Soviet-era science, translated into English

ON SUMS OF
MULTIPLICATIVE
FUNCTIONS

B. V. LEVIN, N. M. TIMOFEEV
1970

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-197001.76858

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-197001.76858

Abstract

Full Text
UDC 511.3

MATHEMATICS
B. V. LEVIN, N. M. TIMOFEEV

ON SUMS OF MULTIPLICATIVE FUNC-
TIONS

(Presented by Academician Yu. V. Linnik on 12 I 1970)

Recently G. Haldsz (1) successfully applied an analytic method to the estima-
tion of mean values of multiplicative functions. Combining his ideas with new
considerations, we obtain some results concerning sums of multiplicative func-
tions. To characterize these results, we give a special case of Theorem 2 proved
below:

Theorem 1. If f(p") = O(1) and there exist T > 1/2, A = const such that

= (loglog z)+e’

then there exist constants Cy, a and a slowly varying function L(u) (|L(u)| =1)
such that

Z f(n) = Cyz'teLlogz)™ 'z + o(zlog” " z). (2)
n<r

Below we give an outline of the proof of a more general result, which contains
Theorem 1 as a special case.

Theorem 2. Let f(n) be a multiplicative function satisfying condition (1) with
T>1/2,

77 < 57 3)

forr>1 and somey=1/2—¢,e>0. Then, if

|f(p)|logp _ T
s Upiosp O(log y) te(y), ()

y<p=a p
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where €(y) tends monotonically to zero as y — oo, or
fp)=c>0, > f(p)logp =O(x), (5)

p<x

then there exist C, a, L(u), described in Theorem 1, such that (2) holds.
We shall divide the proof of this theorem into several stages. Let

Lemma 1. If the conditions of Theorem 2 are fulfilled, then there exist a, C,
L(1/(o —1)) such that

Fuo) = CL (24 ) 1= 01 +o( 25 ) ()

as 0 — 1+ 0, uniformly in any strip |t| < M.

We note that in Lemma 1 it is sufficient to require only 7 > 0, and not 7 > 1/2,
as in Theorem 2.

Proof. Condition (3), together with condition (5) following from (4), ensures
the possibility of representing F'(s) in the form

s) = exp (ZJ;E?—FH(S)) ) (7)

where H(s) is regular in the region o > 1/2 ++v = 1 —¢. Using (7), we obtain
for any ¢

W:exp{—ZW+ReH(S)+H1(U)}’ (8)

p

where

H, (o) :TZ (I% + log (1—%))

Summation by Abel gives

7 —Re —it > s(n

(o
> p n—2 n{log” n,
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where n <n; <n+ 1.

Tt is easy to show that the limit of the left-hand side of (9) as 0 — 1 4 0 exists
if and only if there exists

I )
lim E —_—
o—1+0 2 nllj log ny
On the other hand, if the latter limit does not exist, then on the basis of condi-

tion (1) it is equal to +o00, and, consequently, the limit of the left-hand side in
this case is equal to +oo.

Thus we obtain the following alternative:

o= (1)

2) or there exists an a such that

1) either for all ¢,

uniformly for |t| < M;

e 1
Rl = oo (e ) (10)
where
_ . T*Refa<p)
= lim p T Re H(L) + Hy (1)

We shall show that in this case, choosing

Cwexp{—ZT_Refa(p> + H(1) +H1<1)}a

o
I p

1 ~— Im £, (p)
L<0_1>:expzzipa ,

p

we obtain

1

a

Fuls) :CL(0—1)<T<S>+O ((0—11)T> :CL(ail) (8—11)T+0<(0—11)T

uniformly in ¢ in any fixed strip |¢| < M.
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Let us note that in this case there exists

lim Z T~ \J}(PN =,

o—1+0
P p

for otherwise, as above, from (1) we obtain

lim Z T JalPN o (p)] = 400,
P

< (o) 3 el e {ZT L +H3<o>} ~ (1),

which contradicts (10), since e # 0.

Let K be an arbitrary fixed constant and [t| < K(o — 1); then, putting
arg f,(p) = 0,, we obtain:

ZL 1+Z |f — costlogp)+

p pa'

| sin 0
+22 [ folp ostlogp — Z |f‘1 smﬁpsintlogp >

Z |f 51n9 sintlogp > —logK (11)

if

t
Z |f(f)|(1 —costlogp) > ¢, 10{;“'7'1 for [t| > K(o —1).
p 7=
P

The latter is obvious in the case |f(p)| > ¢ > 0.
In the case when condition (4) holds, we proceed as follows: let

a = arccos(l — g,) < 2,/€5;

then

Z o (p)] (1 —costlogp) >

p p p

P
l—e<costlogp<l

R

p<ealt k=1 exp 2mh=a < p<exp 2mk+a

1
> e97 log
o—
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Since from (1) it follows that

s} 2rk—a
|fa(p)] < tz exp(l — o) = %
p° pt 21k — «

k=1 exp 27r1:—oc <p<exp 27rl§+a

I t
« Z |fa(p)L ogp < eqy/25log 7
exp 2zk=a 2nkia p o—1

on the basis of (4), for K(o —1) < |t| < M we have

<p<exp

1
p—] —EQTlog;

Z |f]5(]:)|(1 —costlogp) > ey7log
P

4
—cye3log —] % 2€s log K.

g

From (8) follows the validity of (6) for K(o — 1) < [¢| < M. In the case
[t| < K(o — 1), using (1), we obtain

ZT_P;TJCG@ZO(I) as o — 1+0.

The subsequent arguments almost completely coincide with the corresponding
arguments in (* ). This proves Lemma 1.

Next we proceed as follows: let o, = 1+ 1/logz; then

Using (6), we find

1 s L(l _ _
— %F (s)ds = Mmlogr lx—l—o(xlogT lx).
270 Jy < k(oy—1) S I'(r)

Integrating by parts and using Schwarz’ s inequality, we obtain

1 s—1
D / %Fa(s) dS
271 >K(o-1) S

. 9 1/2 ) 1/2
|t|>K(c—1) |s| [t|>K(o—1) |s|

—(s

—(5)
By an almost literal repetition of the corresponding passage from (1), taking (°)
into account, we obtain that

<
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2

F/
dt <

)

a

Cy

/ 1
(o) [17

Lemma 2. Let o > 1 be such that at > 1; then

JO_]‘.

Ce

F adt < ——m2 |
/ PG (0o — Do

Proof. We rely on formula (7) and on the circumstance that

o~ f(7) m IHp) (ayk
exp{@ pf} ;7 where A(p*) = 5= (3)

The latter series converges for o > 1, and, see (?),

= o] gty [ o]

m<x p<x

T T(a/2 72(a/2)? ,
R ) g

p m<x

<c¢q

where X' (m) are the coefficients of the Dirichlet series.

Applying Parseval’ s equality once again and the considerations from (1), we
obtain the proof of the lemma.

Together with the estimates obtained, this gives

C
—=——xaL(l log” log" z). 12
HZ; i F<T)x (logx)log" x + o(xzlog’ x) (12)

The transition from (12) to (2) is carried out by asymptotic differentiation and

Abel summation, taking into account that L(u) is a slowly varying function.
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