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Let us consider the system of equations

b
ri(t) = / Qu(t, 5,21 (h(5))s o r 21 (g (5)ser 2 (B 41(5)),

@y (B, (5))) ds + fi(),

xl(f) :902(5) fOI'afE [aab]a izlv"'a”»

(1)

under the following assumptions.

In the domain ¢,s € [a,b], |u;| < o0, j = 1,...,N (N = m,), the function
Q,(t,s,uq,...,uy) (1 = 1,...,n) is measurable in s for all ¢, uq,...,uy and is
continuous with respect to the totality of arguments u,...,uy for all ¢ and
almost all s. The function

sup ‘Ql(t’ Saula"'auN)|
lug|<vy, §=1,...N

is summable in s for any v > 0 and all ¢£. For any v > 0 and every ¢,

b

lim sup |Qi(tg, s, uy, s uy) — Q;(t, s, uy, ..., uy)| ds = 0.
t=to J, [uj[<y, 5=1,...N

On [a, b] the functions fi, ..., f,, are continuous, while h4, ..., h are measurable
and bounded. On the set [a, a] U [b, ], where

,,,,,

o = min« a, inf h:(s) ¢, B = max < b, sup h.(s) ¢,
{ se€la,b], j=1,..,N i )} { s€la,b], j=1,..,N it )}

the functions ¢, ..., ¢, are bounded and may have only a finite number of
points of discontinuity.
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Denote

Dj={sela,b] [ h(s) €la,b]},  E;={s€[a,b]|hs)€[ab]},
j=1,...,N. On the set of n-dimensional vector functions

y(t) = {y1<t7 87517 75[@)7 7yn(t7 87617 7§k>}

of the argument ¢ € [a,b] and parameters s,&, ..., &, define the operator T}, (y)
as follows: T} (y) = y;,, where y, = {yhl, ,th} is an N-dimensional vector
function with components

(h.(t);8,&1,...,&), forte D, )
T yz( j( ) S 51 fk‘) or J j= 1,...,N,
Y 0, fort € £,
and the index ¢ is determined from the inequality
m;_ 1 +1<j<m; (mg =0). (2)

By ¢" = {¢™, ..., 0"~} we denote the N-dimensional vector function with
components

0, forte D, .

Pl (t) = rEE i1, N,
@i(h;(t)), forte Ej,

where the index 7 is determined by inequalities (2).

Using the introduced notation, we shall write system (1) in the form

b
x(t) = / Q(t, 5, 24(5) + " (5)) ds + F(1),

where  Q(t,s,u) = {Qq(t, S Uy, oy Un )y, @ty SyUp, e yupy)ty, =
{u17 ’uN}v f(t) = {fl(t)v"'vfn(t)}'

1. Let C,,y be the space of n-dimensional vector functions ()
with components z,(t) continuous on [a,b] and with norm |z| =

MaXic(a,b], i=1,...,n |z (t)].

Theorem 1. The operator

b
Qx) = / Q(t, 5, 24(5) + " (5)) ds

acts in Cyq ) and is completely continuous.
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We shall call a solution of system (1) a fixed point in C,,; of the operator
Q(z). Some consequences of Theorem 1 on the existence and uniqueness of a
solution of the equation z = Q(z) + f are given without proof in (1,2).

To the n-dimensional system (1) we assign the corresponding N-dimensional
system

b
2(t) = / Qp(t,s,2(s))ds + F(t), (3)

where 2(t) = {2,(t), ..., z2xy()}, F(t) = f,(t) + ¢"(t). We consider this system
on the set of N-dimensional vector functions with measurable bounded compo-
nents.

Theorem 2. System (1) has a solution x if and only if there exists a solution z of
system (8). The relations x(t) = Lb Q(t,s,2(s)) ds+f(t) and z(t) = x,,(t)+"(t)
establish a one-to-one correspondence between the set of solutions x of system
(1) and the set of solutions z of system (3).

The theorem stated develops the idea of the well-known substitution of A. I.
Loginov (®) and makes it possible to reduce a number of problems concerning
system (1) to already studied questions concerning system (3) without deviating
argument. Thus, assertions on integral inequalities and their consequences as
applied to differential equations (*~%) extend, by virtue of Theorem 2, to sys-
tems with deviating argument. Analogous extensions are obtained by certain
approximate and qualitative methods. In other words, assertions about system
(3) lead, by virtue of Theorem 2, to the corresponding assertions about system

(1)

2. In the case

we denote

K (t,s)... Kiy(t,s) b
K(t,s) = ( ) , d(t) :/ K(t,s)cph(s)ds.
K, (t,s)... K, y(t,s) a

Thus, in the linear case system (1) has the form

b
z(t) = )\/ K(t,s)x,(s)ds + f(t) + A®(1). (4)
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The Fredholm-Riesz theory is applicable to such a system. Therefore, for exam-
ple, the following is true:

Theorem 3. If system (4) is uniquely solvable for some pair of vector functions
o={p1, o0t F={f1, s [n}, then it is uni-

is uniquely solvable for arbitrary ¢ and f. If, for some pair ¢ and f, system
(4) does not have the property of unique solvability, then it will not be uniquely
solvable for any ¢ and f.

Let P,(t,s) denote the N x N matrix each column of which is the result of
applying the operator T}, to the corresponding column of the n x N matrix
P(t,s). Thus, in the linear case, system (3) has the form

b
2(t) = /\/ K, (t,s)z(s)ds + F(t). (5)

It follows from Theorem 2 that the characteristic numbers of system (4) and
system (5) coincide.

Below we shall assume that K;(t,s) (i = 1,...,n; j=1,..,N; t,s € [a,b]) is
square summable in s for each ¢, and that the function

2
K;;(t,s)*ds

is continuous on [a, b].

Denote

b
R(t,s;\) = K(t,s) + )\/ K(t,m)T(7,s;\) dr,

where T'(t,s; \) is the resolvent of the kernel K, (t,s) of system (5). Then for
the solution z(t) of system (4) we have

b
2(t) = A / Rt 5: N[, (5) + Dy ()] ds + F(2) + AD()
b
Y / R(t, 5 V)[fu(s) + " (5)] ds + F(1).

The resolvent R(t, s; A) of the expressed kernel K (¢, s) can be constructed on the
basis of Theorem 2 in finite form. For the case n = 1, N = 1 such a resolvent
is given in (7).

3. The system of differential equations
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bij(t)z(hy(t) + fi(t), ¢ €a,b],

r=1 k=1 j=m,_,+1

2 (§) = @;(€) for & ¢ fa,b], i=1,...n,

has, in the notation adopted above, the form

o' (t) + A()z(t) = B(t)[z,(t) + " (6)] + f (1), (6)

where

aj (t) - ag,(t) bya(t) - bin(t)
A(t) = . . . , B(t) = . . . .
n1 (t) o Oy (t) bnl (t) bnN (t>
By a solution of system (6) we shall mean a vector-function with absolutely
continuous components satisfying (6) almost everywhere on [a, b].

Assuming f;,a;,.,b;; (i,7 = 1,...,n, j = 1,...,N) to be square summable on
[a, b], consider the boundary-value problem

' (t) + A(t)a(t) = Bt)[z, () + "] + f(t),  lz]=c. (7)

Let l[z] = {ly[z],...,L,[=]}, where [;[z],...,[,[z] are such linear functionals in
C,,la,b] that the problem v’ + Au = f, {[u] = 0 has, for every f, the solution

b
u(t) = / G(t, 5)f(s) ds,

and the matrix G(t,s) (¢, s € [a,b]) is square summable in s for each ¢.

Theorem 4. Problem (7) is uniquely solvable if and only if = 0 is the unique
solution of the homogeneous problem

' (t) + At)z(t) = B(t)x,,(t), llz] = 0.
In the case of unique solvability there exists a Green matrix &(¢, s) of problem

(7), that is, for arbitrary f, ¢, and ¢, the solution z(t) of this problem has the
form

b
x(t) = / &(t,s) [f(s) + B(s)p"(s)]ds + d(t).
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Here d(t) is the solution of the problem u’ + Au =0, {[u] = c.

Denoting by R(t,s) the resolvent of the equation

b
x(t):/ G(t,s)B(s)z,(s)ds,

we have:

b
&(t,s) = G(t,s) —|—/ R(t, )Gy (7, 8)dT.

Corollary. Let l[z] = z(a), h;(t) <t, j=1,..,N, t € [a,b]. Then problem
(7) is uniquely solvable. If on [a,b] a;. > 0 (i,7 = 1,...,n; i # r), b;; > 0

(i=1,...,mn, j=1,...,N), then &(¢,s) > 0 in the square ¢, s € [a, b].

Let us note that if, for some [z], problem (7) is uniquely solvable, then there
exists an n-dimensional fundamental system of solutions z',...,2" of the ho-
mogeneous equation z’(t) + A(t)x(t) = B(t)x,(t). Thus every solution x(t) of
equation (6) has the form

n b
r(t) = 3 et (t) + / B(t, 5)[f(s) + B(s)g"(s)] ds.

4. Using estimates of the spectral radius of the integral equation equivalent to
the boundary-value problem, one can obtain solvability conditions expressed in
terms of the coefficients of the equation. For example, for the scalar equation

r+1 my

M) +Y Y pOe V() = f(t),  t€ [a,b),

k=1 j=m;_;+1

x(l>(£):(p1(£> fOI‘§¢ [(Z,b], iZO,l,...,T, rgn*la (8)

the following is true.

Theorem 5. Let

b r my h(s) —a n—k h—g)yn—r-1
[y LY ()n;)! L o e ds < (h— ),

k=1 j=m;_,+1

where
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1, ifse D,
oi(s) =< 7 j=1,....,m_,q.
() {0, ifscp, 7 r+1

Then equation (8) with boundary conditions z¥(a) = 0, i = 0,1,...,n —
2, 2" (b) = 0 has a unique solution. If, moreover, pj(t) >0, j=1,...,m, 4, t€
[a, ], then the Green function of the problem is negative for ¢, s € [a, b].

Analogous solvability criteria for equation (8) with other boundary conditions
are given in (1, ?).
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