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MATHEMATICS
V. L. ARLAZAROV, E. A. DINITS, M. A. KRONROD, I. A.
FARADZHEV

ON AN ECONOMICAL CONSTRUCTION
OF THE TRANSITIVE CLOSURE OF A DI-
RECTED GRAPH
(Presented by Academician I. G. Petrovsky on 9 III 1970)

1. For a directed graph (𝐻, 𝛾), where 𝐻 is the set of vertices and 𝛾 is a
mapping of 𝐻 into itself (1), algorithms are known for constructing the
transitive closure Γ with an estimate of the number of operations, for a
graph of general form, 𝑂(𝑛3) (2−4), where 𝑛 = |𝐻|. In (4) the problem of
constructing the transitive closure of a graph of general form is reduced to
a sequence of three problems: constructing the Hertz graph (5) of the given
graph, the transitive closure of the Hertz graph (acyclic), and constructing
the transitive closure of the given graph from the transitive closure of its
Hertz graph; moreover, it is shown that the first and third of these can be
solved in 𝑂(𝑛2) operations.

In the present note an algorithm is constructed for the transitive closure of an
acyclic graph in 𝑂(𝑛3/ ln 𝑛) operations.

2. For an acyclic graph (𝐻, 𝛾), consider the partition of 𝐻 into ranks 𝐾𝑖:

𝐾0 = {ℎ ∈ 𝐻 ∶ 𝛾−1ℎ = 𝜙}, 𝐾𝑖 = {ℎ ∈ 𝐻 ∖ 𝑆𝑖−1 ∶ 𝛾−1ℎ ⊂ 𝑆𝑖−1},

where 𝑆𝑖 = ⋃𝑗≤𝑖 𝐾𝑗.

In (4) an algorithm for such a partition in 𝑂(𝑛2) operations is given. Denote by
𝛾𝑖 and Γ𝑖 the mappings of 𝑆𝑖−1 into 𝐾𝑖 generated by 𝛾 and Γ, respectively, and
let 𝐺𝑖 = ⋃ Γ𝑗 be the mapping of 𝑆𝑖−1 into 𝑆𝑖. Then, obviously:

𝐺0 = 𝜙, Γ𝑖 = 𝛾𝑖𝐺𝑖−1 ∪ 𝛾𝑖. (1)

Thus the construction of the transitive closure has been reduced to a triangular
process of obtaining products of mappings.
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3. Lemma (M. Kronrod). Let 𝐴, 𝐵, 𝐶 be sets, |𝐴| = 𝑝, |𝐵| = 𝑞, |𝐶| = 𝑟,
and let 𝛼, 𝛽 be multivalued mappings 𝛼 ∶ 𝐴 → 𝐵, 𝛽 ∶ 𝐵 → 𝐶.

Then the mapping 𝛽𝛼 ∶ 𝐴 → 𝐶 can be constructed in 𝑂((𝑝+𝑞)𝑞𝑟/ ln 𝑞) operations.

Proof. Partition 𝐵 into [𝑞/ ln 𝑞] + 1 disjoint subsets 𝐵𝑖 so that |𝐵𝑖| ≤ ln 𝑞.
Denote by 𝛼𝑖 ∶ 𝐴 → 𝐵𝑖, 𝛽𝑖 ∶ 𝐵𝑖 → 𝐶 the mappings generated by 𝛼 and 𝛽,
respectively. Then, obviously:

𝛽𝛼 = ⋃
𝑖

𝛽𝑖𝛼𝑖. (2)

Consider the set 𝑀𝑖 = {𝑚𝑖𝑠} of all subsets of 𝐵𝑖 and the set 𝐿𝑖 = {𝑙𝑖𝑠} isomor-
phic to it, where 𝑙𝑖𝑠 = ⋃𝑏∈𝑚𝑖𝑠

𝛽𝑖𝑏. Numbering the elements of 𝐵𝑖: 𝑏𝑖0, 𝑏𝑖1, etc.,
we order the elements of 𝑀𝑖 and 𝐿𝑖 as follows:

𝑠 = ∑
𝑘

2𝑗𝑘 ↔ 𝑚𝑖𝑠 = ⋃
𝑘

𝑏𝑖𝑗𝑘
.

It is obvious that 𝑙𝑖0 = 𝜙, 𝑙𝑖2𝑗 = 𝛽𝑖𝑏𝑖𝑗, while any other 𝑙𝑖𝑠 can be obtained
by taking the union of two others with smaller numbers. For example: 𝑙𝑖𝑠 =
𝑙𝑖𝑘 ∪ 𝑙𝑖,𝑠−𝑘, 𝑠 ≠ 2𝑗, where 𝑘 = max{2𝑗 ∶ 2𝑗 < 𝑠}. Since |𝐿𝑖| ≤ 𝑞, and |𝑙𝑖𝑠| ≤ 𝑟, 𝐿𝑖
can be constructed in 𝑂(𝑞𝑟), and all 𝐿𝑖 in 𝑂(𝑞2𝑟/ ln 𝑞) operations.

Further, from the completeness of 𝑀𝑖 it follows that, for 𝑎 ∈ 𝐴, 𝛼𝑖𝑎 ∈ 𝑀𝑖
and, consequently, 𝛽𝑖𝛼𝑖𝑎 ∈ 𝐿𝑖. Thus, after all the 𝐿𝑖 have been constructed,
obtaining 𝛽𝛼 by (2) requires 𝑂(𝑝𝑞𝑟/ ln 𝑞) operations.

4. Theorem. For an acyclic directed graph (𝐻, 𝛾) with |𝐻| = 𝑛, the transitive
closure Γ can be constructed in 𝑂(𝑛3/ ln 𝑛) operations.

Proof. Apply the algorithm of the lemma to the construction of 𝛾𝑖𝐺𝑖−1 in (1).
Since 𝛾𝑖 acts from 𝑆𝑖−1, with |𝑆𝑖−1| < 𝑛, into 𝐾𝑖, with |𝐾𝑖| = 𝑛𝑖, while 𝐺𝑖−1
acts from 𝑆𝑖−2, with |𝑆𝑖−2| < 𝑛, into 𝑆𝑖−1, the construction of 𝛾𝑖𝐺𝑖−1 can be
performed in 𝑂(𝑛2𝑛𝑖/ ln 𝑛) operations. Summing over the ranks, we obtain the
desired estimate.
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