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PLASMA
(Presented by Academician R. Z. Sagdeev on 23 X 1969)

1. In the present work, using numerical methods within the framework of a
one-dimensional model, we solve the nonstationary problem of nonlinear elec-
trostatic oscillations in interpenetrating flows of rarefied plasma. As is known
(1), in problems of this kind, under certain conditions one may expect solutions
of the collisionless-shock-wave type.

Let a flow of rarefied electron–proton plasma move along the 𝑥-axis with mean
velocity −𝑈0. In the plane 𝑥 = 0, at the time 𝑡 = 0, a collision occurs with
an identical flow having velocity 𝑈0. For 𝑡 ⩽ 0, a Maxwellian velocity distri-
bution is assumed for each component; at the same time the case of a strongly
nonisothermal plasma with 𝑇𝑒 ≫ 𝑇𝑖 is considered. Restricting ourselves by the
additional condition 𝑈0 ≪ 𝑐𝑇 𝑒 = (𝑇𝑒/𝑚𝑒)1/2, we assume that the electrons are
Boltzmann-distributed and that 𝑛𝑒 = 𝑛0 exp(𝜀𝜑/𝑇𝑒) (𝜑(𝑥, 𝑡) is the electrostatic
potential, 𝜀 is the magnitude of the electron charge, 𝑛0 = 𝑛0𝑖 = 𝑛0𝑒 is the
particle density in the unperturbed flow).

In the simplest case 𝑇𝑖 = 0, in the region of two-flow motion the dispersion
relation for longitudinal ion–ion electrostatic oscillations, obtained from linear
theory, has the form

𝜔2/𝑘2 = 𝑈2
𝑠 ([1 ± √1 + 4𝑀2(2 + 𝑘2𝐷2𝑒)]/(2 + 𝑘2𝐷2

𝑒) + 𝑀2) , (1)

according to which the condition for the development of instability is the require-
ment 𝑀2 < 2/(2+𝑘2𝐷2

𝑒) (𝑈𝑠 = (𝑇𝑒/𝑚𝑖)1/2 is the ion-sound speed, 𝑀 = 𝑈0/𝑈𝑠,
𝐷𝑒 = (𝑇𝑒/4𝜋𝑛0𝜀2)1/2).
2. The behavior of the system under consideration is described by the Vlasov
equations

𝜕𝑓
𝜕𝑡 + 𝑢𝜕𝑓

𝜕𝑥 − 𝜀
𝑚𝑖

𝜕𝜑
𝜕𝑥

𝜕𝑓
𝜕𝑢 = 0, (2)
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𝜕2𝜑
𝜕𝑥2 = 4𝜋𝑛0𝜀 [𝑎 exp(𝜀𝜑/𝑇𝑒) − ∫

∞

−∞
𝑓 𝑑𝑢] (3)

with boundary conditions

𝑓(0, 𝑢, 𝑡) = 𝑓(0, −𝑢, 𝑡); 𝜕𝜑(0)/𝜕𝑥 = 0, 𝜑(∞) = 0

and the initial condition

𝑓(𝑥, 𝑢, 0) = 𝑓0(𝑥, 𝑢).

Here 𝑓(𝑥, 𝑢, 𝑡) is the ion distribution function, 𝑢 is the 𝑥-component of the
velocity. The factor 𝑎, taking the values 𝑎1, 𝑎2, corresponds to two possible
formulations of the given problem. The first of them corresponds to the joint
motion of ions and electrons (2), when 𝑎 = 𝑎1 is chosen in such a way that, in
the absence of an initial perturbation, no charge separation occurs (for example,
in the case 𝑇𝑖 = 0, 𝑎1 = 1 in the region of one-

flow motion and 𝛼1 = 2 in the mixing region). The second formulation of the
problem corresponds to a uniform distribution of electrons throughout space
(𝑎 = 𝛼2 = 1).

3. To solve the nonlinear system (2), (3), a discrete plasma model is used,
in which the phase space (𝑥, 𝑢) is divided into 𝑁𝑄 cells by dividing the
configuration space (in 𝑥) and momentum space (in 𝑢) respectively into
𝑁 and 𝑄 intervals. The initial ion distribution

𝑓0(𝑢) = (𝑚𝑖/2𝜋𝑇𝑖)1/2 exp[−𝑚𝑖(𝑢 + 𝑈0)2/2𝑇𝑖]

is approximated by the function

̄𝑓0(𝑢) =
𝑄

∑
𝑞=1

𝑎𝑞𝛿[𝑢 + (𝑈0 − 𝑢𝑞)], (4)

where 𝑎𝑞, 𝑢𝑞 are found from the conditions of equality of the moments

∫
∞

−∞
𝑢2𝑟𝑓0 𝑑𝑢 = ∫

∞

−∞
𝑢2𝑟 ̄𝑓0 𝑑𝑢

(𝑟 = 0, 1, … , 𝑄 − 1; 𝑎𝑞 = 𝑎𝑄−𝑞, 𝑢𝑞 = −𝑢𝑄−𝑞, 𝑢(𝑄+1)/2 = 0, 𝑄 odd).

Fig. 1
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Fig. 3: phase-space distribution plot with axes 𝑢/𝑈0 and 𝑥/𝐷𝑒; legend 𝑎, 𝑏.

Figure 1: Fig. 3: phase-space distribution plot with axes 𝑢/𝑈0 and 𝑥/𝐷𝑒; legend
𝑎, 𝑏.

A self-consistent solution is obtained by joint numerical integration, on each time
interval, of 𝑄(𝑁 + 1) characteristic equations for (2), which simultaneously are
equations of motion for the boundaries of the ion layers, and of the nonlinear
Poisson equation (3), which is solved by the relaxation method. The main
criterion for the accuracy of the calculation is the condition of constancy of the
total energy of the system

𝐸pot(𝑡) + 𝐸kin(𝑡) = 𝐸0.

Fig. 2

The spatial grid is movable and at each fixed instant is determined by super-
posing the coordinates of the boundaries of all 𝑁𝑄 ion layers. The density of
positive charges in a spatial cell is found by summing over all 𝑄 energy groups
and in each of them is proportional to the spatial density of the corresponding
ion layers.

Various modifications of the so-called charged-layer method have previously
been used for other problems in works (3−5). We note that in the proposed
variant the combination of the approximation of the initial distribution with
weight (4) with a dynamic Lagrangian grid makes the ion

layers bear the maximum informational load. At any moment it is possible to
reconstruct the distribution function approximately.

4. In the figures presented, for two problems: 𝑎 = 𝑎1 (Figs. 1–3) and 𝑎 =
𝑎2 (Fig. 4), the results are given of a calculation of one of the variants
considered, with characteristic dimensionless parameters 𝑇𝑖/𝑇𝑒 = 5 ⋅ 10−6,
𝑀 = 0.16. In this case 𝑈0/𝑐𝑇 𝑖 ≈ 70, 𝜆𝑝𝑖 = 2𝜋𝑈0/𝜔𝑝𝑖 = 0.95𝐷𝑒 (𝜔𝑝𝑖 =

Fig. 3

= 2𝜋/𝜏𝑝𝑖 = √4𝜋𝑛0𝑒2/𝑚𝑖); the increment of ion-ion oscillations according to
linear theory (6) is 𝛾 ≈ 0.4. As the initial perturbation, “thermal noise”with
energy of order 0.01 𝑇𝑖 was introduced into the initial velocity distribution, spec-
ified in the form of a superposition of 10 sinusoids with different wavelengths.
The model parameters are: 𝑄 = 5, the number of particles per Debye radius at
the initial moment is 105.

In Fig. 1 the time dependence is given of the potential energy

𝐸pot = − 1
8𝜋 ∫

𝑥fr

0
(𝜕𝜑

𝜕𝑥 )
2

𝑑𝑥,
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Fig. 4

Figure 2: Fig. 4

referred to the total energy 𝐸0 = 𝑛0(𝑚𝑖𝑈02/2 + 𝑇𝑖)𝑥fr (𝑥fr is the coordinate
of the boundary of the mixing zone). The intensive development of nonlinear
oscillations begins after 𝑡 = 2𝜏𝑝𝑖, and by the time 𝑡 = 4𝜏𝑝𝑖 saturation has
practically set in. The energy of the electrostatic field is then about 10% of the
total energy of the flow. As is seen from the next two figures, in which, at the
moment 𝑡 = 5.25 𝜏𝑝𝑖, the spatial density of ions (Fig. 2) and the distribution
in phase space of particles of the direct (a) and counter (b) flows (Fig. 3) are
shown, the solution obtained reaches a quasistationary regime and has the form
of a collisionless shock wave with a front thickness Δ ≈ 𝜆𝑝𝑖 ∼ 𝐷𝑒. It is clearly
seen

(Fig. 2), as small-scale oscillations caused by the “bunching”of ions are mod-
ulated by the fundamental harmonic of the ion-ion oscillations. In this case,
behind the shock-wave front (Fig. 3) there occurs strong scattering and ther-
malization of ions on electrostatic oscillations, accompanied by a severalfold
change in the velocity of small groups of particles.

An entirely different picture is observed, for the same physical parameters, in
the problem with a homogeneous distribution of electrons (𝑎 = 𝑎1 = 1,
Fig. 4

Fig. 4). At the instant 𝑡 = 0, the sharp increase in ion density upon collision
leads to the formation, near 𝑥 = 0, of a potential barrier

𝑒𝜑 ≈ 3.5 𝑚𝑖𝑈2
0 ,

which generates an ion-acoustic wave propagating into the unperturbed flows
with a phase velocity of order 𝑈𝑠. In this case the flows themselves, with the
exception of a small leading group of fast particles, practically do not penetrate
into one another.

Both problems considered were compared with supersonic calculations for
𝑇𝑖/𝑇𝑒 = 5 ⋅ 10−4 and, correspondingly, 𝑀 = 1.6, with the ratio 𝑈0/𝑐𝑇 𝑖
unchanged. In the problem with 𝑎 = 𝑎1, in accordance with estimate (1),
only a weak instability was observed, due to the relative motion of different
thermal groups of ions, with the overall laminar character of the motion. In
the problem with 𝑎 = 𝑎2 = 1, the supersonic flows freely penetrate into one
another, generating in the mixing zone a wave with mean energy density

1
8𝜋 ⟨(𝜕𝜑/𝜕𝑥)2⟩ ≈ 10−3𝑛0𝑚𝑖𝑈2

0 /2
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and with phase velocity of order 𝑈0. Since, in the one-dimensional model under
consideration, there are no oscillations at an angle to the direction of propaga-
tion, the ion-acoustic instability does not appear in the numerical calculation.

The author thanks V. S. Imshennik and R. Z. Sagdeev for their interest in the
work and for discussions.
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