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MATHEMATICS

I. M. KOZLOVSKII

ON POLYHEDRAL REPRESENTATIONS OF
METRIC SPACES
(Presented by Academician P. S. Aleksandrov on 28 VIII 1969)

By a polyhedron in this note is meant a simplicial complex in which the distance
is defined as the maximum of the differences of the barycentric coordinates.
Following the terminology adopted in (1,2), we say that a mapping 𝑔 ∶ 𝑋 → 𝐾
into a complex is an admissible modification of a mapping 𝑓 ∶ 𝑋 → 𝐾 if 𝑓𝑥
is contained in the closed star of the point 𝑔𝑥 for every 𝑥 ∈ 𝑋; a mapping 𝑓
is irreducible if 𝑓𝑋 ⊆ 𝑔𝑋 for every admissible modification 𝑔 of it; a mapping
𝜋 ∶ 𝐾 → 𝐾′ is normal if 𝜋 maps the complex 𝐾 simplicially into some multiple
barycentric subdivision of the complex 𝐾′. An inverse spectrum {𝑃𝑖, 𝜋𝑖𝑗} is
called a polyhedral representation of the space 𝑋 if 𝑋 = lim{𝑃𝑖, 𝜋𝑖𝑗}, the 𝑃𝑖
are polyhedra, and the 𝜋𝑖+1;𝑖 map 𝑃𝑖+1 simplicially onto some subdivision of
the complex 𝑃𝑖; the representation is called irreducible if the projections 𝜋𝑖 ∶
𝑋 → 𝑃𝑖 are irreducible, and standard if the mappings 𝜋𝑖+1;𝑖 are normal and the
polyhedra 𝑃𝑖 are finite-dimensional.

As Isbell showed (3), every complete metric space has an irreducible standard
polyhedral representation. For compacta this assertion was proved by Freuden-
thal (1) (see also (6)). B. Pasynkov (5) proved that every 𝑛-dimensional com-
pactum can be represented as the limit of an inverse spectrum of 𝑛-dimensional
polyhedra with finite-to-one projections “onto.”In the present note generaliza-
tions of these results (Theorems 1, 2, 3) are presented, as well as some facts
concerning uniformly zero-dimensional mappings into polyhedra.

Let ℱ be a system of closed subsets of the space 𝑋. A polyhedral representa-
tion {𝑃𝑖, 𝜋𝑖𝑗} of the space 𝑋 will be called a (irreducible, standard) polyhedral
representation of the system ℱ if for every 𝐹 ∈ ℱ there is a natural number
𝑗 such that {𝜋𝑖(𝐹), 𝜋𝑖𝑗; 𝑖 = 𝑗, 𝑗 + 1, …} is a (irreducible, standard) polyhedral
representation of the subspace 𝐹 ⊆ 𝑋. The symbol 𝜔𝑓𝐾 will denote the cover-
ing of the space 𝑋 by the inverse images of the principal stars of the complex 𝐾
under the mapping 𝑓 ∶ 𝑋 → 𝐾. If the covering 𝜔𝑓𝐾 is locally finite, then the
mapping 𝑓 will be called locally finite, in order to emphasize the fact that each
point 𝑥 ∈ 𝑋 has a neighborhood that is mapped by 𝑓 into a finite subcomplex
of the complex 𝐾.

sovietrxiv.org/items/ru-197001.77245 Machine Translation

https://sovietrxiv.org/items/ru-197001.77245


Lemma 1. Let 𝑓 be a locally finite mapping of a normal space 𝑋 into a complex
𝐾, and let 𝐶 be a closed subset of 𝑋. Every (irreducible) admissible modification
𝑔1 of the mapping 𝑓1 = 𝑓|𝐶 can be extended to 𝑋 to an (irreducible) admissible
modification 𝑔 of the mapping 𝑓.

Lemma 2. Let ℱ be a locally finite system of closed subsets of a paracompact
space 𝑋. Every mapping of the space

* By a mapping, everywhere, a continuous mapping is meant.

of 𝑋 into a complex has an admissible modification that is irreducible on each
element of the system ℱ.*

Theorem 1. Every 𝜎-locally finite system of closed subsets of a complete metric
space has an irreducible standard polyhedral representation.

The proof is similar to the proof of Isbell’s theorem (2, 3) and uses the assertion
of Lemma 2.

By analogous methods one proves

Theorem 2. Let 𝑋 be a complete metric space; let 𝑎𝑖 be a countable sequence
of its open covers and let ℱ be a 𝜎-locally finite system of closed subsets in 𝑋.
There exists an irreducible polyhedral representation {𝑃𝑖, 𝜋𝑖+1

𝑖 } of the system
ℱ such that the projections 𝜋𝑖 ∶ 𝑋 → 𝑃𝑖 are canonical 𝑎𝑖-maps.**

It is easy to give an example showing that, for 𝜎-locally countable systems,
Theorems 2 and 3 are, generally speaking, not true. However, for every 𝜎-
locally countable system ℱ of closed sets of a paracompact space there exists a
𝜎-discrete system Φ of closed sets such that each element of ℱ is a countable
union of some elements of Φ.

Lemma 3. Let 𝑓 ∶ 𝑋 → 𝐾 be a uniformly zero-dimensional mapping of a metric
space 𝑋 into an 𝑛-dimensional complex 𝐾. For every 𝜀 > 0 there exist an 𝑛-
dimensional complex 𝐾1 and mappings 𝜋 ∶ 𝐾1 → 𝐾, 𝑓1 ∶ 𝑋 → 𝐾1, satisfying
the following conditions: 1) the mapping 𝜋 is normal and does not degenerate
simplices; 2) the mapping 𝑓1 is uniformly zero-dimensional, 𝑓 = 𝜋𝑓1, and the
cover 𝜔𝑓1

𝐾1 is an 𝜀-cover; 3) if the cover 𝜔𝑓𝐾 is locally finite, then the cover
𝜔𝑓1

𝐾1 may also be regarded as locally finite.

Proof. From the uniform zero-dimensionality of the mapping 𝑓 it follows that,
for some natural number 𝑠, the inverse images of the principal stars of the 𝑠-fold
barycentric subdivision 𝐾(𝑠) of the complex 𝐾 (discretely) 𝜀-split. Let {𝑈𝛼𝛾}
be open sets into which the set 𝑈𝛼 ∈ 𝜔(𝑠)

𝑓𝐾 (discretely) 𝜀-splits. As the complex
𝐾1 we take the nerve of the cover {𝑈𝛼𝛾}𝛼,𝛾. The correspondence 𝑈𝛼𝛾 → 𝑈𝛼
uniquely determines a simplicial mapping 𝜋 ∶ 𝐾1 → 𝐾(𝑠). Since the sets 𝑈𝛼𝛾, for
fixed 𝛼, are pairwise disjoint, different vertices of a simplex 𝑡 ⊂ 𝐾1 correspond to
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different vertices of the simplex 𝜋(𝑡), and, consequently, 𝜋 does not degenerate
simplices.

Let {𝑓𝛼} be a partition of unity on 𝑋 corresponding to the mapping 𝑓 ∶ 𝑋 →
𝐾(𝑠). Putting 𝑓𝛼𝛾 = 𝑓𝛼 on 𝑈𝛼𝛾, 𝑓𝛼𝛾 = 0 on 𝑋∖𝑈𝛼𝛾, we define a new partition of
unity {𝑓𝛼𝛾}𝛼,𝛾, which defines a uniformly zero-dimensional mapping 𝑓1 ∶ 𝑋 →
𝐾1 and the cover 𝜔𝑓1

𝐾1, coinciding with the cover {𝑈𝛼𝛾}𝛼,𝛾. The latter, by
construction, is an 𝜀-cover. If now the cover 𝜔𝑓𝐾, and hence also the cover 𝜔(𝑠)

𝑓𝐾,
is locally finite, and the system {𝑈𝛼𝑗}𝛾 is discrete for every 𝛼, which can always
be achieved by a suitable choice of the number 𝑠, then the cover 𝜔𝑓1

𝐾1 is also
locally finite. The lemma is proved.

Proposition 1. Let 𝑓 ∶ 𝑋 → 𝐾 be a uniformly zero-dimensional mapping of a
metric space 𝑋 into a complex 𝐾, and let 𝜔 be an open cover of the space 𝑋.
There exist a complex 𝐾𝜔 and mappings 𝜋 ∶ 𝐾𝜔 → 𝐾, 𝑓𝜔 ∶ 𝑋 → 𝐾𝜔, satisfying
the following conditions: 1) 𝑓𝜔 is a uniformly zero-dimensional canonical 𝜔-
mapping; 2) 𝜋𝑓𝜔 = 𝑓 ; 3) the mapping 𝜋 is piecewise affine and nondegenerate;
4) if 𝑓 is locally finite, then 𝑓𝜔 may also be regarded as locally finite.

Proposition 1 follows from Lemma 3. As a consequence of Proposition 1 we
obtain

* The mapping 𝑓 is irreducible on 𝐴 ⊂ 𝑋 if the mapping 𝑓|𝐴 is irreducible.
** A mapping 𝑓 ∶ 𝑋 → 𝐾 is called a canonical 𝑎-mapping if the cover 𝜔𝑓𝐾 is
inscribed in the cover 𝑎.
Proposition 2. Every uniformly zero-dimensional mapping of an 𝑛-
dimensional∗ metric space into an 𝑛-dimensional complex is locally essential.∗∗

Lemma 4. Let 𝑓 be a uniformly zero-dimensional mapping of a metric space
into a complex 𝑇 with boundary 𝑆. If dim𝑋 < dim𝑇 , then there exists a
uniformly zero-dimensional mapping 𝑔 ∶ 𝑋 → 𝑆 that coincides with 𝑓 on 𝑓−1𝑆.
Proposition 3. Every uniformly zero-dimensional locally finite mapping of a
metric space into a finite-dimensional complex has a uniformly zero-dimensional
irreducible admissible alteration.

Proposition 3 follows from Proposition 2 and Lemma 4. The requirement of
local finiteness is essential here.

Proposition 4. Let 𝑓 be a mapping of a closed subset 𝐴 of a metric space 𝑋
into an 𝑛-dimensional cube 𝐼 . If dim𝑋 ∖ 𝐴 ≤ 𝑛, then the set of mappings, each
of which is uniformly zero-dimensional outside any 𝜀-neighborhood of 𝐴, is a
dense set of type 𝐺𝛿 in the space 𝐶𝑓(𝑋, 𝐼) of mappings 𝑔 ∶ 𝑋 → 𝐼 that coincide
with 𝑓 on 𝐴; if, in addition, 𝑓 is uniformly zero-dimensional, then the uniformly
zero-dimensional mappings form a dense set of type 𝐺𝛿 in the space 𝐶𝑓(𝑋, 𝐼).
Remark. As the corresponding example shows, in the case of an arbitrary 𝑓
the set of uniformly zero-dimensional mappings 𝑔 ∈ 𝐶𝑓(𝑋, 𝐼) may be empty.
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With the aid of Lemma 3, Proposition 3, and Katetov’s theorem (4), one can
prove the following principal result.

Theorem 3. Every 𝜎-locally finite system of closed subsets of a complete finite-
dimensional metric space 𝑋 has an irreducible standard polyhedral representa-
tion {𝑃𝑖, 𝑓𝑖𝑗} with nondegenerate mappings 𝑓𝑖𝑗 and uniformly zero-dimensional
projections 𝑓𝑖 ∶ 𝑋 → 𝑃𝑖. If {𝜔𝑖} is a countable sequence of open covers of 𝑋,
then the projections 𝑓𝑖 may be taken to be canonical 𝜔𝑖-mappings.

Remark. If 𝑋 is compact, then the projections 𝑓𝑗𝑖 may be taken to be finite-
to-one.

Dimension characteristics are known by means of: 1) essential mappings of
normal spaces into a cube (P. S. Aleksandrov); 2) irreducible 𝜔-mappings of
normal spaces into polyhedra (P. S. Aleksandrov, Dowker); 3) uniformly zero-
dimensional mappings of metric spaces into a cube (Katetov, for compacta∗∗∗

—Hurewicz). With the aid of Propositions 1, 2, 3 these characteristics can be
generalized as follows.

Theorem 4. For metric spaces the following conditions are equivalent:
1) dim𝑋 = 𝑛;
2) the space 𝑋 possesses a uniformly zero-dimensional essential mapping into
an 𝑛-dimensional cube;
3) every uniformly zero-dimensional mapping of the space 𝑋 into an 𝑛-
dimensional cube is locally essential;
4) for every open cover 𝜔 of it, the space 𝑋 possesses an irreducible uniformly
zero-dimensional canonical 𝜔-mapping onto an 𝑛-dimensional complex.

The equivalence of conditions (1) and (2) for arbitrary metric spaces, and also
of conditions (1), (2), and (3) for compacta, was proved by A. Zarelua and Yu.
Smirnov (8). The existence of uniformly zero-dimensional 𝜔-mappings (without
the assumption of irreducibility) of an 𝑛-dimensional metri-

∗ By dimension here and below is meant the dimension dim.
∗∗ A mapping 𝑓 into an 𝑛-dimensional complex 𝑇 is called locally essential if
some smaller 𝑛-dimensional simplex contained in 𝑇 is covered essentially (8).
∗∗∗ For compacta, uniformly zero-dimensional mappings coincide with zero-
dimensional ones.

of a metric space into an 𝑛-dimensional polyhedron (and even a more general
assertion) was proved earlier by E. G. Sklyarenko ((7), Theorem K). Concerning
Proposition 4 see also (9).

I take this opportunity to express my sincere gratitude to my supervisor B. A.
Pasynkov for his constant attention and great help in the work.

Moscow Institute of Physics and Technology
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