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MATHEMATICS

P. D. KRUT’KO

ON THE PROBLEM OF OBSERVING NON-
LINEAR SYSTEMS
(Presented by Academician N. N. Krasovskii, 15 VIII 1969)

The direct solution of the problem of determining the position of a nonlinear
system in phase space leads to the necessity of constructing nonlinear resolving
operations, the realization of which is achieved by comparatively complicated
algorithms (1). In a number of cases, however, the computation of the coor-
dinates of a nonlinear system that are not accessible to measurement can be
reduced to the procedure of estimating the state of the corresponding linear
systems. We shall illustrate this possibility for the case when the motion under
study is governed by the differential equation

̇𝑥(𝜏) = 𝑓(𝜏, 𝑥), 𝑥(𝜏) = 𝑥0, (1)

where 𝑥 is an 𝑛-dimensional vector of phase coordinates; 𝑓(𝜏, 𝑥) is a nonlinear
vector function whose properties guarantee the existence and uniqueness of the
solution 𝑥(𝜏, 𝜏0, 𝑥0), and, moreover, in a neighborhood of this solution it has an
infinite number of continuous derivatives with respect to 𝑥. For simplicity of
exposition we shall consider the problem of determining the initial value of the
vector 𝑥(𝜏0) from the ideal signal

𝑦(𝜏) = 𝐻(𝜏)𝑥(𝜏), (2)

measured on the interval 𝜏0 ≤ 𝜏 ≤ 𝑡. We assume here that 𝑦(𝜏) is an 𝑚-
dimensional vector; 𝐻(𝜏) is a continuous (𝑛 × 𝑛)-matrix and 𝑚 < 𝑛.

Instead of (1) let us consider the more general system

̇𝑧(𝜏 , 𝜆) = 𝐺[𝜏, 𝑧(𝜏, 𝜆), 𝜆], 𝑧(𝜏0, 𝜆) = 𝑥0, (3)

depending on the real parameter 𝜆 and such that, for 𝜆 = 0, system (3) is
linear, while for 𝜆 = 1 it is identical with (1). We shall assume in addition
that 𝐺[𝜏, 𝑧, 𝜆] is expandable in a series in 𝜆 for |𝜆| ≤ 1, and that the radius of
convergence of the series representing the solution of equation (3) coincides with
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the radius of convergence of the series in 𝜆 into which the function 𝐺[𝜏, 𝑧, 𝜆] is
expanded. In what follows we take

𝐺[𝜏, 𝑧(𝜏, 𝜆), 𝜆] = 𝐴(𝜏)𝑧(𝜏, 𝜆) + 𝐹[𝜏, 𝑧(𝜏, 𝜆), 𝜆], (4)

assuming that 𝐴(𝜏) is continuous; 𝐹[𝜏, 𝑧, 𝜆] has the properties of the func-
tion 𝐺[𝜏, 𝑧, 𝜆], and with respect to 𝑧(𝜏, 𝜆) satisfies the conditions imposed on
𝑓(𝜏, 𝑥). Under the assumptions made, using the sensitivity functions 𝜂[𝜈](𝜏) =
[𝜕𝜈𝑧(𝜏, 𝜆)/𝜕𝜆𝜈]𝜆=0 of system (3) with respect to 𝜆, we represent 𝑧(𝜏, 𝜆) in the
form

𝑧(𝜏, 𝜆) = 𝑧(𝜏, 0) + ∑
𝜈=1

𝜆𝜈

𝜈! 𝜂[𝜈](𝜏).

Then, by virtue of the properties of 𝐺[𝜏, 𝑧, 𝜆], the integral curve 𝑥(𝜏) = 𝑧(𝜏, 1),
and the desired vector 𝑥0, turns out to be equal to

𝑥0 = 𝑧(𝜏0, 0) +
0

∑
𝜈=1

1
𝜈!𝜂

[𝜈](𝜏0). (5)

The values 𝑧(𝜏0, 0), 𝜂[𝜈](𝜏0) can be found by successively solving the problem of
approximation to 𝑦(𝜏) by the recursively defined variables

𝑦[𝜈](𝜏) = 𝑦[𝜈−1](𝜏) + 1
𝜈!𝐻(𝜏)𝜂[𝜈](𝜏), 𝑦[0](𝜏) = 𝐻(𝜏)𝑧(𝜏, 0) (6)

for 𝜈 = 0, 1, 2, …. The functions entering into these equalities satisfy the differ-
ential equations

̇𝑧(𝜏 , 0) = 𝐴(𝜏)𝑧(𝜏, 0);

̇𝜂[1](𝜏) = 𝐴(𝜏)𝜂[1](𝜏) +
𝑛

∑
𝑞=1

𝐹𝑧𝑞[𝜏 , 𝑧, 0]𝜂[1]
𝑞 (𝜏) + 𝐹𝜆[𝜏 , 𝑧, 0] (7)

and so on, which, in accordance with the sensitivity theory of dynamical systems
(2), are obtained by differentiating (3) with respect to 𝜆 at 𝜆 = 0.

Equations (7) are linear. Therefore, to determine 𝑥0 from (5), one may ap-
ply well-developed methods for solving observation problems for linear systems
(3−5).
To illustrate the rate of convergence of the estimates in accordance with the
series (5), we give the results of solving the problem of determining the angular
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velocities 𝑥1, 𝑥2, 𝑥3 of the rotational motion of a rigid body in the coordinate
system 𝑂𝑋1𝑋2𝑋3 attached to it. In the presence of friction such motion is
described by Euler’s equations

̇𝑥𝑖 =
3

∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 + ∥
𝑏1𝑥2𝑥3
𝑏2𝑥1𝑥3
𝑏3𝑥1𝑥2

∥ , 𝑖 = 1, 2, 3.

In the case under consideration one may take

𝐺𝑖[𝜏 , 𝑧(𝜏, 𝜆), 𝜆] ∶=
3

∑
𝑗=1

𝑎𝑖𝑗𝑧𝑗(𝜏, 𝜆) + 𝜆 ∥
𝑏1𝑧2𝑧3
𝑏2𝑧1𝑧3
𝑏3𝑧1𝑧2

∥ ,

therefore the system of equations (7) will have the form

̇𝑧(𝜏 , 0) = 𝐴𝑧(𝜏, 0);

̇𝜂[1](𝜏) = 𝐴𝜂[1](𝜏) + ∥
𝑏1𝑧2(𝜏, 0)𝑧3(𝜏, 0)
𝑏2𝑧1(𝜏, 0)𝑧3(𝜏, 0)
𝑏3𝑧1(𝜏, 0)𝑧2(𝜏, 0)

∥

and so on.

For the case when only 𝑥1(𝜏) is measured, and the approximation of the vari-
ables (6) to 𝑥1(𝜏) is carried out by minimizing quadratic functionals, we give
successively improved estimates of the angular velocities as a function of the
number of terms of the series (5) used:

𝜈 𝑥1, sec−1 𝑥2, sec−1 𝑥3, sec−1

0 2.003550 1.504025 0.451852
1 2.003267 1.505508 0.990130
2 2.000998 1.501206 0.996414
3 2.000963 1.500232 0.999615

The calculations correspond to

𝑎11 = 𝑎12 = 𝑎22 = 𝑎31 = 0, 𝑎21 = 𝑎32 = 1,

𝑎13 = −2, 𝑎23 = −5, 𝑎33 = −4, 𝑏′ = (0.04; 0.02; 0.03).
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The true values 𝑥1(0), 𝑥2(0), 𝑥3(0) were taken equal, respectively, to
2.0; 1.50; 1.0 sec−1.

In conclusion, we note that the method presented admits a generalization to the
case where the system under study is subject to the action of control functions,
and the measuring equation (2) is nonlinear.
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