑎𝜏)−𝑘(𝑎1/𝑛1+…+𝑎𝑗/𝑛𝑗)⎞⎟
⎠

≪ 𝑄1 … 𝑄𝑡 max (𝑝−𝑡/2+1, 𝑝−𝑛1(𝑡/𝑁−1)) .

3∘. If 𝑠 ≥ 𝑛𝜏 + 1, then

𝑠
∑
𝑘=1

𝑝𝑘𝑆(𝑘) ≪ 𝑄1 … 𝑄𝑡 (𝑝−𝑡/2+1 +
𝑛1

∑
𝑘=2

𝑝𝑘−𝑡+

+
𝜏−1
∑
𝜈=1

𝑛𝜈+1

∑
𝑘=𝑛𝜈+1

𝑝 𝑘−(𝑎𝜈+1+…+𝑎𝜏)−𝑘(𝑎1/𝑛1+…+𝑎𝜈/𝑛𝜈) +
𝑠

∑
𝑘=𝑛𝜏+1

𝑝−𝑘(𝑡/𝑁−1)) ≪

≪ 𝜂(𝑡)𝑄1 … 𝑄𝑡 max (𝑝−𝑡/2+1, 𝑝−𝑛1(𝑡/𝑁−1)) , (11)

where 𝜂(𝑡) = 𝑠 for 𝑡 = 𝑁 . If 𝑡 > 𝑁 , then 𝑡𝑁−1 − 1 ⩾ 𝑁−1
0 , where 𝑁0 is the least

common multiple of 𝑛1, … , 𝑛𝑡; consequently,

𝑠
∑

𝑘=𝑛𝜏+1
𝑝−𝑘(𝑡/𝑁−1) < 𝑝−𝑛1(𝑡/𝑁−1) (𝑝𝑡/𝑁−1 − 1)−1 ≪ 𝑝−𝑛1(𝑡/𝑁−1).

Thus, for 𝑡 > 𝑁 , 𝜂(𝑡) = 1. From formula (8) and inequalities (9), (10), and (11),
with 𝛾(𝑞) = 𝑞−1𝛾0(𝑞), the theorem being proved follows.
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From comparison of A. A. Karatsuba’s result (2) and Theorem 1 we obtain

Corollary. If 𝑛 ⩾ 20, 𝑡 ⩾ 𝑐𝑛, where 𝑐 is an absolute constant, then the
asymptotic formula holds

∞
∑
𝜈=0

𝑝−𝜈𝑡
𝑝𝜈

∑
𝑧=1

(𝑧,𝑝)=1

(
𝑝𝜈

∑
𝑥=1

exp 2𝜋𝑖
𝑝𝜈 𝑧𝑥𝑛)

𝑡

exp (−2𝜋𝑖
𝑝𝜈 𝑧𝑑) = 1 + 𝑂 (𝑝−𝑡/2+1) ,

where the constant in the 𝑂-symbol depends only on 𝑛 and 𝑡.
Let 𝑓𝑗(𝑥𝑗) = 𝑎1𝑗𝑥𝑗 + ⋯ + 𝑎𝑛𝑗𝑗𝑥

𝑛𝑗
𝑗 be a polynomial of degree 𝑛𝑗 ⩾ 2 with integral

coefficients, (𝑎𝑛𝑗𝑗, 𝑝) = 1, 𝑗 = 1, … , 𝑡; 𝑝 > max(𝑛1, … , 𝑛𝑡), 𝑠 ⩾ 2. Denote by
𝑇𝑞(𝑁) the number of solutions of the congruence

𝑓1(𝑥1) + ⋯ + 𝑓𝑡(𝑥𝑡) ≡ 𝑦 (mod 𝑝𝑠), (12)

when 𝑥1, … , 𝑥𝑡 run through a complete system of residues modulo 𝑝𝑠, 𝑚 ⩽ 𝑦 ⩽
𝑚 + 𝑞 − 1.

Theorem 2. If 𝑡 ⩾ 𝑁 , where 𝑁 is the harmonic index of congruence (12),
1 ⩽ 𝑞 ⩽ 𝑝𝑠, then for 𝑇𝑞(𝑁) one has the expression

𝑇𝑞(𝑁) = 𝑞𝑝𝑠(𝑡−1) {1 + 𝑂 (𝛾(𝑞)𝜂(𝑡) max (𝑝−𝑡/2+1, 𝑝−(𝑡/𝑁−1) min(𝑛1,…,𝑛𝑡,𝑠)))} .

The constant in the 𝑂-symbol depends only on 𝑛1, … , 𝑛𝑡; the values 𝛾(𝑞) and
𝜂(𝑡) are determined by the conditions of Theorem 1.

The author expresses his deep gratitude to K. A. Rodosskii for his constant
attention to his work and valuable advice.

Voronezh State
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