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MATHEMATICS
R. V. DUDUCHAVA

ON SINGULAR INTEGRAL OPERATORS IN
A WEIGHTED HÖLDER SPACE
(Presented by Academician N. I. Muskhelishvili on 22 VII 1969)

In the present note we set forth some additions to the well-known results of
N. I. Muskhelishvili (1) on singular integral equations with piecewise-Hölder
coefficients. In the proofs of almost all the theorems given below, we use methods
proposed by I. Ts. Gohberg and N. Ya. Krupnik in (2−4).

1. Let Γ be a simple smooth closed oriented curve in the plane, enclosing
the point 𝑧 = 0. Let 𝑐1, … , 𝑐𝑛 be some points on Γ, and let 𝜇 be a real
number, 0 < 𝜇 ⩽ 1.

By 𝐻𝜇(Γ) we shall denote the Banach space of functions defined on Γ, satisfying
the Hölder condition with exponent 𝜇 and with norm

‖𝜑‖𝐻 = sup |𝜑(𝑡2) − 𝜑(𝑡1)|
|𝑡2 − 𝑡1|𝜇 + max |𝜑(𝑡)| (𝑡, 𝑡1, 𝑡2 ∈ Γ, 𝑡1 ≠ 𝑡2).

By 𝐻0
𝜇(Γ, 𝑐, … , 𝑐𝑛) we shall denote the subspace of the space 𝐻𝜇(Γ) consisting

of all functions 𝜑(𝑡) for which 𝜑(𝑐𝑗) = 0 (𝑗 = 1, … , 𝑛).
Let 𝛼1, … , 𝛼𝑛 be some complex numbers. Consider the function

𝜌(𝑡) =
𝑛

∏
𝑘=1

(𝑡 − 𝑐𝑘)𝛼𝑘 . (1)

By 𝐻0
𝜇(Γ, 𝜌) we shall denote the set of all functions 𝜑(𝑡) satisfying the condition

𝜑(𝑡) ⋅ 𝜌(𝑡) ∈ 𝐻0
𝜇(Γ, 𝑐1, … , 𝑐𝑛). It is easy to see that the class 𝐻0

𝜇(Γ, 𝜌), endowed
with the norm ‖𝜑‖𝜌 = ‖𝜑 ⋅ 𝜌‖𝐻 , is a Banach space.

Using known methods for estimating singular operators (see (1), § 25), one can
show that if the numbers 𝜇, 𝛼1, … , 𝛼𝑛 satisfy the conditions

0 < 𝜇 < 1, 𝜇 < Re𝛼𝑘 < 𝜇 + 1 (𝑘 = 1, … , 𝑛), (2)
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then the singular integration operator 𝑆

(𝑆𝜑)(𝑡) = 1
𝜋𝑖 ∫

Γ

𝜑(𝜏)
𝜏 − 𝑡 𝑑𝜏 (𝑡 ∈ Γ)

is a linear bounded operator in the space 𝐻0
𝜇(Γ, 𝜌).

The following lemma plays an essential role in what follows.*

Lemma. If 𝑎(𝑡) ∈ 𝐻𝜇(Γ), and the numbers 𝜇, 𝛼1, … , 𝛼𝑛 satisfy the relations
(2), then the operator 𝑇 = 𝑎𝑆 − 𝑆𝑎𝐼 (𝐼 is the identity operator) is a completely
continuous operator in the space 𝐻0

𝜇(Γ, 𝜌), where 𝜌(𝑡) is defined by equality (1).

Theorem 1. Let 𝑐(𝑡) and 𝑑(𝑡) ∈ 𝐻𝜇(Γ); the numbers 𝜇, 𝛼1, … , 𝛼𝑛 satisfy the
relations (2), and 𝜌(𝑡) is defined by equality (1).

In order that the operator

𝐴 = 𝑐𝐼 + 𝑑𝑆 (𝐴 = 𝑐𝐼 + 𝑆𝑑𝐼)

be a Φ+- or Φ−-operator** in the space 𝐻0
𝜇(Γ, 𝜌), it is necessary and sufficient—

* For Hölder spaces without weight this lemma was established in (5), § 6.
** For the definition of Φ±- and Φ-operators, see (6).
sufficient that the conditions 𝑐(𝑡) + 𝑑(𝑡) ≠ 0, 𝑐(𝑡) − 𝑑(𝑡) ≠ 0 (𝑡 ∈ Γ) be satisfied.
If these conditions are satisfied and

𝜒 = (1/2𝜋)[arg((𝑐 + 𝑑)/(𝑐 − 𝑑))]Γ,

then:

1) for 𝜒 > 0 the operator 𝐴 is left invertible in 𝐻0
𝜇(Γ, 𝜌) and dim coker𝐴 = 𝜒;

2) for 𝜒 < 0 the operator 𝐴 is right invertible in 𝐻0
𝜇(Γ, 𝜌) and dimker𝐴 =

−𝜒;
3) for 𝜒 = 0 the operator 𝐴 is invertible in 𝐻0

𝜇(Γ, 𝜌).
For the case of the Hölder space without weight, Theorem 1 was established in
(7).

We note that, in order to establish the theorem formulated above, a new method
was needed for proving the necessity of its conditions.

From Theorem 1, in particular, it follows that if the functions 𝑐(𝑡) and 𝑑(𝑡) ∈
𝐻𝜇(Γ), then the spectrum of the operator 𝐴 does not depend on the choice of
the numbers 𝛼1, … , 𝛼𝑛 satisfying relations (2). This assertion ceases to be true
if the coefficients 𝑐(𝑡) and 𝑑(𝑡) have discontinuities of the first kind at certain
fixed points on Γ (see Theorem 2).
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2. Let 𝑥 and 𝜉 be two points of the complex plane; 𝜇 real, and 𝛼 a complex
number, with 0 < 𝜇 < 1, 𝜇 < Re𝛼 < 𝜇 + 1. By 𝜈𝜇,𝛼(𝑧, 𝜉) we denote
an arc of a circle joining the points 𝑧 and 𝜉 and possessing the following
properties: (I) in the case Re𝛼 − 𝜇 < 1/2, from the interior points of
the arc 𝜈𝜇,𝛼(𝑧, 𝜉) the segment joining the points 𝑧 and 𝜉 is seen under
the angle 𝜃 = (Re𝛼 − 𝜇)2𝜋, and the direction from 𝑧 to 𝜉 along the arc
𝜈𝜇,𝛼(𝑧, 𝜉) is counterclockwise; (II) in the case Re𝛼 − 𝜇 > 1/2, put

𝜈𝜇,𝛼(𝑧, 𝜉) = 𝜈𝜇,𝛽(𝜉, 𝑧),

where 𝛽 = 1 + 2𝜇 − 𝛼; (III) in the case Re𝛼 − 𝜇 = 1/2, by 𝜈𝜇,𝛼(𝑧, 𝜉) we
denote the segment joining the points 𝑧 and 𝜉.

By 𝐻𝜇(Γ, 𝑐1, … , 𝑐𝑛) we denote the set of functions continuous from the left on
Γ, satisfying everywhere the Hölder condition with exponent 𝜇, except, possibly,
at the points 𝑐1, … , 𝑐𝑛, at which they may have discontinuities of the first kind.

Let 𝑎(𝑡) ∈ 𝐻𝜇(Γ, 𝑐1, … , 𝑐𝑛), and let 𝜔 = (𝜇, 𝛼1, … , 𝛼𝑛) denote a vector with
coordinates satisfying relations (2). To the function 𝑎(𝑡) and the vector 𝜔 we as-
sociate a continuous, closed, naturally oriented curve 𝑉𝜔(𝑎), obtained by adding
𝑛 arcs 𝜈𝜇,𝛼𝑘

(𝑎(𝑐𝑘), 𝑎(𝑐𝑘 +0))* to the set of values of the function 𝑎(𝑡). The func-
tion 𝑎(𝑡) will be called 𝜔-nonexceptional if 0 ∉ 𝑉𝜔(𝑎). The index (or 𝜔-index)
of an 𝜔-nonexceptional function is the number of turns of the curve 𝑉𝜔(𝑎) about
the point 𝑧 = 0:

ind𝜔 𝑎 = 1
2𝜋 [arg𝑉𝜔(𝑎)]Γ.

Theorem 2. Let 𝑐(𝑡) and 𝑑(𝑡) ∈ 𝐻𝜇(Γ, 𝑐1, … , 𝑐𝑛); let the vector

𝜔 = (𝜇, 𝛼1, … , 𝛼𝑛)

satisfy relations (2), and let

𝜌(𝑡) =
𝑛

∏
𝑘=1

(𝑡 − 𝑐𝑘)𝛼𝑘 .

In order that the operator

𝐴 = 𝑐𝐼 + 𝑑𝑆 (𝐴 = 𝑐𝐼 + 𝑆𝑑𝐼) (3)

be a Φ+- or Φ−-operator in the space 𝐻0
𝜇(Γ, 𝜌), it is necessary and sufficient that

the following two conditions be satisfied:

I. inf |𝑏(𝑡)| > 0 (𝑡 ∈ Γ).
II. The function 𝑎(𝑡)/𝑏(𝑡) is 𝜔-nonexceptional, where 𝑎(𝑡) = 𝑐(𝑡) + 𝑑(𝑡) and

𝑏(𝑡) = 𝑐(𝑡) − 𝑑(𝑡).
If conditions I and II are satisfied and 𝜒 = ind𝜔[𝑎/𝑏], then:

1) for 𝜒 > 0 the operator 𝐴 is left invertible in 𝐻0
𝜇(Γ, 𝜌) and dim coker𝐴 = 𝜒;
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2) for 𝜒 < 0 the operator 𝐴 is right invertible in 𝐻0
𝜇(Γ, 𝜌) and dimker𝐴 =

−𝜒;
3) for 𝜒 = 0 the operator 𝐴 is invertible in 𝐻0

𝜇(Γ, 𝜌).
* The orientation of the curve 𝑉𝜔(𝑎) is chosen so that, on the intervals of con-
tinuity of the function 𝑎(𝑡), the motion along the curve 𝑉𝜔(𝑎) is determined by
the motion of the variable 𝑡 on Γ in the positive direction, and along the arcs
𝜈𝜇,𝛼𝑘

(𝑎(𝑐𝑘), 𝑎(𝑐𝑘 + 0))—from the point 𝑎(𝑐𝑘) to the point 𝑎(𝑐𝑘 + 0).
It is not difficult to verify that conditions I and II are equivalent to the following:

I′. inf |𝑎(𝑡)| > 0 and inf |𝑏(𝑡)| > 0 (𝑡 ∈ Γ).
II′. 𝛽𝑘 ≠ Re𝛼𝑘 − 𝜇, where

𝛽𝑘 = (1/2𝜋) arg [𝑎(𝑐𝑘)𝑏(𝑐𝑘 + 0)/𝑎(𝑐𝑘 + 0)𝑏(𝑐𝑘)].

Let conditions I and II be fulfilled. Consider the function

𝜓(𝑡) =
𝑛

∏
𝑘=1

𝑡𝛾𝑘 ,

where the numbers

𝛾𝑘 = (1/2𝜋) ln[𝑎(𝑐𝑘)𝑏(𝑐𝑘 + 0)/𝑎(𝑐𝑘 + 0)𝑏(𝑐𝑘)]

are chosen so that

Re𝛼𝑘 − 𝜇 > Re 𝛾𝑘 > Re𝛼𝑘 − 𝜇 − 1.

The latter is possible by virtue of condition II′. We also agree that the point of
discontinuity for the function 𝑡𝛾𝑘 (if 𝛾𝑘 is not an integer) is the point 𝑐𝑘. It is
easy to see that the function

𝑔(𝑡) = 𝑎(𝑡)/𝑏(𝑡)𝜓(𝑡)

belongs to the class 𝐻𝜇(Γ) and 𝑔(𝑡) ≠ 0 (𝑡 ∈ Γ). If

𝑔±(𝑡) = exp [ 1
2 ((𝐼 ± 𝑆)𝑡−𝜘𝑔)(𝑡) ],

where
𝜘 = (1/2𝜋)[arg 𝑔(𝑡)]Γ,

then one of the inverse operators to the operator 𝐴 = 𝑐𝐼 + 𝑑𝑆 (the left inverse
for 𝜘 ≥ 0, the right inverse for 𝜘 ≤ 0) can be written in the form

𝐴−1 = 𝑔−1
+ (𝑡) [1 + 𝑔(𝑡)

2 𝐼 + 1 − 𝑔(𝑡)
2 𝑆] ×

×𝜓−1
+ (𝑡) [𝑡−𝜘 + 𝜓(𝑡)

2 𝐼 + 𝑡−𝜘 − 𝜓(𝑡)
2 𝑆] 𝑏−1(𝑡)𝑔−1

− (𝑡)𝜓−1
− (𝑡)𝐼,
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where
𝜓+(𝑡) =

𝑛
∏
𝑘=1

(𝑡 − 𝑐𝑘)𝛼𝑘 , 𝜓−(𝑡) =
𝑛

∏
𝑘=1

( 𝑡
𝑡 − 𝑐𝑘

)
𝛼𝑘

.

Theorem 2, in its sufficient part, is a refinement of certain results of N. I. Muskhe-
lishvili (see (1), § 97). From Theorem 2 the following theorem on the spectrum
of the operator 𝐴, defined by equality (3), is easily derived.

Theorem 3. Let 𝑐(𝑡) and 𝑑(𝑡) ∈ 𝐻𝜇(Γ, 𝑐1, … , 𝑐𝑛), and let the vector

𝜔 = (𝜇, 𝛼1, … , 𝛼𝑛)

satisfy relations (2), and

𝜌(𝑡) =
𝑛

∏
𝑘=1

(𝑡 − 𝑐𝑘)𝛼𝑘 .

Then the complement 𝐶Φ𝐴 to the Φ-set* of the operator 𝐴 in the space 𝐻0
𝜇(Γ, 𝜌)

consists of the union of the set of values of the functions 𝑎(𝑡) and 𝑏(𝑡) and the
set of complex numbers 𝜆 satisfying, for at least one pair of numbers 𝑘 and 𝑥
(𝑘 = 1, … , 𝑛; 0 ≤ 𝑥 ≤ 1), the equation

[𝑎(𝑐𝑘) − 𝜆] sin 𝜃𝑘(1 − 𝑥)
sin 𝜃𝑘

𝑒𝑖𝑥𝜃𝑘 + [𝑎(𝑐𝑘 + 0) − 𝜆] sin 𝜃𝑘𝑥
sin 𝜃𝑘

𝑒𝑖𝜃𝑘(𝑥−1) = 0,

where
𝜃𝑘 = 𝜋 − 2𝜋(Re𝛼𝑘 − 𝜇).

The spectrum of the operator 𝐴 in 𝐻0
𝜇(Γ, 𝜌) consists of all points of 𝐶Φ𝐴 and

the points
𝜆 ∈ Φ𝐴,

for which
ind𝜔[(𝑎 − 𝜆)/(𝑏 − 𝜆)] ≠ 0.

3. By 𝐻𝑚
𝜇 (Γ, 𝜌) we denote the space of vector-functions

Ψ = (𝜓1, … , 𝜓𝑛)

with components 𝜓𝑗 ∈ 𝐻0
𝜇(Γ, 𝜌). Consider in the space 𝐻𝑚

𝜇 (Γ, 𝜌) the
matrix singular integral operators

(𝐾Ψ)(𝑡) = 𝒢(𝑡)Ψ(𝑡) + 𝒟(𝑡)(𝑆Ψ)(𝑡),

(𝐿Ψ)(𝑡) = 𝒢(𝑡)Ψ(𝑡) + (𝑆𝒟Ψ)(𝑡),
where 𝒢(𝑡) and 𝒟(𝑡) are matrix-functions of order 𝑚, each ele-
ment of which belongs to the set 𝐻𝑚

𝜇 (Γ, 𝑐1, … , 𝑐𝑛) (i.e. 𝒢(𝑡) and
𝒟(𝑡) ∈ 𝐻𝑚

𝜇 (Γ, 𝑐1, … , 𝑐𝑛)), and 𝑆 is the matrix operator of singular
integration.
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If
𝒢(𝑡) = ‖𝑔𝑖𝑗‖𝑚

𝑖,𝑗=1,
then we associate with it the discontinuous matrix-function

𝑉𝜔(𝒢) = ‖𝑉𝜔(𝑔𝑖𝑗)‖𝑚
𝑖,𝑗=1,

where 𝜔 = (𝜇, 𝛼1, … , 𝛼𝑛) is a vector whose coordinates satisfy relations (2).

* The Φ-set of the operator 𝐴 is the set of those points 𝜆 of the complex plane
for which the operator 𝐴 − 𝜆𝐼 is a Φ-operator.

We shall call a matrix-function 𝒢(𝑡) ∈ 𝐻𝑚
𝜇 (Γ, 𝑐1, … , 𝑐𝑛) 𝜔-nonsingular if the

function det𝑉𝜔(𝒢) does not vanish.

Theorem 4. Let 𝒢(𝑡) and 𝒟(𝑡) ∈ 𝐻𝑚
𝜇 (Γ, 𝑐1, … , 𝑐𝑛). In order that the operator

𝐾 = 𝒢𝐼 + 𝒟𝑆 (𝐿 = 𝒢𝐼 + 𝑆𝒟𝐼) be a Φ-operator in the space 𝐻𝑚
𝜇 (Γ, 𝜌), it is

necessary and sufficient that the following two conditions be fulfilled:

I. inf |detℬ(𝑡)| > 0 (𝑡 ∈ Γ).
II. The matrix ℬ−1𝒜 (𝒜ℬ−1) is 𝜔-nonsingular, where 𝒜(𝑡) = 𝒢(𝑡) + 𝒟(𝑡)

and ℬ(𝑡) = 𝒢(𝑡) − 𝒟(𝑡).
If conditions I and II are fulfilled, then

ind𝐾 = ind det𝑉𝜔(ℬ−1𝒜), (ind𝐿 = ind det𝑉𝜔(𝒜ℬ−1))∗.

It is easily verified that conditions I and II are equivalent to the following:

I′. inf |det𝒜(𝑡)| > 0, inf |detℬ(𝑡)| > 0 (𝑡 ∈ Γ).
II′. For each eigenvalue 𝜆(𝑘)

𝑗 of the matrix

𝒜−1(𝑐𝑘 + 0)ℬ(𝑐𝑘 + 0)ℬ−1(𝑐𝑘)𝒜(𝑐𝑘)

(ℬ(𝑐𝑘 + 0)𝒜−1(𝑐𝑘 + 0)𝒜(𝑐𝑘)ℬ−1(𝑐𝑘))

the relation

Re𝛼𝑘 ≠ 𝜇 + 𝛽(𝑘)
𝑗 (𝑗 = 1, … , 𝑚; 𝑘 = 1, … , 𝑛),

holds, where 𝛽(𝑘)
𝑗 = (1/2𝜋) arg𝜆(𝑘)

𝑗 , 0 ≤ 𝛽(𝑘)
𝑗 < 1.

4. All the results stated admit a generalization to the case when Γ consists of
a finite number of closed smooth contours, and to the case when Γ consists
of a finite number of smooth simple closed and open arcs. In doing so, the
method described in (2) is used.
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Let us illustrate the results of the second point for the case when 𝐴 = 𝑆
(i.e. 𝑐(𝑡) = 0 and 𝑑(𝑡) = 1) and Γ is a contour consisting of 𝑝 simple smooth
oriented open arcs. Denote by 𝑐1, … , 𝑐2𝑝 the ends of these arcs, and by 𝜌(𝑡) the
weight defined by the equality

𝜌(𝑡) =
2𝑝
∏
𝑘=1

(𝑡 − 𝑐𝑘)𝛼𝑘 ,

where 0 < 𝜇 < 1, 𝜇 < Re𝛼𝑘 < 𝜇 + 1 (𝑘 = 1, … , 2𝑝).
Theorem 5. In order that the operator 𝑆 be a Φ+- or Φ−-operator in the space
𝐻0

𝜇(Γ, 𝜌), it is necessary and sufficient that Re𝛼𝑘 − 𝜇 ≠ 1
2 for all 𝑘 = 1, … , 2𝑝.

Let Re𝛼𝑘 − 𝜇 ≠ 1
2 for all 𝑘, and let 𝑞 be the number of points 𝑐𝑘 at which

Re𝛼𝑘 − 𝜇 > 1
2 .

Then:

1) if 𝑝 > 𝑞, the operator 𝑆 is right invertible in 𝐻0
𝜇(Γ, 𝜌) and dimker𝑆 = 𝑝−𝑞;

2) if 𝑝 < 𝑞, the operator 𝑆 is left invertible in 𝐻0
𝜇(Γ, 𝜌) and dim coker𝑆 =

𝑞 − 𝑝;
3) if 𝑝 = 𝑞, the operator 𝑆 is invertible in 𝐻0

𝜇(Γ, 𝜌).
The complement 𝐶Φ𝐴 to the Φ-set of the operator 𝑆 is the union of 2𝑝 arcs of 𝑍-
circumferences, each of which joins the points −1 and 1 and passes through one
of the corresponding points 𝑖 ctg[𝜋(Re𝛼𝑘−𝜇)] or −𝑖 ctg[𝜋(Re𝛼𝑘−𝜇)], depending
on whether 𝑐𝑘 is the end or the beginning of the corresponding arc.
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∗ ind𝐾 = dimker𝐾 − dim coker𝐾.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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