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Abstract
Full Text
UDC 519.281.2

MATHEMATICS

Yu. S. TUMASHEV

ON THE APPLICATION OF THE MAXIMUM
LIKELIHOOD METHOD FOR PROCESSING
RANDOM GAUSSIAN PROCESSES
(Presented by Academician B. N. Petrov, October 18, 1968)

Usually, for processing a finite number of measurements with random errors, the
maximum likelihood method is used (1,2). In the case when the set of measured
quantities can be regarded as a random vector with a Gaussian (normal) prob-
ability density distribution, the application of this method generally requires
knowledge of the matrix inverse to the correlation matrix of the errors. In
passing from discrete measurements to continuous ones, the random vector of
measurements becomes a random Gaussian process, and the correlation matrix
of measurement errors becomes a correlation function. Therefore, it is impossi-
ble to carry out a direct generalization of the maximum likelihood method for
processing random Gaussian processes.

The results obtained in this paper make it possible, when processing random
Gaussian processes, to find estimates of the parameters to be determined from
equations analogous to the likelihood equations for processing discrete measure-
ments.

§ 1. Let the measured quantity 𝑦(𝑡) be related to the parameters to be deter-
mined 𝑐1 … 𝑐𝑛 by the equation

𝑦(𝑡) = 𝜑(𝑐, 𝑡). (1)

The function 𝜑(𝑐, 𝑡) is continuous together with its first derivatives with respect
to 𝑐1 … 𝑐𝑛.

Measurements of 𝑦(𝑡) are made at the instants 𝑡𝑖 (𝑖 = 1, … , 𝑁) on the interval
[0, 𝑇 ]. The sample of measurements 𝑦meas(𝑡) is a random 𝑁 -dimensional vector.
It is assumed that the correlation matrix 𝐾(𝛿𝑦) is known. The application of the
maximum likelihood method to the processing of 𝑦meas(𝑡) leads to the solution
of a nonlinear system of equations with respect to the estimated parameters 𝑐
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𝜕𝜑𝑇

𝜕𝑐 𝐾−1(𝛿𝑦)(𝑦meas − 𝜑) = 0. (2)

Here

𝜕𝜑𝑇

𝜕𝑐 =
⎡
⎢⎢⎢
⎣

𝜕𝜑
𝜕𝑐1

(𝑡1) … 𝜕𝜑
𝜕𝑐1

(𝑡𝑁)
⋯ ⋯ ⋯ ⋯ ⋯

𝜕𝜑
𝜕𝑐𝑛

(𝑡1) … 𝜕𝜑
𝜕𝑐𝑛

(𝑡𝑁)

⎤
⎥⎥⎥
⎦

; 𝜑 = ⎡⎢
⎣

𝜑(𝑐, 𝑡1)
⋮

𝜑(𝑐, 𝑡𝑁)
⎤⎥
⎦

; 𝑦meas = ⎡⎢
⎣

𝑦meas(𝑡1)
⋮

𝑦meas(𝑡𝑁)
⎤⎥
⎦

are 𝑁 -dimensional vectors.

In the theory of random functions, all statistical properties of Gaussian processes
are completely determined by specifying the correlation function 𝑅(𝑡, 𝜏). This
function can always be approximated on the measurement interval with any
prescribed accuracy by a set of linearly independent functions 𝑎𝑖(𝑡) (𝑖 = 1, … , 𝑚)

𝑅(𝑡, 𝜏) = a𝑇 (𝑡)𝐻a(𝜏). (3)

Here a𝑇 (𝑡) = [𝑎1(𝑡), … , 𝑎𝑚(𝑡)]; a(𝜏) = ⎡⎢
⎣

𝑎1(𝜏)
⋮

𝑎𝑚(𝜏)
⎤⎥
⎦

, and 𝐻 is a nonsingular con-

stant matrix defined for the given correlation function and the basis set 𝑎𝑖(𝑡).
For values of the random function 𝑦meas(𝑡) at discrete instants 𝑡𝑖 (𝑖 = 1, … , 𝑁),
an approximate correlation matrix of the random vector ymeas can be obtained
from (3). We write the approximate correlation matrix for the sample ymeas in
the form

𝐾0(𝛿𝑦) = 𝐴𝑇 𝐻𝐴, (4)

where

𝐴 = ⎡⎢
⎣

𝑎1(𝑡1) … 𝑎1(𝑡𝑁)
⋮ ⋱ ⋮

𝑎𝑚(𝑡1) … 𝑎𝑚(𝑡𝑁)
⎤⎥
⎦

.

The rank of the matrix 𝐴 is equal to 𝑚. This follows from the linear indepen-
dence of the functions 𝑎𝑖(𝑡) and from the fact that 𝑡𝑖 ≠ 𝑡𝑗 for 𝑖 ≠ 𝑗. As shown
in (3), the rank of the matrix 𝐾0(𝛿𝑦) must not exceed 𝑚. Since 𝑚 < 𝑁 , the
matrix (4) cannot be used directly in system (2).

Transform the vectors ymeas and 𝜑 according to the formulas
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zmeas = 𝑀ymeas, 𝜑1(𝑐) = 𝑀𝜑(𝑐). (5)

The correlation matrices of the random vectors ymeas and zmeas are related by

𝐾(𝛿𝑧) = 𝑀𝐾(𝛿𝑦)𝑀𝑇 (6)

and, consequently,

𝐾0(𝛿𝑧) = 𝑀𝐴𝑇 𝐻𝐴𝑀𝑇 . (6’)

Consider the random vector zmeas with fictitious statistical characteristics de-
termined by the pseudocorrelation matrix according to the formula

𝐾(𝛿𝑧) = 𝐾0(𝛿𝑧) + 𝜆𝜀, (7)

where 𝐾0(𝛿𝑧) is determined by (6), and 𝜀 is a nonsingular matrix.

We formulate for the pencil of matrices (7) a lemma, without giving its proof.

Lemma. Let 𝐾0 be a singular matrix, and let the matrix 𝜀 be nonsingular.
There exists a 𝛿-neighborhood of the point 𝜆 = 0 in which, except for the point
itself, all matrices of the pencil (7) are nonsingular.

Without loss of generality, one may assume that 𝜀 ≡ 𝐸. Consequently, the
pseudocorrelation matrix (7) can be used in the likelihood equations.

§ 2. After substituting (7) into them and performing some transformations, the
likelihood equations are expanded in a series in 𝜆. In the resulting expansions
the limiting transition 𝜆 to zero is carried out.

Introduce the matrix 𝑋 by the formula

𝜕𝜑𝑇
1

𝜕𝑐 𝐾−1(𝛿𝑧) = 𝑋. (8)

Substituting the expression for 𝐾(𝛿𝑧) from (7) and (6’) into (8), we obtain

𝑋𝑀𝐴𝑇 𝐻𝐴𝑀𝑇 + 𝜆𝑋 = 𝜕𝜑𝑇
1

𝜕𝑐 . (9)

The linear system of equations (9) is solved with respect to 𝑋 by a method
analogous to the method for solving Fredholm integral equations of the second
kind with degenerate kernels. As a result we obtain

𝑋 = 1
𝜆

𝜕𝜑𝑇
1

𝜕𝑐 − 1
𝜆

𝜕𝜑𝑇
1

𝜕𝑐 𝑀𝐴𝑇 (𝐻𝐴𝑀𝑇 𝑀𝐴𝑇 + 𝜆𝐸)−1 𝐻−1𝐴𝑀𝑇 . (10)
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Using (5), expand (10) in a series in 𝜆. The likelihood equations are represented
in the form

1
𝜆

𝜕𝜑𝑇

𝜕𝑐 [𝑀𝑇 𝑀 − 𝑀𝑇 𝑀𝐴𝑇 (𝐴𝑀𝑇 𝑀𝐴𝑇 )−1𝐴𝑀𝑇 𝑀 + 𝜆𝑀𝑇 𝑀𝐴𝑇 (𝐴𝑀𝑇 𝑀𝐴𝑇 )−1×

×𝐻−1(𝐴𝑀𝑇 𝑀𝐴𝑇 )−1𝐴𝑀𝑇 𝑀 + 𝜆2(…)] (ymeas − 𝜑) = 0, (11)

Consider a specific form of the nonsingular transformation 𝑀

𝑀 = 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐴 + 𝜆𝐸. (12)

Here 𝜆 is a parameter identical with the parameter 𝜆 in (11). The likelihood
equations (11), using (12), shall be represented in the form of a series in 𝜆,
restricting ourselves to the linear term of the expansion.

𝜕𝜑𝑇

𝜕𝑐 {𝐴𝑇 (𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐴 + 𝜆 [𝐸 − 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐴−

−𝐴𝑇 (𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐴]} (ymeas − 𝜑) = 0. (13)

Three cases are possible for the approximate representation of the correlation
function in the form (3). The first case is when the number of terms in the
expansion 𝑚 is greater than the number of parameters being determined 𝑛; the
second case is 𝑚 < 𝑛, and the third case is 𝑚 = 𝑛.

§ 3. First case 𝑚 > 𝑛.

Since 𝑁 ≫ 𝑚 and the functions 𝑎𝑖(𝑡) are linearly independent, the rank of the
matrix

𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 (𝐴𝐴𝑇 )−1

is equal to the number of parameters being determined. Therefore the Jacobian
of the transformation for 𝑐, determined by system (13) at 𝜆 = 0, is different
from zero, i.e., the condition holds

det [𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐴𝜕𝜑
𝜕𝑐 ] ≠ 0.

Consequently, the likelihood equations for this case take the form

𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐴(ymeas − 𝜑) = 0. (14)
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The correlation matrix of the parameters estimated by formula (14) has the
form

𝐾(𝛿𝑐) = [𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐴𝜕𝜑
𝜕𝑐 ]

−1
. (15)

In equations (14) and (15) a direct limiting transition to continuous measure-
ment is possible.

Second case 𝑚 < 𝑛. Since 𝑁 ≫ 𝑚, the rank of the matrix

𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 (𝐴𝐴𝑇 )−1

is equal to 𝑚, and the Jacobian of the transformation for 𝑐, determined by the
first term of the expansion of system (13) in 𝜆, is equal to zero, i.e.,

det [𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐴𝜕𝜑
𝜕𝑐 ] = 0.

We shall now show that the Jacobian of the transformation for 𝑐, determined
by system (13), is different from zero. For this it is sufficient to show the
nonsingularity of the matrix

𝐸 − 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐴 − 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐴.

Indeed, by direct verification it is easy to show that the matrix

𝐸 − 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐴 − 𝐴𝑇 𝐻𝐴𝐴𝑇 𝐻𝐴

is, for

𝐸 − 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐴 − 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐻−1(𝐴𝐴𝑇 )−1𝐴

the inverse.

Multiply system (13) from the left by the nonsingular matrix

1
𝜆𝐸 − 1

𝜆
𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 (𝐴𝜕𝜑
𝜕𝑐 𝑅 𝜕𝜑𝑇

𝜕𝑐 )
−1

𝐴𝜕𝜑
𝜕𝑐 𝑅−1+

+𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 (𝐴𝜕𝜑
𝜕𝑐 𝑅−1 𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 )
−1

𝐴𝐴𝑇 𝐻𝐴𝐴𝑇 (𝐴𝜕𝜑
𝜕𝑐 𝑅−1 𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 )
−1

𝐴𝜕𝜑
𝜕𝑐 𝑅−1,
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where

𝑅 = 𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 − 𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 (𝐴𝐴𝑇 )−1 𝜕𝜑
𝜕𝑐 .

Then the likelihood equations take the form

⎧{
⎨{⎩

𝜕𝜑𝑇

𝜕𝑐 [𝐸 − 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐴] + 𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 [𝐴𝜕𝜑
𝜕𝑐 (𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 )

−1 𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 ]
−1

×

×𝐴 [𝐸 − 𝜕𝜑
𝜕𝑐 (𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 )

−1 𝜕𝜑𝑇

𝜕𝑐 ]} (𝑦meas − 𝜑) = 0. (16)

System (16) has a unique solution for 𝑐. For this it is sufficient to show that the
matrix

𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 − 𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 (𝐴𝐴𝑇 )−1𝐴𝜕𝜑
𝜕𝑐

has an inverse. Indeed, such a matrix is

(𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 )

−1
+ (𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 )

−1
×

×𝜕𝜑
𝜕𝑐 𝐴𝑇 [𝐴𝐴𝑇 − 𝐴𝜕𝜑

𝜕𝑐 (𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 )

−1 𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 ]
−1

𝐴𝜕𝜑
𝜕𝑐 (𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 )

−1
.

The correlation matrix of the parameters 𝑐 estimated by formula (16) can be
represented in the form

𝐾(𝛿𝑐) = 𝐵𝑇 𝐴𝐴𝑇 𝐻𝐴𝐴𝑇 𝐵, (17)

where

𝐵 = [𝐴𝜕𝜑
𝜕𝑐 (𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 )

−1 𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 ]
−1

𝐴𝜕𝜑
𝜕𝑐 (𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 )

−1
.

In equations (16) and (17) a passage to a continuous measurement is also pos-
sible.
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Third case 𝑚 = 𝑛. In this case the matrix 𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 is square and nonsingular.
Its rank is equal to the rank of the matrix 𝐴𝐴𝑇 . Therefore the likelihood
equations take the form

𝐴(𝑦meas − 𝜑) = 0. (18)

The correlation matrix of the parameters estimated by formula (18) has the
form

𝐾(𝛿𝑐) = (𝐴𝜕𝜑
𝜕𝑐 )

−1
𝐴𝐴𝑇 𝐻𝐴𝐴𝑇 (𝜕𝜑𝑇

𝜕𝑐 𝐴𝑇 )
−1

. (19)

In formulas (18), (19) a passage to a continuous measurement is possible. In
this case the following limiting expressions will hold for the matrices occurring
in formulas (14), (15), (16), (17), (18), (19):

lim
Δ𝑡→0

𝐴𝜕𝜑
𝜕𝑐 Δ𝑡 = ∫

𝑇

0
𝑎(𝑡)𝜕𝜑

𝜕𝑐 (𝑐, 𝑡) 𝑑𝑡,

lim
Δ𝑡→0

𝐴𝐴𝑇 Δ𝑡 = ∫
𝑇

0
𝑎(𝑡)𝑎𝑇 (𝑡) 𝑑𝑡,

lim
Δ𝑡→0

(𝜕𝜑𝑇

𝜕𝑐
𝜕𝜑
𝜕𝑐 ) Δ𝑡 = ∫

𝑇

0

𝜕𝜑𝑇

𝜕𝑐 (𝑐, 𝑡)𝜕𝜑
𝜕𝑐 (𝑐, 𝑡) 𝑑𝑡, (20)

lim
Δ𝑡→0

𝐴(𝑦meas − 𝜑)Δ𝑡 = ∫
𝑇

0
𝑎(𝑡) [𝑦meas(𝑡) − 𝜑(𝑐, 𝑡)] 𝑑𝑡.

Substituting equalities (20) into systems (14), (15), (16), (17), (18), (19), we
obtain the likelihood equations for processing Gaussian processes and the esti-
mates of the correlation matrices of the parameters being determined.

Received
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