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In this paper, by methods of the theory of cones, boundary-value problems
for nonlinear elliptic equations of second order are studied, as well as some
boundary-value problems for ordinary differential equations of arbitrary order.

1. Let K be a cone in a Banach space E (1'?), and let K* be the set of positive
linear functionals. Let a nonlinear operator F', acting and continuous from
the Banach space E; into E (F; C E), and a linear operator A, acting and
completely continuous from FE into F,, be positive: FE, C K, AK C K.

Suppose that I is embedded in the Banach space E,. We shall call the linear
operator A Ej-contracting if there exist a linear functional | € K*, a vector
uy € K, and positive numbers A and k such that I(ug) = 1 and, for every v € K,
the inequalities

[(Av) > N(v), [(Av) > k| Av g, - (1)
Theorem 1. Let the following conditions be satisfied:

1) A is an E,-contracting operator;

2) FO = 0, where 0 is an isolated fized point, completely continuous in E,
of the vector field du = u — AFu, whose index is different from zero;

3) l(Fu) > al(u) — b for every uw € K (here a,b are positive constants, with
aX >1);

4) for solutions belonging to K N E; of the family of operator equations
u=(1—t)AFu+ atAu (t €10,1])

the relation
lule, < ¥(lulg,),
holds, where 1(s) is a continuous function.

Then the equation u = AFu has at least one nonzero solution.
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Theorem 1 is a development of the well-known fixed-point principle of M. A.
Krasnosel’ skii for an operator stretching a cone. The greatest difficulties arise
in verifying the first condition. The choice of the space E, determines the
character of the restrictions necessary for fulfilling the fourth condition, which
is an abstract analogue of the classical L-condition of S. N. Bernstein.

2. We give examples of the use of Theorem 1 for proving the existence of a
solution of some boundary-value problems.

Let €2 be a bounded domain in n-dimensional space with boundary I" belonging
to the class A% (see (%)) for some a € (0,1).

Consider the differential equation

"~ 0 du ou ou
Lu=— ‘21 %aij(tl, ,tn)aitj + a(tl, ,tn)’u = f (t,u, aitl, ceey 875) s (2)
1,]= ? n

where t = {t;,...,t,} € Q, Q = Q +T. In what follows it is assumed that
the operator £ is of elliptic type, that the coefficients a;;(t), a(t) are sufficiently

smooth functions (a;;(t) € C'** a(t) € C*), with a(t) > 0, and that the
function f(t,u,py,...,p,) is defined and continuous for + € Q and arbitrary
Uy Ppy e s Ppye

Let p, denote the first eigenvalue of the operator £ under the boundary condi-
tion

up =0, 3)

and let «,,, 3,, be numbers satisfying the inequalities

a,(n—1)<n+1, Bpn <n+1, o, >0, B, > 0.

Theorem 2. Let the function f(¢,u,p) be nonnegative, have continuous partial
derivatives with respect to each of its arguments, let

f(¢,0,0,...,0) =0
and let the inequalities
[t u,p) > aqlul — by (by >0, a; > py),

fltu,p) <Clu)(1+p*) (n=1),
fltu,p) <O+ [ul* + |p|Pr)  (n>1);
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hold. Here C(u) is a continuous function, C' is a positive constant, and

p| = \/p? +p3 4+ i

Then the boundary-value problem (2)—(3) has a nonzero solution belonging to
the class C2T.

An important role in the proof of Theorem 2 is played by

Lemma 1. Let ¢(t) be a nonnegative eigenfunction, and let G(¢,s) be the
Green’ s function of the operator £ under the boundary condition (2). Then

o(t) > k1”G(t7 S)”Lp(ﬂ)v

where kq,p are positive constants, with p(n — 1) < n.
The proof of Lemma 2 is based on estimates of the type of Giraud—Oleinik (3).

3. In this section we study the question of the existence of a solution of
equation (2) satisfying, for ¢ € ', the boundary condition

Ou/ov = Pu. (4)

Here Ou/dv is the derivative along the inward normal, and the function § =
B(t) € C*** is positive. Let uy denote the first eigenvalue of the operator £
under the boundary condition (4).

Theorem 3. Let the function f(t¢q,...,¢t,,u,pq,...,p,) be nonnegative, have

» Ymo

continuous partial derivatives with respect to each of its arguments, let

and satisfy the inequalities

[t u,p) > agluf — by (by >0, ay > ps),
f(t,u,p) < C(exp |ul™ + |p|52), for n = 2,

flt,u,p) < CQA+ |ul™ + |p\‘5n)7 for n > 2.

Here C,~,,, d,, are positive numbers, with

Yo < 1, 0y < 2, Yo (n—2) <mn, 0,(n—1)<n (n>2).
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Then the differential equation (2) has a positive solution satisfying the boundary
condition (4) and belonging to C?*.

4. Let us consider the problem of finding a solution of the ordinary differential
equation

Mu=Y "p;(t)u? = g(t,u, o, .., u™D), ()
i=0
satisfying the boundary condition

u(ay) = ulay) = ... = u(a,,) = 0. (6)

Here p;(t) are functions defined and continuous on the interval [0, T (|p,,, (t)| >
0), g(t,uq,...,u,,) is a function defined for t € [0,T], —0 < u; < oo (i =
1,...,m); aq,as, ..., a,, are certain numbers from the interval [0, T], with 0 =
a; < ag < ...<a,, =T. We shall assume that every solution of the equation
Mu = 0 has on the interval [0, 7] no more than n—1 zeros (counting multiplici-
ties), and that the function g(¢,uq,...,u,,) is nonnegative, continuous jointly in
all variables together with the partial derivatives g, (i=1,..,m).

Denote by P(t,s) the Green’ s function of the operator M under the boundary
condition (6). It follows from the results of [4] that the integral equation

u / IP(t, )] () dt = 2(s)

has a nonnegative solution y(s) for some p = g > 0.
Lemma 2. There exists a positive constant k, such that, for all s € [0, 7],

>k P(t,s)|.
y(s) > ztler[l%]l (t,s)]

In the proof of Lemma 2, estimates of the Green’ s function P(t, s) established
in [4] are essentially used.

Theorem 4. Suppose that g(¢,0,...,0) = 0 and that, for any ¢ € [0,T], —o0 <
u; < oo (i =1,...,m), the inequalities

m—1
cslug| —ds < g(t,ug, o uy,) < D(uy) (1 + Z |Uz‘+1n/zs> ) (7)
=1

hold, where D(u,) is a continuous function; cg, ds are positive constants, with
Cy3 > lUs.
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Then the boundary-value problem (5)—(6) has a nonzero solution.

5. We shall give conditions for the existence of a solution of the differential
equation (5) satisfying the linear homogeneous boundary conditions

1y () = L) = oo = 1y () = 0 (8)

We shall assume that under the boundary conditions (8) there exists a positive
Green’ s function Q(t, s) of the operator M. Denote by p, the first eigenvalue of
the operator M under the boundary condition (8), and by z(s) the corresponding
first eigenfunction. The existence of an eigenfunction follows from the positivity

of Q(t, s).

Lemma 3. There exists a positive constant k4 such that, for all s € [0, T,

. Qi3 (1125) = Q3 (72, 9)
x(s) > kg maX‘Qinfg)(t,s)’—Fsup ‘ fn—2 21 fn—2 172 ’ .
t T1,T2 ‘Tl - 7—2|
An immediate consequence of Lemma 3 is
Theorem 5. Let g(t,0,...,0) = 0 and let the inequality
glts gy oo ty) > cqlug| —dy (g > pug, dy >0)
hold.

Then the differential equation (5) has a positive solution satisfying the boundary
conditions (8).

6. As was shown in (%), the differential equation
Au—+|ul"=0

for r > (n +2)/(n —2) (n > 2) has no nonzero solutions satisfying the
boundary condition (3). This example shows that the requirement of
sublinear growth of the function f(¢,u,p) with respect to the variables
U, Py, .., Py, is essential for the validity of the assertion of Theorem 2 and,
in the general case, cannot be discarded.

Theorem 4 is an immediate generalization of the results of (°). The scheme
developed in the first section is applicable to systems of differential equations.

The author expresses his gratitude to M. A. Krasnosel’ skii and Yu. S. Kolesov,
who drew the author’ s attention to the works of S. I. Pokhozhaev (°,7), in
which related questions are studied by other methods.
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