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MATHEMATICS

N. V. AZBELEV, M. P. BERDNIKOVA, L. F. RAKHMATULLINA

INTEGRAL EQUATIONS WITH DEVIATING
ARGUMENT
(Presented by Academician I. M. Vinogradov on 21 III 1969)

Let us consider the system of equations

𝑥𝑖(𝑡) = ∫
𝑏

𝑎
𝑄𝑖(𝑡, 𝑠, 𝑥1(ℎ1(𝑠)), … , 𝑥1(ℎ𝑚1

(𝑠)), … , 𝑥𝑛(ℎ𝑚𝑛−1+1(𝑠)), …

… , 𝑥𝑛(ℎ𝑚𝑛
(𝑠))) 𝑑𝑠 + 𝑓𝑖(𝑡),

𝑥𝑖(𝜉) = 𝜑𝑖(𝜉) for 𝜉 ∈ [𝑎, 𝑏], 𝑖 = 1, … , 𝑛,

(1)

under the following assumptions.

In the domain 𝑡, 𝑠 ∈ [𝑎, 𝑏], |𝑢𝑗| < ∞, 𝑗 = 1, … , 𝑁 (𝑁 = 𝑚𝑛), the function
𝑄𝑖(𝑡, 𝑠, 𝑢1, … , 𝑢𝑁) (𝑖 = 1, … , 𝑛) is measurable in 𝑠 for all 𝑡, 𝑢1, … , 𝑢𝑁 and is
continuous with respect to the totality of arguments 𝑢1, … , 𝑢𝑁 for all 𝑡 and
almost all 𝑠. The function

sup
|𝑢𝑗|≤𝛾, 𝑗=1,…,𝑁

|𝑄𝑖(𝑡, 𝑠, 𝑢1, … , 𝑢𝑁)|

is summable in 𝑠 for any 𝛾 > 0 and all 𝑡. For any 𝛾 > 0 and every 𝑡0,

lim
𝑡→𝑡0

∫
𝑏

𝑎
sup

|𝑢𝑗|≤𝛾, 𝑗=1,…,𝑁
∣𝑄𝑖(𝑡0, 𝑠, 𝑢1, … , 𝑢𝑁) − 𝑄𝑖(𝑡, 𝑠, 𝑢1, … , 𝑢𝑁)∣ 𝑑𝑠 = 0.

On [𝑎, 𝑏] the functions 𝑓1, … , 𝑓𝑛 are continuous, while ℎ1, … , ℎ𝑁 are measurable
and bounded. On the set [𝛼, 𝑎] ∪ [𝑏, 𝛽], where

𝛼 = min {𝑎, inf
𝑠∈[𝑎,𝑏], 𝑗=1,…,𝑁

ℎ𝑗(𝑠)} , 𝛽 = max {𝑏, sup
𝑠∈[𝑎,𝑏], 𝑗=1,…,𝑁

ℎ𝑗(𝑠)} ,

the functions 𝜑1, … , 𝜑𝑛 are bounded and may have only a finite number of
points of discontinuity.
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Denote

𝐷𝑗 = {𝑠 ∈ [𝑎, 𝑏] ∣ ℎ𝑗(𝑠) ∈ [𝑎, 𝑏]}, 𝐸𝑗 = {𝑠 ∈ [𝑎, 𝑏] ∣ ℎ𝑗(𝑠) ∈ [𝑎, 𝑏]},

𝑗 = 1, … , 𝑁 . On the set of 𝑛-dimensional vector functions

𝑦(𝑡) = {𝑦1(𝑡; 𝑠, 𝜉1, … , 𝜉𝑘), … , 𝑦𝑛(𝑡; 𝑠, 𝜉1, … , 𝜉𝑘)}

of the argument 𝑡 ∈ [𝑎, 𝑏] and parameters 𝑠, 𝜉1, … , 𝜉𝑘, define the operator 𝑇ℎ(𝑦)
as follows: 𝑇ℎ(𝑦) = 𝑦ℎ, where 𝑦ℎ = {𝑦ℎ1

, … , 𝑦ℎ𝑁
} is an 𝑁 -dimensional vector

function with components

𝑦ℎ𝑗
= {𝑦𝑖(ℎ𝑗(𝑡); 𝑠, 𝜉1, … , 𝜉𝑘), for 𝑡 ∈ 𝐷𝑗,

0, for 𝑡 ∈ 𝐸𝑗,
𝑗 = 1, … , 𝑁,

and the index 𝑖 is determined from the inequality

𝑚𝑖−1 + 1 ≤ 𝑗 ≤ 𝑚𝑖 (𝑚0 = 0). (2)

By 𝜑ℎ = {𝜑ℎ1 , … , 𝜑ℎ𝑁 } we denote the 𝑁 -dimensional vector function with
components

𝜑ℎ𝑗(𝑡) = {0, for 𝑡 ∈ 𝐷𝑗,
𝜑𝑖(ℎ𝑗(𝑡)), for 𝑡 ∈ 𝐸𝑗,

𝑗 = 1, … , 𝑁,

where the index 𝑖 is determined by inequalities (2).

Using the introduced notation, we shall write system (1) in the form

𝑥(𝑡) = ∫
𝑏

𝑎
𝑄(𝑡, 𝑠, 𝑥ℎ(𝑠) + 𝜑ℎ(𝑠)) 𝑑𝑠 + 𝑓(𝑡),

where 𝑄(𝑡, 𝑠, 𝑢) = {𝑄1(𝑡, 𝑠, 𝑢1, … , 𝑢𝑁), … , 𝑄𝑛(𝑡, 𝑠, 𝑢1, … , 𝑢𝑁)}, 𝑢 =
{𝑢1, … , 𝑢𝑁}, 𝑓(𝑡) = {𝑓1(𝑡), … , 𝑓𝑛(𝑡)}.

1. Let 𝐶𝑛[𝑎,𝑏] be the space of 𝑛-dimensional vector functions 𝑥(𝑡)
with components 𝑥𝑖(𝑡) continuous on [𝑎, 𝑏] and with norm ‖𝑥‖ =
max𝑡∈[𝑎,𝑏], 𝑖=1,…,𝑛 |𝑥𝑖(𝑡)|.

Theorem 1. The operator

𝑄(𝑥) = ∫
𝑏

𝑎
𝑄(𝑡, 𝑠, 𝑥ℎ(𝑠) + 𝜑ℎ(𝑠)) 𝑑𝑠

acts in 𝐶𝑛[𝑎,𝑏] and is completely continuous.
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We shall call a solution of system (1) a fixed point in 𝐶𝑛[𝑎,𝑏] of the operator
𝑄(𝑥). Some consequences of Theorem 1 on the existence and uniqueness of a
solution of the equation 𝑥 = 𝑄(𝑥) + 𝑓 are given without proof in (1,2 ).
To the 𝑛-dimensional system (1) we assign the corresponding 𝑁 -dimensional
system

𝑧(𝑡) = ∫
𝑏

𝑎
𝑄ℎ(𝑡, 𝑠, 𝑧(𝑠)) 𝑑𝑠 + 𝐹(𝑡), (3)

where 𝑧(𝑡) = {𝑧1(𝑡), … , 𝑧𝑁(𝑡)}, 𝐹(𝑡) = 𝑓ℎ(𝑡) + 𝜑ℎ(𝑡). We consider this system
on the set of 𝑁 -dimensional vector functions with measurable bounded compo-
nents.

Theorem 2. System (1) has a solution 𝑥 if and only if there exists a solution 𝑧 of
system (3). The relations 𝑥(𝑡) = ∫𝑏

𝑎 𝑄(𝑡, 𝑠, 𝑧(𝑠)) 𝑑𝑠+𝑓(𝑡) and 𝑧(𝑡) = 𝑥ℎ(𝑡)+𝜑ℎ(𝑡)
establish a one-to-one correspondence between the set of solutions 𝑥 of system
(1) and the set of solutions 𝑧 of system (3).

The theorem stated develops the idea of the well-known substitution of A. I.
Loginov (3) and makes it possible to reduce a number of problems concerning
system (1) to already studied questions concerning system (3) without deviating
argument. Thus, assertions on integral inequalities and their consequences as
applied to differential equations (4−6) extend, by virtue of Theorem 2, to sys-
tems with deviating argument. Analogous extensions are obtained by certain
approximate and qualitative methods. In other words, assertions about system
(3) lead, by virtue of Theorem 2, to the corresponding assertions about system
(1).

2. In the case

𝑄𝑖(𝑡, 𝑠, 𝑢1, … , 𝑢𝑁) = 𝜆
𝑁

∑
𝑗=1

𝐾𝑖𝑗(𝑡, 𝑠)𝑢𝑗

we denote

𝐾(𝑡, 𝑠) = ⎛⎜
⎝

𝐾11(𝑡, 𝑠) … 𝐾1𝑁(𝑡, 𝑠)
⋯ ⋯ ⋯ ⋯ ⋯

𝐾𝑛1(𝑡, 𝑠) … 𝐾𝑛𝑁(𝑡, 𝑠)
⎞⎟
⎠

, Φ(𝑡) = ∫
𝑏

𝑎
𝐾(𝑡, 𝑠)𝜑ℎ(𝑠) 𝑑𝑠.

Thus, in the linear case system (1) has the form

𝑥(𝑡) = 𝜆 ∫
𝑏

𝑎
𝐾(𝑡, 𝑠)𝑥ℎ(𝑠) 𝑑𝑠 + 𝑓(𝑡) + 𝜆Φ(𝑡). (4)
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The Fredholm–Riesz theory is applicable to such a system. Therefore, for exam-
ple, the following is true:

Theorem 3. If system (4) is uniquely solvable for some pair of vector functions
𝜑 = {𝜑1, … , 𝜑𝑛}, 𝑓 = {𝑓1, … , 𝑓𝑛}, then it is uni-

is uniquely solvable for arbitrary 𝜑 and 𝑓 . If, for some pair 𝜑 and 𝑓 , system
(4) does not have the property of unique solvability, then it will not be uniquely
solvable for any 𝜑 and 𝑓 .

Let 𝑃ℎ(𝑡, 𝑠) denote the 𝑁 × 𝑁 matrix each column of which is the result of
applying the operator 𝑇ℎ to the corresponding column of the 𝑛 × 𝑁 matrix
𝑃(𝑡, 𝑠). Thus, in the linear case, system (3) has the form

𝑧(𝑡) = 𝜆 ∫
𝑏

𝑎
𝐾ℎ(𝑡, 𝑠)𝑧(𝑠) 𝑑𝑠 + 𝐹(𝑡). (5)

It follows from Theorem 2 that the characteristic numbers of system (4) and
system (5) coincide.

Below we shall assume that 𝐾𝑖𝑗(𝑡, 𝑠) (𝑖 = 1, … , 𝑛; 𝑗 = 1, … , 𝑁; 𝑡, 𝑠 ∈ [𝑎, 𝑏]) is
square summable in 𝑠 for each 𝑡, and that the function

𝐾𝑖𝑗(𝑡, 𝑠)2 𝑑𝑠

is continuous on [𝑎, 𝑏].
Denote

𝑅(𝑡, 𝑠; 𝜆) = 𝐾(𝑡, 𝑠) + 𝜆 ∫
𝑏

𝑎
𝐾(𝑡, 𝜏)Γ(𝜏, 𝑠; 𝜆) 𝑑𝜏,

where Γ(𝑡, 𝑠; 𝜆) is the resolvent of the kernel 𝐾ℎ(𝑡, 𝑠) of system (5). Then for
the solution 𝑥(𝑡) of system (4) we have

𝑥(𝑡) = 𝜆 ∫
𝑏

𝑎
𝑅(𝑡, 𝑠; 𝜆)[𝑓ℎ(𝑠) + 𝜆Φℎ(𝑠)] 𝑑𝑠 + 𝑓(𝑡) + 𝜆Φ(𝑡)

= 𝜆 ∫
𝑏

𝑎
𝑅(𝑡, 𝑠; 𝜆)[𝑓ℎ(𝑠) + 𝜑ℎ(𝑠)] 𝑑𝑠 + 𝑓(𝑡).

The resolvent 𝑅(𝑡, 𝑠; 𝜆) of the expressed kernel 𝐾(𝑡, 𝑠) can be constructed on the
basis of Theorem 2 in finite form. For the case 𝑛 = 1, 𝑁 = 1 such a resolvent
is given in (7).

3. The system of differential equations
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𝑥′
𝑖(𝑡) +

𝑛
∑
𝑟=1

𝑎𝑖𝑟(𝑡)𝑥𝑟(𝑡) =
𝑛

∑
𝑘=1

𝑚𝑘

∑
𝑗=𝑚𝑘−1+1

𝑏𝑖𝑗(𝑡)𝑥𝑘(ℎ𝑗(𝑡)) + 𝑓𝑖(𝑡), 𝑡 ∈ [𝑎, 𝑏],

𝑥𝑖(𝜉) = 𝜑𝑖(𝜉) for 𝜉 ∉ [𝑎, 𝑏], 𝑖 = 1, … , 𝑛,

has, in the notation adopted above, the form

𝑥′(𝑡) + 𝐴(𝑡)𝑥(𝑡) = 𝐵(𝑡)[𝑥ℎ(𝑡) + 𝜑ℎ(𝑡)] + 𝑓(𝑡), (6)

where

𝐴(𝑡) = ⎛⎜
⎝

𝑎11(𝑡) ⋯ 𝑎1𝑛(𝑡)
⋅ ⋅ ⋅

𝑎𝑛1(𝑡) ⋯ 𝑎𝑛𝑛(𝑡)
⎞⎟
⎠

, 𝐵(𝑡) = ⎛⎜
⎝

𝑏11(𝑡) ⋯ 𝑏1𝑁(𝑡)
⋅ ⋅ ⋅

𝑏𝑛1(𝑡) ⋯ 𝑏𝑛𝑁(𝑡)
⎞⎟
⎠

.

By a solution of system (6) we shall mean a vector-function with absolutely
continuous components satisfying (6) almost everywhere on [𝑎, 𝑏].
Assuming 𝑓𝑖, 𝑎𝑖𝑟, 𝑏𝑖𝑗 (𝑖, 𝑟 = 1, … , 𝑛, 𝑗 = 1, … , 𝑁) to be square summable on
[𝑎, 𝑏], consider the boundary-value problem

𝑥′(𝑡) + 𝐴(𝑡)𝑥(𝑡) = 𝐵(𝑡)[𝑥ℎ(𝑡) + 𝜑ℎ(𝑡)] + 𝑓(𝑡), 𝑙[𝑥] = 𝑐. (7)

Let 𝑙[𝑥] = {𝑙1[𝑥], … , 𝑙𝑛[𝑥]}, where 𝑙1[𝑥], … , 𝑙𝑛[𝑥] are such linear functionals in
𝐶𝑛[𝑎, 𝑏] that the problem 𝑢′ + 𝐴𝑢 = 𝑓, 𝑙[𝑢] = 0 has, for every 𝑓 , the solution

𝑢(𝑡) = ∫
𝑏

𝑎
𝐺(𝑡, 𝑠)𝑓(𝑠) 𝑑𝑠,

and the matrix 𝐺(𝑡, 𝑠) (𝑡, 𝑠 ∈ [𝑎, 𝑏]) is square summable in 𝑠 for each 𝑡.
Theorem 4. Problem (7) is uniquely solvable if and only if 𝑥 ≡ 0 is the unique
solution of the homogeneous problem

𝑥′(𝑡) + 𝐴(𝑡)𝑥(𝑡) = 𝐵(𝑡)𝑥ℎ(𝑡), 𝑙[𝑥] = 0.

In the case of unique solvability there exists a Green matrix 𝔊(𝑡, 𝑠) of problem
(7), that is, for arbitrary 𝑓, 𝜑, and 𝑐, the solution 𝑥(𝑡) of this problem has the
form

𝑥(𝑡) = ∫
𝑏

𝑎
𝔊(𝑡, 𝑠) [𝑓(𝑠) + 𝐵(𝑠)𝜑ℎ(𝑠)] 𝑑𝑠 + 𝑑(𝑡).
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Here 𝑑(𝑡) is the solution of the problem 𝑢′ + 𝐴𝑢 = 0, 𝑙[𝑢] = 𝑐.

Denoting by 𝑅(𝑡, 𝑠) the resolvent of the equation

𝑥(𝑡) = ∫
𝑏

𝑎
𝐺(𝑡, 𝑠)𝐵(𝑠)𝑥ℎ(𝑠) 𝑑𝑠,

we have:

𝔊(𝑡, 𝑠) = 𝐺(𝑡, 𝑠) + ∫
𝑏

𝑎
𝑅(𝑡, 𝜏)𝐺ℎ(𝜏, 𝑠) 𝑑𝜏.

Corollary. Let 𝑙[𝑥] ≡ 𝑥(𝑎), ℎ𝑗(𝑡) ≤ 𝑡, 𝑗 = 1, … , 𝑁, 𝑡 ∈ [𝑎, 𝑏]. Then problem
(7) is uniquely solvable. If on [𝑎, 𝑏] 𝑎𝑖𝑟 ≥ 0 (𝑖, 𝑟 = 1, … , 𝑛; 𝑖 ≠ 𝑟), 𝑏𝑖𝑗 ≥ 0
(𝑖 = 1, … , 𝑛, 𝑗 = 1, … , 𝑁), then 𝔊(𝑡, 𝑠) ≥ 0 in the square 𝑡, 𝑠 ∈ [𝑎, 𝑏].
Let us note that if, for some 𝑙[𝑥], problem (7) is uniquely solvable, then there
exists an 𝑛-dimensional fundamental system of solutions 𝑥1, … , 𝑥𝑛 of the ho-
mogeneous equation 𝑥′(𝑡) + 𝐴(𝑡)𝑥(𝑡) = 𝐵(𝑡)𝑥ℎ(𝑡). Thus every solution 𝑥(𝑡) of
equation (6) has the form

𝑥(𝑡) =
𝑛

∑
𝑖=1

𝑐𝑖𝑥𝑖(𝑡) + ∫
𝑏

𝑎
𝔊(𝑡, 𝑠)[𝑓(𝑠) + 𝐵(𝑠)𝜑ℎ(𝑠)] 𝑑𝑠.

4. Using estimates of the spectral radius of the integral equation equivalent to
the boundary-value problem, one can obtain solvability conditions expressed in
terms of the coefficients of the equation. For example, for the scalar equation

𝑥(𝑛)(𝑡) +
𝑟+1
∑
𝑘=1

𝑚𝑘

∑
𝑗=𝑚𝑘−1+1

𝑝𝑗(𝑡)𝑥(𝑘−1)(ℎ𝑗(𝑡)) = 𝑓(𝑡), 𝑡 ∈ [𝑎, 𝑏],

𝑥(𝑖)(𝜉) = 𝜑𝑖(𝜉) for 𝜉 ∉ [𝑎, 𝑏], 𝑖 = 0, 1, … , 𝑟, 𝑟 ≤ 𝑛 − 1, (8)

the following is true.

Theorem 5. Let

∫
𝑏

𝑎

𝑟
∑
𝑘=1

𝑚𝑘

∑
𝑗=𝑚𝑘−1+1

(ℎ𝑗(𝑠) − 𝑎)𝑛−𝑘(𝑏 − 𝑠)𝑛−𝑟−1

(𝑛 − 𝑘)! 𝜎𝑗(𝑠)|𝑝𝑗(𝑠)| 𝑑𝑠 < (𝑏 − 𝑎)𝑛−𝑟−1,

where
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𝜎𝑗(𝑠) = {1, if 𝑠 ∈ 𝐷𝑗,
0, if 𝑠 ∈ 𝐸𝑗,

𝑗 = 1, … , 𝑚𝑟+1.

Then equation (8) with boundary conditions 𝑥(𝑖)(𝑎) = 0, 𝑖 = 0, 1, … , 𝑛 −
2, 𝑥(𝑟)(𝑏) = 0 has a unique solution. If, moreover, 𝑝𝑗(𝑡) ≥ 0, 𝑗 = 1, … , 𝑚𝑟+1, 𝑡 ∈
[𝑎, 𝑏], then the Green function of the problem is negative for 𝑡, 𝑠 ∈ [𝑎, 𝑏].
Analogous solvability criteria for equation (8) with other boundary conditions
are given in (1, 2).
Tambov Institute of Chemical Machine Building

Received
13 III 1969

REFERENCES
1. M. P. Berdnikova, Tr. Tambovsk. inst. khim. mashinostroeniya, issue 3,

65 (1969).

2. N. V. Azbelev, M. P. Berdnikova, L. F. Rakhmatullina, Tr. Tambovsk.
inst. khim. mashinostroeniya, issue 3, 71 (1969).

3. A. I. Loginov, DAN, 150, No. 2, 256 (1963).

4. N. V. Azbelev, Tr. Tambovsk. inst. khim. mashinostroeniya, issue 2, 8
(1968).

5. G. N. Zhevlakova, Yu. V. Komlenko, E. L. Tonkov, Dokl. AN BSSR, 10,
No. 9, 626 (1966).

6. L. N. Fadeeva, Differential Equations, 5, No. 2, 343 (1969).

7. L. F. Rakhmatullina, Tr. Tambovsk. inst. khim. mashinostroeniya, issue
3, 69 (1969).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-197001.76373 Machine Translation

https://sovietrxiv.org/items/ru-197001.76373

	Abstract
	Full Text
	INTEGRAL EQUATIONS WITH DEVIATING ARGUMENT
	REFERENCES


