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Operators of the form

Hp = o(t) + i/ a;(t,T)h;(t —7)p(T)dr = f(1), —o<t<oo, (1)

are considered, where h;(t) € £;(—00,00), p(t), f(t) € £,(—00,00),1 <p < o0,
and aj(t,T) belong to a certain class of essentially bounded functions measur-
able in the plane (Definition 3). The main result is formulated in Theorem
1. The results obtained in no. 2 are then applied to the study of a Riemann
boundary-value problem with integral terms and of a certain class of integral
equations with kernel of the type of a homogeneous function. The present paper
is directly adjacent to the preceding work of the authors (2), in which the case
of degeneration of the functions a;(t,7) was studied:

a;(t,7) = Z g (£)bye; (7).
=1

A class of equations close to (1) was considered in (7). Some special cases of
equation (1) were considered in the works (376). We also note that, in the case
of continuity of the functions a;(t,7), our Theorem 1 can also be proved with
the aid of the results of I. B. Simonenko on the theory of operators of local type
(*).

No. 1. The class M*"?(R,). We define the class of functions a;(t,7) admissible
in equation (1). Roughly speaking, this will be the class of functions having (in
a certain sense) at least one of the repeated limits at each of the infinitely remote
points (—oo, —00) and (+00, +00). Let us pass to the precise definition. Denote
by rﬁl the line R, with two adjoined infinitely remote points. Denote by rRJQ the
plane R,, completed by the infinitely remote points (+00, +00), (—00, —00). As
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usual, M = M(R;), M(R,) will denote the corresponding class of essentially
bounded measurable functions.

~

Definition 1. ¢(t) € M®"P(R,), if p(t) € M(R,) and there exist constants
¢, c_ such that*

lim sup 6(£t)|¢(t) —c | =0, where 6(t) = (1 + signt).

N0 |t>n

We shall denote ¢, = ¢(400).

Definition 2. We shall say that a measurable essentially bounded function

a(t,7) has the value a(+o00,+00), if there exists a function b(x) € M'P(R;)
such that b(+o00) = a(4o00, +00) and either

lim sup supla(t,7) —b(7)| =0, (2)

N—=0 <r<oo t>n

* Everywhere in what follows, sup means ess sup.

or

lim sup supla(t,7) —b(t)| = 0. (3)

N—=00 O<t<oo T>N

The value a(—o0,—00) is defined analogously. We note that Definition 2 is
correct in the sense that if a(t,7) has the value a(+o00,+00) simultaneously
both in the sense of (2) and in the sense of (3), then it is one and the same.

Definition 3. a(t,7) € M"P(R,) if a(t,7) € M(R,) and the values
a(400, +00), a(—00, —00) exist in the sense of Definition 2. It is clear that the
class M*="P(R,) contains the class C(R,) of continuous functions determined by
the properties: 1) a(t,7) is bounded on R, and continuous at every finite point;
2) one of the iterated limits lim_ ., lim, a(t,7), lim, lim__ __a(t,7)
exists, and the inner limit is uniform (with respect to 7, 0 < 7 < o0, and with
respect to ¢, 0 < t < 0o, respectively); an analogous limit exists as ¢,7 — —o0.
We note that Definition 3 imposes no requirements on the function a(t,7) in
the second and fourth quadrants, apart from membership in M (R,).

No. 2. The main theorem. Let h;(t) € £;(—00,00) and a,(t,7) € M="(R,).
Theorem 1. In order that the operator H be a Noether operator in £,,(—00, 00),
1 < p < o0, it is necessary and sufficient that

—

o(AN)F =14+ ) aj(d00,£00)7;(N) #0, where FH(\)= / h(t)e™t dt.
J —00
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The index of the operator H is computed by the formula

P 2 o(N)

The proof of the theorem is based on the following lemma.

o, () =~ [an 25 | : . ()

Lemma 1. If h(t) € £,(—00,00) and a(t,7) € MS“p(ﬁz), then the operators
[ [a(t, T) — a(00, 00)0(t) — a(—o0, —00)O(—t)|h(t — ) (T) dT,

0(t) /_ a(t, 7)0(—1)h(t — 7)(T)dT

are completely continuous in £,(—00,00), 1 < p < c0.

No. 3. Consider the following boundary-value problem

Ot (¥) —|—/— a(t,T)hy(t — 1)@ (1) dr =

=Gt)d (t) + /OO b(t, T)hy(t — )P~ (1) dT + f(¢), —oo<t<oo, (5)

where ®*(z) are analytic functions in the half-planes Im z > 0, Im z < 0, respec-
tively, representable by a Cauchy-type integral with density from ﬁp(—oo, 00);
p > 1 (95(t) € £5). It is assumed that 1) hy(t), hy(t) € £1(—00,00); 2)
a(t, ), b(t,7) € M=**(R,), with a(+00, +00) = a(—00, —o0) and b(+0c0, +00) =
b(—00,—00); 3) G(t) € M*"P N A, and G(—00) = G(+00) (for the definition
of the class A, see (*)). In particular, one may take G(t) to be a function
continuous on the closed axis, G(t) # 0.

It is known that in the case of a finite contour and Fredholm kernels the index
of a problem of the form (5) (as well as of more general integro-differential

problems does not depend on the integral (Fredholm) terms (see (1), p. 362).
This, it turns out, is also true for problem (5), which contains integral terms with
a difference kernel. However, the condition of normal solvability will depend on
the integral terms. We shall also indicate a case when problem (5) is solvable
in closed form.

Theorem 2. If 1 + a(oo,00)H(z) # 0 for 0 < z < oo and G(o0) +
b(00,00)H 5(x) # 0, —oo < x < 0, where

%j(x)z/ htetdr,  j=12,

sovietrxiv.org/items/ru-197001.74938 Machine Translation


https://sovietrxiv.org/items/ru-197001.74938

then problem (5) is Noetherian in £§, and its index is equal to the index of the
coefficient G(t).

By virtue of the lemma, problem (5) differs only by completely continuous terms
from the problem

AP = D1 (t) + a(oo, 00) /oo hi(t —T1)®" (1) dr—

—G(t) {CI)(t) + G(od) /OO ho(t —T)®~ (1) d7| = f(¢). (6)

Denoting
oo
H,®* = a(oo, oo)/ hy(t —7)®" (1) dT = &7 (¢),

7:b(oo,oo) o PP dr — B
= B3 [ oty ar = a0,

we see that (6) reduces to the successive solution of the Riemann problem
(1) + 7 (1) = G(1) [27 (1) + D1 (1)

and of convolution-type integral equations (on the whole axis) in the class of
analytic functions. In other words, there is the representation A = B- C, where

B=LI+S8)+iG(I-95), C=3I+H)I+S)+iI+H,)I-S),

G is the operator of multiplication by the function G(t), and

Sp = 1/°° p(r)dr

m ) o T—1

By the assumptions of the theorem, the operator C' is invertible.

Naturally, problem (6) is solved in closed form. Consequently, problem (5) is
solvable in closed form if a(t,7) = const, b(t,7) = vG(t), v = const. Note that
equation (6) generalizes an equation of the form ¢+ ASp+ H ¢ = f, considered
in £,(—00,00) by T. I. Savel’ eva (9).

No. 4. Consider the equation

Ky = (z) +/ Yz, y)k(z,y)Y(y) dy = g(x), 0<z<a, (7)
0

where k(z,y) is a homogeneous function of arbitrary order a: k(Az,\y) =
Ak(z,y), and it is assumed that there exists a number S such that one of
the summability conditions is satisfied:

o dy ° dz
[ <o [ ke 11 <o (¥
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The function ~y(z,y) will belong to a certain subclass of measurable functions
in the fundamental square, bounded everywhere except, possibly, at the origin
of the coordinates.

We seek solutions in the weighted space
[y B

LB ={yp: 2P Py(x) € £,(0,a)}.
If in (8) the admissible values are 0 < § < 1, then equation (7) may be consid-
ered in all £,(0,a), 1 <p < oco.
Denote

RQ={z,y:0<z<a, 0<y<al.
Definition 4. We shall say that w(x,y) € M**P(Q) if:

1) w(x,y) is a measurable function, essentially bounded on Q;

2) w(z,y) has the value w(0,0), defined analogously to the value a(oo, 00) in
Definition 2.

Theorem 3. Let v, (z,y) = 2Ty (x,y) € M*"P(Q). In order that the operator
K be a Noether operator in the space £§, 1 < p < o0, it is necessary and
sufficient that

oc(A) =14+(0,00MEN—8+1) £0,

—o00 < A < oo, M(s) = / k(1,y)y* L dy.
0
The index of the operator K is computed by the formula

g (K)= —%A [arg o (N)]>2, .

Theorem 3 is established by reducing equation (7) to equation (1). For simplic-
ity, it is formulated for a kernel k(z,y) satisfying the first of the summability
conditions (8), and is easily carried over to the case when k(z,y) satisfies the
second of conditions (8). We note that an analogous result for « = —1 and
v(z,y) € C(Q) was previously obtained by another method in the works of
L. G. Mikhailov (1%!1). Finally, a theorem analogous to Theorem 3 can be
obtained for the case a = 0o, and also for an equation more general than (7),

Ko=)+ Y [ ke vwdy = oo, 0<e<a
=10

In conclusion, let us consider the example

Aw:wm+é ﬁifwmwzﬂm, >0,
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where 7(z,y) € M*®(Q), f(z), () € £,(0,5), 1 < p < 00, Let 7o = 1(0,0),
Yoo = Y(00,00)—values in the sense of Definition (2). The Noether condition

1
has the form: 4,7, > —1/7 for p = 2, and 7y, 7o, # —— sin T for p # 2, while
77 p

the index » of the operator A, when this condition is fulfilled, is equal to

07 if Y05 Voo > *Sin(ﬂ'/p)/ﬂ' Or Y05 Voo < *Siﬂ(ﬂ'/p)/ﬂ'7
n =« sign(p —2), if vy > —sin(n/p)/7, Vo < —sin(n/p)/7,
sign(2 —p), if o < —sin(7/p)/m, Yoo > —sin(n/p)/m.
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Note: Figure translations are in progress. See original paper for figures.
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