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1. We shall use the notation and definitions introduced by us in our preceding
note (*). Let f € S,,, and let df(2) be its first variation; put, as before, £(w) =
§f(2), 2= f~Y(w). Denote the totality of functions &(w) by K = Hy(f). Let
T be the boundary tree of the function f, and G(7) the complement of T in
the whole w-sphere. We note that the function &(w) € J, is regular in G(T)
and satisfies the conditions £(0) = £/(0) = 0 and

Im{Q(w)/w?[€, (w) — & (w)]} = 0. (1)

It is clear that J, is a linear manifold over the field of real numbers. On J
consider the bilinear form

{ [Lpr dw dw omi ‘w‘:rog dn +ﬁ;fknk}a (2)

where do is an element of area, r, is an arbitrary constant < 1/4, and ¥ is a
certain constant, chosen so that for € =n # 0 expresswn (2) is strictly greater
than zero. It can be shown that if Q(w) = Zl A,w™* is normalized by the
condition Zl |4;|% = 1, then ¥ can be taken in the form 9 = of}, where « is
an absolute constant. The form (2) is symmetric and positive; denote it by (£, )
and put €] = (£,€)Y2. Completing 7, in the norm introduced, we obtain a
real Hilbert space . The elements of A are naturally to be regarded as first
variations of the function f(z).

With the function f € S, one can associate one more Hilbert space. Denote
by & the totality of functions regular in G(J'), normalized by the conditions
£00) = £(0) =0, £ € & and such that |§] < oco. If £ € &, then almost
everywhere on T it has finite limiting values £ (w), £_(w). Denote by 2 the
set of those elements of & for which condition (1) is satisfied almost everywhere
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on J. It is clear that ' C D. It can be shown that D = H & R, where R is a
finite-dimensional subspace whose elements are certain rational fractions. In a
number of questions it is important to know when R is empty.

Taking into account formula (19) of note (), we shall write the second variation
of the functional L(f) in the form 62L(f;&). If £ € K, then §2L(f;€) and the
norm |¢|| are related by

n n—1 n—~k
L) = —1€l? +9 ) 62 — 5 Re { &) (k+1+ 2>Ak+l£l} - (29
1 =1

k=1

2. The study of extremal problems on the compactum S for functionals of
the form J(f) = F(aq,...,a,) is most closely connected with the study of the

'

structure of the coefficient region of the class S. Let R?" be the real

Euclidean space; points of R?" will be written in complex form, z € R?", x =
(Tq,..e,2,), Or T = (aq,...,a,). The coefficient domain V,, is the image of the
compact set S under the mapping F : S — R?" such that the image of f € S
is the point © = (ay,...,a,) € V,. The preimage z € V,, will be denoted
by S,. The structure of V,, was investigated by Schaeffer and Spencer in (}).
They showed that ¥V, is homeomorphic to the 2n-dimensional ball |z| < 1,
and established that x € IntV, if and only if S, contains a bounded function.
Schaeffer and Spencer established that if € 9V,,, then S, NS, # 0. From this
theorem of Schaeffer and Spencer and Teichmiiller’ s theorem (?) it follows that
for x € OV, S, consists of a single function. Thus, from the results of Schaeffer,
Spencer, and Teichmiiller it follows that S, and 0V, are homeomorphic, i.e.,

S,, is homeomorphic to the (2n — 1)-dimensional sphere.

For the theory of extremal problems the metric properties of the boundary V,,
are of great importance. These questions are rather difficult, and works in which
the smoothness of the boundary of the coefficient domain is studied are almost
nonexistent. An exception is the work (%), in which the authors announced a
result stating that at the points of a certain set lying on 0V, there exists a
tangent hyperplane.

Since S,, and OV, are homeomorphic, at each point z € 9V, an extremal
function f(z) = f(z;z) is defined, and hence also the corresponding cone
K, (f) = K, of vectors associated with the function f(z,z). Denote by R
the set of those x € 9V, for which dim A, = 1. It is not difficult to show that
R is an open subset of 0V,,. Let the complement of R in 9V, be denoted by
A. Thus, 0V,, = RU A, and if x € A, then dimA, > 1. In a neighborhood
of points #° € R the structure of the boundary V,, is rather simple. One can
show that in a new system of rectangular coordinates (y,7), ¥ = (Y1, -+ s Yan_1)s
with origin at 2% and with the 7-axis directed along the vector A € Ko, the
boundary V,, in a neighborhood of 2° will be the graph of a continuous function
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T=9U(Y) = V(Y1 - Yan_1), ¥(0) = 0. For |y| < p the function 9 (y) is continu-
ously differentiable and grad ¢)(0) = 0. It is not difficult to establish a connection
between the differential properties of 1(y) at a certain point € 9V,, and the
second variation of the linear functional determined by the vector A € K. In
this way one can show that grad ¢(y) satisfies a Lipschitz condition for |y| < p,
and find the set of points from R where the second differential of the function
¥ (y) does not exist. See below for more details on this.

3. Let fy € S,, A’ € K.(fy), |\°] = 1; define, by the vector \°, the linear

functional
n JR—

L(f) =Re ) _ Nay.

1
Fix arbitrary quantities ¢, ...,¢,, subject to the condition

Re > A%t =0,
1

and consider the set of first variations of the function f,(z) such that
da, = t, k = 1,...,n. Considering these first variations as functions of
w, we obtain a certain subset 3, of the linear manifold $),; moreover, if

5(“0 € 307 o
fw) =Y gk,
1

then {(w) will have fixed first n coeflicients &, = 3, kK = 1,...,n. The

quantities 3;,...,3, are readily computed from the quantities ¢;,...,¢,.
Consider the problem of determining
sup 6°L(f;€). 3)
§€3¢

From formula (2) we obtain that this problem is equivalent to the problem
of determining

inf €] @

Let 3 be the closure of 3; it is clear that the lower bound in (4) will not change
if it is computed over the set 3. The set 3 is flat, and therefore, as is known,
there is an element ¢ € 3 such that

inf €] = [¢].
Inffigll = 1<l

The function ((w) will satisfy a differential equation, and in order to obtain it,
it is useful to make use of the relation between the quantities (3) and (4) and
formula (17) of our note [4]. As a result of the computations we obtain the
equation for ((w)

C(w) | +w2Q(w) - ————5 =0, 2= fg'(w), (5)

w2 dw w?

Q(w)d[Q(w)
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where Q(w) is a certain polynomial in 1/w of degree not exceeding n, and

P(z) = Z§k2k7 ImP(z) =0 for |2| = 1.

Equation (5) is the variational equation for equation (9) (see [4]), which is
satisfied by the extremal function f,(z). Thus the theory presented here is, as
it were, an analogue of Jacobi’ s theory in the classical calculus of variations.

When H is a proper subspace of the space §), one may consider the subset
3* C 9 of those £ € 9,

S(w) = Z gkwarl’
1

for which &, =0, k=1,...,n. Analogously to (4), introduce the quantity
€. (6)

inf
£e3*

Everything said above about problem (4) also holds in the present case. Denote
by D[f;] the upper bound (3). Taking (2*) into account, we see that D(f%;¢)
is connected by a rather simple relation with (4). By means of an identical
relation, using the quantity (6), we define the functional D[f°;¢]. It is not hard
to show that D[f?;t] and D[f%;¢] are quadratic forms in the elements of the
vector t. In view of the homeomorphism between 0V, and S,,, we obtain at
each point of the set R the quadratic forms Dlx;t] = D|[f;t], f = f(z;z), and
Dl t] = D[f3t].

4. Let us return to the constructions of item 2 and consider a local coordinate
system (y,7). Denote by B the graph of the function 7 = #(y) on the
disk

U={y: [yl <p}h
Denote by 9 the collection of tangent vectors to the set B. The set Q)
may be identified with the set of pairs (y,v), y € U, while v is an arbitrary
vector from R?"~1. By the pair (y,v) we uniquely determine the point
(y,¥(y)) € B and the vector ¢, lying in the tangent hyperplane to 8 at
the point (y,v¢(y)). Thus Dlz;t] and D[z;t] become functions of a point
of the set ). For convenience put

Dly; v] = (| grad p(y)|? + 1)

Dlx;t]
and, respectively,

Dy; 0] = (|gradv(y)? + 1)

Define the second lower derivative number of Vallee-Poussin of the function

Y(y)

Dlx;t].

D(y) = lim 2 [y + £v) — (y) — e(grad v(y), o).

e—0 g2
The upper derivative number is defined analogously.
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The connection between the theory of the second variation and the structure of
the boundary V,, is given by the simple inequality

Dly;v] < D3(y). (7)

It can be shown that in (7) the equality sign is attained almost everywhere
on the disk 4. In this way we also obtain the aforementioned theorem stating
that grad ¢ (y) satisfies a Lipschitz condition for |y| < p. It turns out that, in
order that a second differential ¢(y) exist at the point y, it is sufficient that
H, =h,, where 7, and b, are Hilbert spaces of first variations determined by
the corresponding extremal function.

5. We have seen that the question of when the Hilbert spaces A and b
coincide is essential. The answer to this question is given in terms of the
properties of the boundary tree T of the extremal f(z), or, more precisely,
the answer depends on the relationship between 7 and the graph of .
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