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Abstract
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UDC 517.946

MATHEMATICS
T. G. Pletneva, S. D. Eidelman

THEOREMS ON THREE CYLINDERS FOR
SOLUTIONS OF LINEAR EVOLUTION QUASI-
ELLIPTIC EQUATIONS
(Presented by Academician S. L. Sobolev on 11 XI 1969)

Here, with the aid of special algebraic conditions, we single out classes of evo-
lution equations of arbitrary order containing, for example, besides parabolic
equations, equations of the type of equations of transverse vibrations of elastic
plates and rods, for which 𝐿1-estimates of solutions are obtained that do not
contain the values of the solutions on the initial hyperplane, and, in the case of
cylinders adjacent to the boundary, the values of the solutions on the boundary
hypersurface. The investigation covers equations having power singularities on
the initial hypersurface (boundary hypersurface).

The methods used by us are very close to those set forth in (1) and are their
natural continuation and development.

1. Conditions. Notation. Consider the equation

ℒ𝑢 ≡ ℒ (𝑡, 𝑥; 𝜕
𝜕𝑡 , 𝐷𝑥) 𝑢 ≡ ∑

𝑘0𝑝+|𝑘|≤𝑚
𝑎′

𝑘0𝑘(𝑡, 𝑥) 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘

𝑥𝑢(𝑡, 𝑥) = 𝑓(𝑡, 𝑥). (1)

We introduce a number of conditions necessary for the formulation of the results:

A. The operator ℒ has the Lagrange adjoint operator

ℒ∗ (𝑡, 𝑥; 𝜕
𝜕𝑡 , 𝐷𝑥) ≡ ∑

𝑘0𝑝+|𝑘|=𝑚
𝑎𝑘0𝑘(𝑡, 𝑥) 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘

𝑥 + ∑
𝑘0𝑝+|𝑘|<𝑚

𝑎𝑘0𝑘(𝑡, 𝑥) 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘

𝑥 ≡

≡ 𝑃0(𝑡, 𝑥; 𝜕/𝜕𝑡, 𝐷𝑥) + 𝑃1(𝑡, 𝑥; 𝜕/𝜕𝑡, 𝐷𝑥); 𝑝 ≥ 1; 𝜈 = 𝑚/𝑝.

B. The polynomials
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B1. 𝑃0(𝑡, 𝑥; 0, 𝜎),

B2. 𝑃0(𝑡, 𝑥; 𝜎𝑝
𝑛+1, 𝜎).

B3,𝛽. 𝑄0(𝑡, 𝑥, 𝜎′) =
𝜈

∑
𝜇=1

𝜇−1
∏
𝑙=1

(1 − 𝑙
𝛽 ) 1

𝜇!
𝜕𝜇

𝜕𝜆𝜇 𝑃0(𝑡, 𝑥; 𝜆, 𝜎)∣
𝜆=0

𝜎𝑝𝜇
𝑛+1,

𝑝 ≥ 𝜈, 𝜎′ = (𝜎𝑛+1, 𝜎1, … , 𝜎𝑛).

B(𝛼)
4 . 𝑇 (𝛼)

0 (𝑡, 𝑥, 𝜎′) ≡
𝜈

∑
𝜇=0

𝑚−𝑝𝜇−1
∏
𝑙=1

(1 − 𝑙
𝛼) 1

𝜇!
𝜕𝜇𝑃0
𝜕𝜆𝜇 ∣

𝜆=0
𝜎𝑝𝜇

𝑛+1, 𝛼 ≥ 𝑚.

B(𝛾)
5 . 𝑄(𝛾)

0 (𝑡, 𝑥; 𝜎′) ≡
𝑚

∑
𝑞=0

𝑞−1
∏
𝑙=1

(1 − 𝑙
𝛾 ) 1

𝑞!
𝜕𝑞𝑃0
𝜕𝜎𝑞

𝑛
∣
𝜎𝑛=0

𝜎𝑞
𝑛, 𝛾 ≥ 𝑚.

B(𝛾)
6,𝛽. 𝑅(𝛾)

0𝛽 (𝑡, 𝑥; 𝜎′) ≐
𝜈

∑
𝜇=0

𝑚
∑
𝑞=0

𝜇−1
∏
𝑙=1

(1 − 𝑙
𝛽 )

𝑞−1
∏
𝑠=1

(1 − 𝑠
𝛾 ) 1

𝜇!𝑞!×

× 𝜕𝜇+𝑞𝑃0
𝜕𝜆𝜇𝜕𝜎𝑞

𝑛
∣
𝜎𝑛=0,𝜆=0

𝜎𝑝𝜇
𝑛+1𝜎𝑞

𝑛

are uniformly elliptic with constant uniform ellipticity 𝛿0, 𝛿1, 𝛿𝛽, 𝛿(𝛼), 𝛿(𝛾)
1 , 𝛿(𝛾)

𝛽 ,
respectively.

C. The ranges of values of the polynomials

C1. 𝑃0(𝑡, 𝑥; 0, 𝜎). C2. 𝑃0(𝑡, 𝑥; 𝜎𝑝
𝑛+1, 𝜎). C3,𝛽. 𝑄03(𝑡, 𝑥; 𝜎′).

C(𝛼)
4 . 𝑇 (𝛼)

0 (𝑡, 𝑥; 𝜎′). C(𝛾)
5 . 𝑄(𝛾)

0 (𝑠, 𝑥; 𝜎′). C(𝛾)
6,𝛽. 𝑅(𝛾)

0𝛽 (𝑡, 𝑥; 𝜎′)

for any real 𝜎′ lies in the cone (sector) 𝐾𝜑1
∶ | arg 𝑧| ≤ 𝜑1 < 𝜋/2 of the complex

𝑧-plane.

E. The coefficients 𝑎𝑘0𝑘(𝑡, 𝑥) of the polynomial ℒ∗(𝑡, 𝑥; 𝜆, 𝜎):
E1. Are uniformly bounded by a constant 𝑒1.
E2. For 𝑘0𝑝 + |𝑘| = 𝑚 they are uniformly continuous.
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E3. 𝑎𝑘0𝑘(𝑏𝑡, 𝑏1/𝑝𝑥)𝑏(𝑚−𝑘0𝑝−|𝑘|)/𝑝, 𝑏 ∈ (0, 1), are uniformly bounded by a constant
𝑒3.

Condition B1 means ellipticity of the spatial part of the operator ℒ; condition
B2 will be called the quasi-ellipticity of this operator. Let us note that, for
sufficiently large 𝛽; 𝛼; 𝛽 and 𝛾, conditions B3,𝛽, C3,𝛽, B(𝛼)

4 , C(𝛼)
4 , B(𝛾)

5,𝛽, C(𝛾)
5,𝛽

follow from conditions B2, C2, respectively. If the coefficients of the polynomial
𝑃0(𝑡, 𝑥; 𝜆, 𝜎) are real, then conditions C (with 𝜑1 = 0) follow from conditions B.
It is useful to note that for 𝛽 = 𝜈, 𝛾 = 𝑚:

𝑄0𝜈 =
𝜈

∑
𝜇=0

𝐶𝜇
𝜈

𝜕𝜇

𝜕𝜆𝜇 𝑃0∣
𝜆=0

𝜎𝑝𝜇
𝑛+1, 𝑄(𝑚)

0 =
𝑚

∑
𝑞=0

𝐶𝑞
𝑚

𝜕𝑞

𝜕𝜎𝑞
𝑛

𝑃0∣
𝜎𝑛=0

𝜎𝑞
𝑛;

𝑅(𝑚)
0𝜈 =

𝜈
∑
𝜇=0

𝑚
∑
𝑞=0

𝐶𝜇
𝜈 𝐶𝑞

𝑚
𝜕𝜇+𝑞

𝜕𝜆𝜇𝜕𝜎𝑞
𝑛

𝑃0∣
𝜆=0,𝜎𝑛=0

𝜎𝑝𝜇
𝑛+1𝜎𝑞

𝑛.

In the case of an equation of first order in 𝑡:

𝑃0(𝑡, 𝑥; 𝜆, 𝜎) = 𝜆 + ∑
|𝑘|=𝑚

𝑎𝑘(𝑡, 𝑥)𝜎𝑘, 𝜈 = 1, 𝑚 = 𝑝,

𝑄01(𝑡, 𝑥; 𝜎′) ≡ 𝑃0(𝑡, 𝑥; 𝜎𝑝
𝑛+1, 𝜎) = 𝜎𝑚

𝑛+1 + ∑
|𝑘|=𝑚

𝑎𝑘(𝑡, 𝑥)𝜎𝑘,

𝑅(𝑚)
01 (𝑡, 𝑥; 𝜎′) = 𝑄(𝑚)

0 (𝑡, 𝑥; 𝜎′) = 𝜎𝑚
𝑛+1 +

𝑚
∑
𝑞=0

𝐶𝑞
𝑚

𝜕𝑞

𝜕𝜎𝑞
𝑛

𝑃0(𝑡, 𝑥; 0, 𝜎)∣
𝜎𝑛=0

𝜎𝑞
𝑛.

In particular, for 𝑚 = 2,

𝑄01 = 𝜎2
𝑛+1 +

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑡, 𝑥)𝜎𝑖𝜎𝑗,

𝑎𝑖𝑗(𝑡, 𝑥) are real functions, and conditions B(2)
5 , B(2)

6,1 mean the ellipticity of the
polynomials 𝑄(2)

0 , 𝑅(2)
01 ; the best condition invariant under rotations in the space

(𝑥1, 𝑥2, … , 𝑥𝑛) for this is the inequality 𝜆1 < (𝑛 + 2 + 2
√

2)𝜆𝑛, where 𝜆1 is the
largest and 𝜆𝑛 the smallest characteristic number of the matrix (𝑎𝑖𝑗)𝑛

1 .

If the polynomial 𝑃0(𝑡, 𝑥, 𝜎𝑝
𝑛+1, 𝜎) with real positive coefficients contains only

even powers of 𝜎𝑛+1, 𝜎1, 𝜎2, … , 𝜎𝑛, then all the conditions described above are
automatically satisfied. In particular, they are satisfied for the polynomial

𝜎2
𝑛+1 + 𝑎2(𝜎2

1 + ⋯ + 𝜎2
𝑛)2,
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corresponding to the equation of transverse elastic vibrations. If the operator
has the form

ℒ𝑢 = ∑
𝑘0𝑝+|𝑘|≤𝑚

(−1)𝑘0+|𝑘| 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘

𝑥(𝑎𝑘0𝑘(𝑡, 𝑥)𝑢),

then it is sufficient to require only boundedness of the coefficients 𝑎𝑘0𝑘(𝑡, 𝑥).
Define the cone (sector) 𝐾 of the complex 𝑧-plane by the inequality

𝐾 = 𝐾𝜑2
= {𝑧; | arg 𝑧| ≤ 𝜑2 < 𝜋/2 − 𝜑1}.

With the aid of the cone 𝐾 we represent the function 𝑢(𝑡, 𝑥) in the form 𝑢(𝑡, 𝑥) =
𝑢+(𝑡, 𝑥) − 𝑢−(𝑡, 𝑥), where 𝑢+(𝑡, 𝑥) = 𝑢(𝑡, 𝑥) if 𝑢 ∈ 𝐾; 𝑢+(𝑡, 𝑥) = 0 if 𝑢 ∉ 𝐾.
Denote

Π(𝜏,𝑇 ),𝑅 = {(𝑡, 𝑥), 𝜏 < 𝑡 < 𝑇 , |𝑥| < 𝑅};

Π(𝜂)
(𝜏,𝑇 ),𝑅 = Π(𝜏,𝑇 ),𝑅 ∩ {𝑥𝑛 > 𝜂}, Π(0)

(0,𝑇 ),𝑅 = Π+
𝑇 ,𝑅;

Π(0,𝑇 ),𝑅 = Π𝑇 ,𝑅; 𝑀(𝑟) = 𝑟 for 𝑟 ∈ [0, 1); 𝑀(𝑟) = 1 for 𝑟 ≥ 1,

‖𝑢‖(𝜏,𝑇 ),𝑅;𝛽 = ∬
Π(𝜏,𝑇),𝑅

𝑀[𝑡𝛽]|𝑢| 𝑑𝑡 𝑑𝑥;

{𝑢}(𝜏,𝑇 ),𝑅,𝜂;𝛽,𝛾;𝑞 = ∬
Π(𝜂)

(𝜏,𝑇),𝑅

𝑀[(𝑡𝜈 + |𝑥|𝑚)𝑞] 𝑀[𝑡𝛽] 𝑀[𝑥𝛾
𝑛]|𝑢| 𝑑𝑡 𝑑𝑥;

‖𝑢‖(0,𝑇 ),𝑅;𝛽 = ‖𝑢‖𝑇 ,𝑅;𝛽; {𝑢}(0,𝑇 ),𝑅,0;𝛽,𝛾,𝑞 = {𝑢}𝑇 ;𝑅;𝛽;𝛾;𝑞;

⟨𝑢⟩(−𝑇1,𝑇 ),𝑅;𝛼 = ∬
Π(−𝑇1,𝑇),𝑅

(𝑅2 − 𝑥2)𝛼|𝑢| 𝑑𝑡 𝑑𝑥.

2. Theorems on three cylinders
Theorem 1. The conditions 𝐴1, 𝐵1, 𝐶1 are satisfied in Π𝑇 ,2, 𝐵3,𝛽, 𝐶3,𝛽 in
Π𝜀0,2; 𝐸3 in Π𝑇 𝑏−1, 2𝑏−1/𝑝 (if one assumes 𝐸2 in Π𝑇 ,2, then 𝐶1 is superfluous, and
𝐵3,𝛽, 𝐶3,𝛽 need only be assumed for 𝑡 = 0).

Let 𝑢(𝑡, 𝑥) be a weak solution of equation (1) in Π𝑇 ,2. Then there exist positive
constants ℎ1, 𝑏1, 𝜆2, depending only on 𝑛, 𝑚, 𝑝, 𝛿0, 𝛿𝛽, 𝜑1, 𝑒3, 𝜀0, such that for
every ℎ ∈ (0, ℎ1) the estimate holds

‖𝑢‖𝑇 −ℎ, 1+𝑏1ℎ1/𝑝; 𝛽−𝜈 ≤ 𝜆1(‖𝑢‖(𝜀0,𝑇 ),1; 𝛽−𝜈 + ‖𝑢−‖𝑇 ,2; 𝛽−𝜈 + ‖𝑓‖𝑇 ,2; 𝛽).
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Theorem 2. The conditions 𝐴, 𝐸1 are satisfied in Π(−𝑇1,𝑇 ),𝑅; 𝐵(𝛼)
4 , 𝐶(𝛼)

4 in
Π(−𝑇 ,0],𝑅 (if one assumes 𝐸2 in Π(−𝑇2,0],𝑅, then 𝐵(𝛼)

4 , 𝐶(𝛼)
4 need only be assumed

for 𝑡 = 0).

Let 𝑢(𝑡, 𝑥) be a weak solution of equation (1) in Π(−𝑇1,𝑇 ),𝑅; then there exist
positive constants 𝑡0, 𝜆2, depending only on 𝑛, 𝑚, 𝑝, 𝛿(𝛼), 𝜑1, 𝑒1, 𝜀0, 𝑅, such that

⟨𝑢⟩(−𝑡0,𝑇 ),𝑅;𝛼−𝑚 ≤ 𝜆2(⟨𝑢⟩𝑇 ,𝑅;𝛼−𝑚 + ⟨𝑢−⟩(−𝑇1,𝑇 ),𝑅;𝛼−𝑚 + ⟨𝑓⟩(−𝑇1,𝑇 ),𝑅,𝛼).

Theorem 3. The conditions 𝐴, 𝐵1, 𝐶1 are satisfied in Π+
𝑇 ,2; 𝐵3,𝛽, 𝐶3,𝛽 in Π+

𝜀0,2,
𝐵(𝛾)

5 , 𝐶(𝛾)
5 in Π+

𝑇 ,2 ∩ {𝑥𝑛 ∈ [0, 𝜀0]}; 𝐵(𝛾)
6,𝛽, 𝐶(𝛾)

6,𝛽 in Π+
𝜀0,2 ∩ {𝑥𝑛 ∈ [0, 𝜀0]}; 𝐸3 in

Π+
𝑇 𝑏−1, 2𝑏−1/𝑝 (if 𝐸2 is assumed in Π+

𝑇 ,2, then 𝐶1 is superfluous, 𝐵3,𝛽, 𝐶3,𝛽 need
only be assumed for 𝑡 = 0; 𝐵(𝛾)

5 , 𝐶(𝛾)
5 for 𝑥𝑛 = 0; 𝐵(𝛾)

6,𝛽, 𝐶(𝛾)
6,𝛽 for 𝑡 = 0, 𝑥𝑛 = 0).

Let 𝑢(𝑡, 𝑥) be a weak solution of equation (1) in Π+
𝑇 ,2; then there exist positive

constants ℎ2, 𝑏2, 𝜆3, depending only on 𝑛, 𝑚, 𝑝, 𝛿0, 𝛿(𝛾)
1 , 𝛿(𝛾)

𝛽 , 𝛿𝛽, 𝜑1, 𝜀0, 𝑒3, such
that for every ℎ ∈ (0, ℎ2) the estimate holds

{𝑢}𝑇 −ℎ, 1+𝑏2ℎ1/𝑝; 𝛽−𝜈, 𝛾−𝑚; 1 ≤ 𝜆3({𝑢}(𝜀0,𝑇 ),1,𝜀0,0; 0;0+{𝑢−}𝑇 ,2; 𝛽−𝜈, 𝛾−𝑚; 1+{𝑓}𝑇 ,2; 𝛽,𝜈; 0).

The proofs of Theorems 1 and 3 are carried out by covering the initial cylinder
with lunettes, semi-lunettes, and quarters of lunettes, in which the norm of the
positive part is estimated, under the assumptions made, on the basis of the
“sign-definiteness”of ℒ∗Φ; as Φ one takes, respectively, functions of the form

𝑡𝛽(1 − 𝑥2 − 𝑡2)𝛼, 𝑡𝛽𝑥𝛾
𝑛(1 − 𝑥2 − 𝑡2)𝛼, 𝑥𝛾

𝑛(1 − 𝑥2 − 𝑡2)𝛼,
while Theorem 2 is proved by covering the whole cylinder Π𝑇 ,𝑅 from below by
a cylinder of small height and using the function

𝑡𝛽(𝑅2 − 𝑥2)𝛼.

We note that for 𝛽 = 𝜈, 𝛼 = 𝑚, 𝛾 = 𝑚, Theorems 1 and 2 give 𝐿1-estimates
of solutions; for 𝛽 > 𝜈, 𝛼 > 𝑚, 𝛾 > 𝑚, they give estimates in a space with the
corresponding weight. In this case the solutions are allowed to have singularities
on the initial and boundary hyperplanes of arbitrary power order (for arbitrary
𝛽, 𝛼, 𝛾). If 𝛽, 𝛼, 𝛾 are large, then all the estimates are valid under the assumption
of quasellipticity of the polynomial 𝑃0(𝑡, 𝑥; 𝜆, 𝜎) and the fulfillment of condition
𝐶2.

Theorems 1, 2, and 3 have various applications. We shall present some of them.

3. Membership of positive solutions of quasi-elliptic equa-
tions in the space 𝐿(𝛽,𝛾)

1 (𝑄𝑇 )
Let 𝑄𝑇 = (0, 𝑇 ) × Ω, where Ω is a bounded domain with boundary 𝑆 belonging
to the class 𝐶𝑚−𝑙+𝑛 (2). Denote by 𝜈(𝑥) the inward normal to 𝑆 at the point 𝑥.
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Then, as usual, the polynomial 𝑃0(𝑡, 𝑥; 𝜎𝑝
𝑛+1, 𝜎) can be written in coordinates

corresponding to the half-space 𝜈 ⋅ 𝑥 > 0 in the form

𝑃0(𝑡, 𝑥; 𝜎𝑝
𝑛+1, 𝜃′ + 𝜈𝜃𝑛) ≡ 𝑃0𝜈(𝑡, 𝑥; 𝜎𝑝

𝑛+1, 𝜃), 𝜃′ = (𝜃1, … , 𝜃𝑛−1, 0),

and from the polynomial 𝑃0𝜈 define 𝑄(𝛾)
0𝜈 , 𝑅(𝛾)

0𝜈,𝛽; the conditions 𝐵 and 𝐶 for
these polynomials are assumed to hold uniformly in 𝜈. Let Ω𝜀0

denote the set
of points of the domain Ω lying at distance greater than 𝜀0 from 𝑆, 𝑄(𝜀0,𝑇 ),𝜀0

=
= (𝜀0, 𝑇 ) × Ω𝜀0

, 𝜌(𝑥) is the distance from the point 𝑥 to 𝑆. Introduce the space
𝐿(𝛽,𝛾,𝑞)

1 (𝑄𝑇 ) of functions for which the norm

{𝑢}𝑄𝑇 ;𝛽,𝛾 = ∬
𝑄𝑇

𝑀[(𝑡𝜈 + 𝜌(𝑥)𝑚)𝑞] 𝑀[𝑡𝛽] 𝑀[𝜌(𝑥)𝛾] |𝑢(𝑡, 𝑥)| 𝑑𝑡 𝑑𝑥

is finite.

With the aid of Theorems 1 and 3 one establishes

Theorem 4. Suppose that conditions 𝐴, 𝐵1, 𝐶1, 𝐸1 are satisfied in 𝑄𝑇 ; con-
ditions 𝐵3,𝛽, 𝐶3,𝛽 in 𝑄𝜀0

; 𝐵(𝛾)
5 , 𝐶(𝛾)

5 in 𝑄𝑇 /𝑄(𝜀0,𝑇 ),𝜀; 𝐵(𝛾)
5 , 𝐶(𝛾)

5 in 𝑄𝜀0
∩ {𝑥𝑛 ∈

[0, 𝜀0)}. If:
1) 𝑢(𝑡, 𝑥) is a weak solution of equation (1) in 𝑄𝑇 ; 2) 𝑓(𝑡, 𝑥) ∈ 𝐿(𝛽,𝛾;0)

1 (𝑄𝑇 );
3) 𝑢−(𝑡, 𝑥) ∈ 𝐿(𝛽−𝜈,𝛾−𝑚;1)

1 (𝑄𝑇 ), then 𝑢(𝑡, 𝑥) ∈ 𝐿(𝛽−𝜈,𝛾−𝑚;1)
1 (𝑄𝑇1

) for any 𝑇1 < 𝑇 ,
and the estimate

{𝑢}𝑄𝑇1 ;𝛽−𝜈,𝛾−𝑚;1 ≤ 𝜆4({𝑢}𝑄(𝜀0,𝑇);𝜀0,0,0;0
+ {𝑢−}𝑄𝑇 ;𝛽−𝜈,𝛾−𝑚;1 + {𝑓}𝑄𝑇 ;𝛽,𝛾;0)

is valid; 𝜆4 depends only on 𝜆 (from Theorem 3), 𝜀0, and 𝑇 − 𝑇1.

With the aid of Theorems 1 and 3 one establishes propositions on the growth
of solutions defined in an unbounded cylinder (where the coefficients may grow
with the growth of the spatial coordinates), generalizing and strengthening the
results stated in (1). This makes it possible, in particular, on the basis of the
usual uniqueness theorems, to establish theorems on the coincidence of solutions
with identical initial conditions under estimates of their negative components.

4. On solutions in an infinite (in 𝑡) tube
On the basis of Theorem 2 one establishes

Theorem 5. Suppose that conditions 𝐴, 𝐸1, 𝐵(𝛼)
4 , 𝐶(𝛼)

4 are satisfied in
Π(−∞,0),𝑅. If 𝑢(𝑡, 𝑥) is a weak solution of the equation ℒ𝑢 = 0 in Π(−∞,0),𝑅,
⟨𝑢⟩(−1,0),𝑅;𝛼−𝑚 < 𝑀1, ⟨𝑢−⟩(𝑡,0),𝑅;𝛼−𝑚 ≤ 𝑀2𝑒𝑐|𝑡|, 𝑡 < 0, then
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⟨𝑢⟩(𝑡,0),𝑅;𝛼−𝑚 ≤ 𝐾1(𝑐, 𝜆2)(𝑀1 + 𝑀2)𝑒(𝐶+ln 2𝜆2/𝑡0)|𝑡|,

where 𝜆2, 𝑡0 are from Theorem 2.

If the coefficients 𝑃0(𝑡, 𝑥; 𝜎𝑝
𝑛+1, 𝜎) are real, then for sufficiently large 𝛼 all the

conditions of Theorem 5 reduce to its ellipticity. If 𝑃0(0, 𝜎) is an elliptic polyno-
mial, then the ellipticity of 𝑃0(𝜎𝑝

𝑛+1, 𝜎) is not only sufficient but also necessary
in order that a positive solution of equation (1) with the principal group of
terms could grow no faster than 𝑒𝑐|𝑡| as 𝑡 → −∞.

5. Degenerate equations
All the theorems remain valid for degenerate equations. The auxiliary functions
and the method of proof are the same. The algebraic conditions are derived
in an analogous way. For illustration, let us write down the construction of
the equation in the case of degeneration on a hyperplane. The operator ℒ∗ is
assumed to be of the form:

ℒ∗ =
𝑚

∑
𝑗=0

𝑡−𝑗/𝑝 ∑
𝑘0𝑝+|𝑘|=𝑚−𝑗

𝑎𝑘0𝑘(𝑡, 𝑥) 𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘

𝑥 + 𝑃1 ≡
𝑚

∑
𝑗=0

𝑡−𝑗/𝑝𝑃0𝑗 + 𝑃1,

the 𝑎𝑘0𝑘(𝑡, 𝑥) are bounded; the coefficients of the polynomial 𝑃1 have the prop-
erty that 𝑏𝑘0𝑘(𝑡, 𝑥)𝑡(𝑚−|𝑘0𝑘|)/𝑝−𝑘0−𝜀1 , 𝜀1 > 0, are bounded. The principal poly-
nomial is

𝑄0𝛽 =
𝑚

∑
𝜇=0

𝛽−𝑗/𝑝
𝜇−1
∏
𝑠=1

(1 − 𝑠
𝛽 ) 1

𝜇!
𝜕𝜇

𝜕𝜆𝜇 𝑃0𝑗∣
𝜆=0

𝜎𝑝𝜇+𝑗
𝑛+1 .
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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