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MATHEMATICS

A. D. DEEV

REPRESENTATION OF STATISTICS OF DIS-
CRIMINANT ANALYSIS AND ASYMPTOTIC
EXPANSIONS WHEN THE DIMENSIONS OF
THE SPACE ARE COMPARABLE WITH THE
SAMPLE SIZES
(Presented by Academician A. N. Kolmogorov on 20 IV 1970)

1. As is well known, when classifying an observation 𝑋 into one of several
(𝑆) populations, information about which is given by a preliminary sample, one
should distinguish three kinds of errors: a) the error 𝑃(𝐻𝑖 ∣ 𝐻𝑗), unknown to
the investigator, which is obtained for completely specified distributions because
of the statistical nature of the problem (the error in assigning 𝑋 to the 𝑖-th pop-
ulation when in fact 𝑋 belongs to the 𝑗-th (𝑖 ≠ 𝑗)); b) the error due to the
one-time construction of the classifier from a fixed sample, i.e., the conditional
error 𝑃 (𝐻𝑖 ∣ 𝐻𝑗, {𝑋(𝑘)

𝛼 }), 𝛼 = 1, … , 𝑁𝑘, 𝑘 = 1, … , 𝑆, with 𝑖, 𝑗 fixed. The condi-
tional error is a random variable whose distribution it is desirable to estimate,
and its first characteristic is its average over all possible samples of fixed size
𝑁 = (𝑁1, 𝑁2, … , 𝑁𝑠); c) 𝑃𝑁;𝑖𝑗 = 𝑀𝑃(𝐻𝑖 ∣ 𝐻𝑗, {𝑋(𝑘)

𝛼 }). Clearly, for any linear
functional of the errors 𝑃(𝐻𝑖 ∣ 𝐻𝑗), 𝐿 = ∑ 𝐶𝑖𝑗𝑃(𝐻𝑖 ∣ 𝐻𝑗), the minimum will
be less than the minimum 𝐿𝑁 = ∑ 𝐶𝑖𝑗𝑀𝑃(𝐻𝑖 ∣ 𝐻𝑗, {𝑋(𝑘)

𝛼 }).
The study of distributions connected with discriminant functions is a difficult
problem, very far from a satisfactory solution. In the present note a represen-
tation is proposed for certain classification statistics in terms of simple one-
dimensional random variables (normal and 𝜒2), which makes it possible to ob-
tain asymptotic expansions useful for practical purposes.

2. We shall consider the problem of classifying an observation 𝑋 into one of two
normal populations 𝜋𝑖 ∼ 𝑁(𝜇𝑖, Σ) (𝑖 = 1, 2) with common covariance matrix Σ.
By sufficiency considerations the sample information {𝑋(𝑖)

𝛼 }, 𝛼 = 1, … , 𝑁𝑖, is
reduced to 𝔐 = {𝑋(1), 𝑋(2), 𝐴}, where
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𝑋(𝑖) = 1
𝑁𝑖

𝑁𝑖

∑
𝛼=1

𝑋(𝑖)
𝛼

are estimates of the population means 𝜇𝑖, and

𝑆 = 1
𝑓 𝐴 = 1

𝑁1 + 𝑁2 − 2𝐴 = 1
𝑁1 + 𝑁2 − 2

2
∑
𝑖=1

𝑁𝑖

∑
𝛼=1

(𝑋(𝑖)
𝛼 − 𝑋(𝑖)) (𝑋(𝑖)

𝛼 − 𝑋(𝑖))
′

is an unbiased estimate of the common covariance matrix Σ. Let 𝑊 = (𝑋 −
1
2 𝑋(1)− 1

2 𝑋(2))′𝑆−1(𝑋(2)−𝑋(1)) be the so-called Anderson statistic, usually used
for classifying 𝑋 according to the rule: accept 𝑋 ∈ 𝜋1 if 𝑊 < 𝐶 and 𝑋 ∈ 𝜋2
if 𝑊 > 𝐶, where 𝐶 is the classification threshold chosen by the investigator;
usually 𝐶 = 0, as we shall also assume, although this is inessential.

The distribution of 𝑊 is complicated and has been studied by many authors
(1−3). In particular, one should note the work (4), in which for the first time a
representation of 𝑊 in terms of simple statistics was given, useful for simulation,
numerical analysis, obtaining asymptotic expansions, etc.

In the parametric space there exists only one parameter—the so-called Maha-
lanobis distance 𝜌2 = (𝜇2 − 𝜇1)′Σ−1(𝜇2 − 𝜇1), and the errors are functions of 𝜌;
for example, they can be made equal: 𝑃(𝐻1 ∣ 𝐻2) = 𝑃(𝐻2 ∣ 𝐻1) = Φ(−𝜌/2),
where Φ(⋅) is the distribution function of a standard normal variate 𝑁(0, 1).
Owing to the conditional normality of 𝑊 with respect to 𝔐,

𝑃(𝑊 > 0 ∣ 𝔐, 𝐻1) = Φ
⎛⎜⎜⎜
⎝

(𝜇1 − 1
2 𝑋(1) − 1

2 𝑋(2))′𝑆−1(𝑋(2) − 𝑋(1))

[(𝑋(2) − 𝑋(1))′𝑆−1Σ𝑆−1(𝑋(2) − 𝑋(1))]
1/2

⎞⎟⎟⎟
⎠

,

𝑃(𝑊 < 0 ∣ 𝔐, 𝐻2) = Φ
⎛⎜⎜⎜
⎝

( 1
2 𝑋(1) + 1

2 𝑋(2) − 𝜇2)′𝑆−1(𝑋(2) − 𝑋(1))

[(𝑋(2) − 𝑋(1))′𝑆−1Σ𝑆−1(𝑋(2) − 𝑋(1))]
1/2

⎞⎟⎟⎟
⎠

.

Let us denote the arguments by 𝜉1 and 𝜉2. We express 𝜉1 and 𝜉2 through six
simple random variables. By invariance considerations, we shall take the matrix
Σ to be the identity matrix 𝐼𝑝. Put 𝑍1 = 𝑓−1/2

1 (𝑋(2)−𝑋(1)) and 𝑍2 = (𝑁1𝑋(1)+
𝑁2𝑋(2))/(𝑁1 + 𝑁2)1/2, 𝑓1 = (𝑁1 + 𝑁2)/𝑁1𝑁2; then 𝑍1 and 𝑍2 are independent
and have distributions 𝑍1 ∼ 𝑁1(𝑓−1/2

1 Δ𝜇, 𝐼𝑝), 𝑍2 ∼ 𝑁((𝑁1𝜇1 + 𝑁2𝜇2)/(𝑁1 +
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𝑁2)1/2, 𝐼𝑝) (Δ𝜇 = 𝜇2 − 𝜇1). In this notation 𝜉1 and 𝜉2 are represented in the
following form:

𝜉1 = [ 1
(𝑁1 + 𝑁2)1/2 (𝑀𝑍2 − 𝑍2)′𝐴−1𝑍1 − 𝑁2

𝑁1 + 𝑁2
Δ𝜇′𝐴−1𝑍1 + 𝑁2 − 𝑁1

2(𝑁1 + 𝑁2)𝑓1/2
1 𝑍′

1𝐴−1𝑍1] /(𝑍′
1𝐴−2𝑍1)1/2,

𝜉2 = [− 1
(𝑁1 + 𝑁2)1/2 (𝑀𝑍2 − 𝑍2)′𝐴−1𝑍1 − 𝑁1

𝑁1 + 𝑁2
Δ𝜇′𝐴−1𝑍1 − 𝑁2 − 𝑁1

2(𝑁1 + 𝑁2)𝑓1/2
1 𝑍′

1𝐴−1𝑍1] /(𝑍′
1𝐴−2𝑍1)1/2.

The quantity

𝜈2 = (𝑍2 − 𝑀𝑍2)′𝐴−1𝑍1
(𝑍′

1𝐴−2𝑍1)1/2

has a standard normal distribution and does not depend on 𝐴 and 𝑍1; as for
the joint distribution of 𝛽1 = Δ𝜇′𝐴−1𝑍1, 𝛽2 = 𝑍′

1𝐴−1𝑍1, and 𝛽3 = 𝑍′
1𝐴−2𝑍1,

the following representation is valid:

Theorem 1. If 𝑍 ∼ 𝑁(Δ𝜇, 𝐼𝑝) and 𝐴 ∼ 𝑊(𝐼𝑝, 𝑓), where 𝑍 and 𝐴 are inde-
pendent, and 𝑊(𝐼𝑝, 𝑓) denotes the Wishart distribution in 𝑝-dimensional space
with 𝑓 degrees of freedom, then the statistics (𝛽1, 𝛽2, 𝛽3) are expressed in terms
of 5 independent random variables:

𝛽1 = (𝜒2
𝑓−𝑝+1)−1|Δ𝜇| [𝜈1 + |Δ𝜇| + 𝑅 sin 𝜃√𝜒2

𝑝−1],

𝛽2 = (𝜒2
𝑓−𝑝+1)−1 [(𝜈1 + |Δ𝜇|)2 + 𝜒2

𝑝−1] ,

𝛽3 = (𝜒2
𝑓−𝑝+1)−2 [(𝜈1 + |Δ𝜇|)2 + 𝜒2

𝑝−1] (1 + 𝑅2),

𝜈1 ∼ 𝑁(0, 1); 𝜒2
𝑓−𝑝+1 and 𝜒2

𝑝−1 are 𝜒2-variates; 𝑅2 has a beta distribution of
the second kind (see (6)) with

𝑝(𝑅2) = Γ((𝑓 + 1)/2)
Γ((𝑓 − 𝑝 + 2)/2)Γ((𝑝 − 1)/2)

(𝑅2)(𝑝−3)/2

(1 + 𝑅2)(𝑓+1)/2

and

𝑝(𝜃) = Γ((𝑝 − 1)/2)
Γ(1/2)Γ((𝑝 − 2)/2) cos𝑝−1 𝜃.
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We note that the beta distribution of the second kind is the ratio of independent
𝜒2-variates: 𝑅2 = 𝜒2

𝑝−1/𝜒2
𝑓−𝑝+2.

The proof is based on the standard technique of a random orthogonal transfor-
mation independent of 𝐴 (see (4)), and on the lemma concerning the distribution
of the first row of the matrix 𝐴−1.

Lemma. Let 𝐴 = {𝑎𝑖𝑗} ∼ 𝑊(𝐼𝑝, 𝑓) and 𝐴−1 = {𝑎𝑖𝑗}. Then 𝑎11 and 𝑔′ =
( 𝑎12

𝑎11 , 𝑎13
𝑎11 , … , 𝑎1𝑝

𝑎11 ) are independent and have distributions 𝑎11 ∼ 1/𝜒2
𝑓−𝑝+1,

𝑝(𝑔) = Γ((𝑓 + 1)/2)
𝜋(𝑝−1)/2Γ((𝑓 − 𝑝 + 2)/2)(1 + 𝑔′𝑔)−(𝑓+1)/2.

The proof of the lemma is based on the rule for multiplying block-partitioned
matrices and on Theorem 4.3.2 of [5]. Namely, if

𝐴 = (𝑎11 𝑎′
(1)

𝑎(1) 𝐴22
) and 𝐴−1 = (𝑎11 𝑎(1)′

𝑎(1) 𝐴22 ) ,

then

𝑎(1)′ = −𝑎11𝑎′
(1)𝐴−1

22

(the quantity 𝑎′
(1)𝐴−1

22 is the row of coefficients of the formal sample regression
of the first coordinate on the remaining ones), whence by Theorem 4.3.2 of
[5] 𝑎11 and 𝑔′ = 𝑎(1)′/𝑎11 are independent. The distribution of 𝑎11 has been
indicated; the conditional distribution of 𝑔′ (when the coordinates except the
first are fixed) is normal with zero mean and covariance matrix 𝐴−1

22 , where 𝐴22
has distribution 𝑊(𝐼𝑝−1, 𝑓). Integrating the joint density of 𝑔′ and 𝐴22 over the
set of positive definite 𝐴22 (see [5], Ch. 7), we obtain 𝑝(𝑔), which completes the
proof of the lemma.

In order not to encumber the exposition, we give the final form of the represen-
tation of the conditional errors only for 𝑁1 = 𝑁2 = 𝑁 :

𝑃{𝑊 > 0 ∣ 𝔐, 𝐻1} = Φ ⎛⎜⎜
⎝

𝜈2
(2𝑁)1/2 − 1

2 −
𝜌(𝜈1 + √𝑁/2 𝜌 + 𝑅 sin 𝜃√𝜒2

𝑝−1)

(1 + 𝑅2)1/2 [(𝜈1 + √𝑁/2 𝜌)2 + 𝜒2
𝑝−1]1/2

⎞⎟⎟
⎠

,

𝑃{𝑊 < 0 ∣ 𝔐, 𝐻2} = Φ ⎛⎜⎜
⎝

− 𝜈2
(2𝑁)1/2 − 1

2 −
𝜌(𝜈1 + √𝑁/2 𝜌 + 𝑅 sin 𝜃√𝜒2

𝑝−1)

(1 + 𝑅2)1/2 [(𝜈1 + √𝑁/2 𝜌)2 + 𝜒2
𝑝−1]1/2

⎞⎟⎟
⎠

.
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A. N. Kolmogorov proposed studying the behavior of the distribution of classi-
fiers when 𝑝/𝑁𝑖 → 𝜆𝑖 (𝑝 → ∞, 𝑁𝑖 → ∞) and gave a first approximation to the
classification errors by means of a rule based on two statistics:

Δ𝑖 = (𝑋−𝑋̄(1))′𝑆−1(𝑋̄(2)−𝑋̄(1)), Δ1+Δ2 = 𝑟2 = (𝑋̄(2)−𝑋̄(1))′𝑆−1(𝑋̄(2)−𝑋̄(1)),

and allowing, generally speaking, a rejection region for classification. The con-
sideration of this problem is the subject of a separate paper; here we give the
principal and first term of the expansion of the distribution of 𝑊 in the indicated
asymptotics. A similar expansion in the usual asymptotics (𝑝 fixed, 𝑁𝑖 → ∞)
was obtained in [7], but already for moderate values of 𝑝 the corrections are com-
parable with the principal term (see Table 2, p. 1292 of [7]); therefore it seems
advisable to us to expand for 𝑝/𝑁𝑖 → 𝜆𝑖 = const. The expansion is obtained
by synthesizing the ideas of preliminary averaging with respect to the normal
measure and representation through simple statistics, followed by application
of Laplace’s method to the conditional characteristic function.

Let

𝐺𝑖(𝑡) = 𝑃 {𝑊 < 𝑓
𝑓 − 𝑝 + 1(−1)𝑖 [𝜌2

2 + (𝑁2 − 𝑁1)(𝑝 − 1)
2𝑁1𝑁2

] + 𝑡𝐷 ∣ 𝐻𝑖} ,

where

𝐷2 = 𝑓2(𝑓 + 1)
(𝑓 − 𝑝 + 1)2(𝑓 − 𝑝 + 2)

𝑁1 + 𝑁2 + 1
𝑁1 + 𝑁2

(𝜌2 + (𝑝 − 1)(𝑁1 + 𝑁2)
𝑁1𝑁2

) .

We note that

𝐺1(𝑡; 𝜌2, 𝑁1, 𝑁2, 𝑝) ≡ 1 − 𝐺2(−𝑡; 𝜌2, 𝑁2, 𝑁1, 𝑝).

Theorem 2. For 𝑝 ≥ 2,

𝐺2(𝑡) = Φ(𝑡) + 1
𝑝 − 1

4
∑
𝑠=1

𝑎1
𝑠Φ(𝑠)(𝑡) + 𝑂 ( 1

𝑝2 ) ; Φ(𝑠)(𝑡) = 𝑑𝑠Φ(𝑡)
𝑑𝑡𝑠 ;

𝑎1
1 = −2𝜌2𝛾 + (1 + 2𝛾)(𝜆1 − 𝜆2)

2𝜔1/2(𝜌2 + 𝜆1 + 𝜆2)1/2 ;

𝑎1
2 = 1

2𝜔(𝜌2 + 𝜆1 + 𝜆2) {𝜌2(1 + 𝛾)𝜆2
1

𝜆1 + 𝜆2
+ (1 + 𝛾)2(𝜆1 − 𝜆2)2

2 + 𝛾𝜌4

2 }+𝛾2

𝜔 +3𝛾+1
2

𝜆1 + 𝜆2
𝜌2 + 𝜆1 + 𝜆2

;
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𝑎1
3 = − 𝜆1 + 𝜆2

2𝜔1/2(𝜌2 + 𝜆1 + 𝜆2)3/2 { 2𝜆1𝜌2

𝜆1 + 𝜆2
+ 𝜆1 − 𝜆2} − 𝛾(𝜌2 + 𝜆1 − 𝜆2)

𝜔1/2(𝜌2 + 𝜆1 + 𝜆2)1/2 ;

𝑎1
4 = 𝛾 + 1

4
𝛾2

𝜔 + 1
4

(𝜆1 + 𝜆2)(2𝜌2 + 𝜆1 + 𝜆2)
(𝜌2 + 𝜆1 + 𝜆2)2 ;

𝜆𝑖 = (𝑝 − 1)/𝑁𝑖; 𝛾 = 𝜆1𝜆2/(𝜆1 + 𝜆2 − 𝜆1𝜆2);

𝜔 = 𝛾 + 1 = (𝜆1 + 𝜆2)/(𝜆1 + 𝜆2 − 𝜆1𝜆2).

Analogous expansions have been obtained for other statistics of discriminant
analysis.

In conclusion, the author considers it his pleasant duty to express his pro-
found gratitude to A. N. Kolmogorov for posing the problem and to Yu. N.
Blagoveshchenskii for supervising the research.

Received
16 IV 1970
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