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Most problems on the stability of an axisymmetric state of equilibrium of a cir-
cular cylindrical shell reduce (after the usual separation of variables) to a homo-
geneous boundary-value problem for a system of ordinary differential equations
of the form

Py(D)V + [(2 — ¢;,DX)D? + v;,D%] W = 0,
[(2 = ¢11DX)D? + ¢15D*X] V — [Py(D) + 2 DX] W = 0. (1)

Here V(§) and W (&) are the sought functions of the problem; £ is the dimension-
less axial coordinate; P, and P, are differential operators of the 4th order with
constant coefficients, considered as polynomials of degree 4 in the differential
operator D = d/d&; x(&) is the solution of the boundary-value problem for the
ordinary differential equation of the 4th order

D +4c; D*x +4x =0 (3, < 1), (2)

which describes the subcritical axisymmetric bending of a cylindrical shell; c;;
are constant coefficients. In this case the function y, the coefficients ¢;j, and also
the coefficients of the differential operators P, and P, may depend on several
parameters q;, s, ..., q,,, which determine the field of external forces.

Let us first consider a semi-infinite shell. In this case the solution of the
boundary-value problem for equation (2) has the form

X&) =D c,2,&) (£>0), (3)

p=1

where z,(§) = exp(),€); A, are complex-conjugate roots of the equation
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M +4cg A2 +4=0 (4)

with negative real parts; c, is a pair of complex-conjugate constants, which are
determined from the inhomogeneous boundary conditions characteristic of the
subcritical equilibrium of the shell.

Thus, system (1) is a system of equations with exponential coefficients. We seek
its particular solution in the form

2 2
Vi(§) = (1 + Z Qjp2p + Z Z AipgZp2d + ) exp(A;6),

2 2 2
W;(&) = <bj + Z bipzp + Z Z DipgZp=d + ) exp(A;€), ()

p=1 p=1¢=1

where A, b;,a;,,b;,, 05,05, --- are, generally speaking, unknown complex con-
stants.

Substituting (3) and (5) into (1) and equating to zero the coefficients of expo-
nentials with identical exponents, we arrive at an infinite algebraic system of
the form

Pi(A) +2A2b; =0,  2A2 — Py(A;)b; = 0; (6a)

Pi(Aj)ag, + 203 b = (c11 A% — c9A2)bjA ¢ (6b)

Jjp i T J J7pTp?

203, a5, — Pa(Ajp )by, = (c11AT — c1oA] + ca0b;5) A

PCP’

Pi(Aj,,)a5,, + 2A§ququ = (CHA?p — 612/\(21)[)4 A c (6c)

JpaTq

2 _ 2 2 )
207,00 pg — Po(Ajpg)bjpg = [(c11AT, — 122z, + eabijp Ay
Here p, g, ... take values from 1 to 2, A;, = A, + A, + -
As A; we take a root of the eighth-degree equation

P(A) = P,(A)Py(A) + 4A% =0, (7)

sovietrxiv.org/items/ru-197001.77223 Machine Translation


https://sovietrxiv.org/items/ru-197001.77223

and determine bj as

b;=—P (Aj)/ZA?. (8)
Thus the system (6a) will be identically satisfied. For known A;,b; and under
the condition P(A;,) # 0, from (6b) we find the coefficients a;, and b,,, then—
under the condition P(A,,,) # 0—we find a;,, and b,,,, and so on. In this way

all the coefficients of the series (5) are successively determined.

If equation (7) has no multiple roots, then the general solution of the system
(1) can be represented in the form

8 8
V= AV, W=) AW, (9)
j=1

=1

where A, are arbitrary constants. Subjecting (9) to homogeneous boundary
conditions, we obtain a homogeneous system of 8 linear equations in the 8
unknown coefficients A;. From the characteristic equation of this system, of the
form

Q(QhQZa"'aqn) =0 (10)

we determine the eigenvalues of the parameters q;, ¢, ..., q,,, in other words, the
critical values of the external forces.

When the conditions

P(A,) #0,  P(Aj,) #0,..

are satisfied, the series (5) converge uniformly on the half-axis £ > 0. Indeed,
since the numbers A; are bounded in modulus, by means of the relations (6)
one can establish that the remainders of the series (5) are majorized by the
convergent series

o0 2n
E "n 0<r, <o)
nn "
n=N

with IV independent of €.

In the case of a shell of finite length it is necessary to use all the roots of equation
(4). Let A; and A, be complex conjugate roots of this equation with negative
real parts, and A5 and A, with positive real parts. Then the general solution of
equation (2) can be represented in the form
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4

X(E) = ez (6):

p=1

Here 0 < ¢ < 8 = [3(1 — v?)]Y4(Rh)"Y2L (L is the shell length, R its radius,
h its thickness, v Poisson’ s ratio), ¢, (p = 1,2,3,4) are two pairs of complex
conjugate constants,

7€) =exp(A8) (p=12), 2§ =exp[A,(§—B)] (p=3.4).
In what follows we require that the condition
exp(—BRe),) <1 (p=3,4) (11)

be satisfied (it may fail only for very short shells). Then we shall have
max |2,2,,»| € max|z,z,[ = max|z, 52,0 =1,

l2pzgeall < l2p2gl = l2pr2zgual (20 =1,2). (12)

Here max]|...| and ||...|| denote the maximum value of the modulus and the
norm on the interval 0 < ¢ < 8. Under conditions (12), system (1) can be
satisfied by the substitution

‘/;.:

2 4 2 2 4 4
1+ (2-%2) a2, + (ZZ+ZZ> UipgZp2d + ] exp(Ajf),

p=3

2 4 2 2 4 4
R U900 S) I 03) 375 3p 3] PSRRI

where Aj,b;,0,,,0,,, @50, bip4 - are determined from relations (6)—(8), in which
the indices p, g, ... now take values from 1 to 4. As before, the general solution
of system (1) has the form (9), and the critical values of the external forces are

determined from condition (10).

Such an analogy with the case of a semi-infinite shell is obtained only thanks
to condition (11). Dropping it leads to the fact that each of the equations
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of system (6) will contain an infinite number of unknowns, and the process
described above of successively determining the coefficients of the expansions
(5) cannot be carried out.

As before, uniform convergence of the series (13) on the interval 0 < & < /3 can

be established. Only now the majorant series will have the form

0 n+1
2,

n
n=N n
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