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Suppose that the kernel k(s) of the integral equation

/T k(t — m)u(r) dr = Nu(t), 0<t<T, (1)
0

is the restriction to the segment —7 < s < T of some function defined on the
entire real axis —oo < s < +00. Denote by K (z) the Fourier transform of this
function,

K(z) = [ e s k(s) ds. (2)

Works on the asymptotics of the eigenvalues of (1) as I — oo for the most
part concern the self-adjoint positive case (see, for example, (%3)). Thus, in
(), under the assumption of positivity, evenness, and monotone decrease of
K(z) as |z] — oo (slower than exponential), the formula A\, = K(xl/T + o(l))
was established. An analogous result in essence was obtained in (?). However,
as far as the author knows, the non-self-adjoint case, i.e., when K (z) may be
complex-valued, has so far scarcely been investigated.

Here we consider problem (1) for a very special class of kernels, on which, nev-
ertheless, some interesting phenomena of the non-self-adjoint case may be ob-
served. Suppose that

0 Qn(r) (x —by) - (2= by,

P,(x)  (z—aj)(z—af)(@—ay)(z—q,)

(3)
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where by, ...,b,, are the roots of the polynomial Q,,(z); a7, ... NN

are the roots of the polynomial P, (z) (p+q = n), with Ima; >0 (j =1,...,9),
Ima; <0(j=1,...,p); by # af Equation (1) is an integral equation, therefore
n>m.

Denote r = n — m and, moreover, let
Pra)=(z—af)(z—a)), P (z)=(z—ay)(z—a,)

Let

Ulz) = L /0 e~ ty(t) dt. (4)

It is known (%) that if K (z) is of the form (3), then U (z), where u(t) is a solution
of (1), can be represented in the form

e @)+ e T () P () B (@) + e TE ()
N 7 R N Be v

where g = 1/X\. ®"(2) and & () are boundary values on the real axis of
functions analytic in the upper and, respectively, in the lower half-planes of the
complex z-plane, and they may be sought, for example, in the form

ctop—1 +C;712p72+---+cf C;qul +otep

dt(z) = 2L > (z)=2"— 1 (6

(%) e e O
where clﬂ N c;, Cly-e,Cq A€ certain constants.

Let us suppose for the time being that the roots z,..., 2, of the polynomial

P,(z) — p@,,(z) are all simple and distinct from the roots of P,(z). Since Ul(x)

is the boundary value on the real axis of an entire analytic function U(z) (U(x)
is the Fourier transform of a finite function), the relations

$+(751) + efile?éf(Zﬂ =0,

(7)
Bt (z,) + e =T d(z,) = 0.

must be satisfied. (7) is a homogeneous system of n linear equations with respect

to the n unknowns ¢y, ... ,c;, ¢y, ...,c; . Introduce the notation
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fol 1 Z)iflefile efile
P (z) P(z)  P*(z) Pt(z)
A2y, 21) = - . (8)
2271 1 szlefzsz e kT
P=(z) P=(z) P*(z) P*(z)

s+t = k. The condition for the existence of a nontrivial solution of the system
(7) is written in the form

A, (z1,.0,2,) = 0. (9)

(9) is the characteristic equation for determining y;. Since A\; — 0 as | — oo,
and y; = 1/)\;, — oo, it is necessary to find the asymptotic behavior of

the roots zq, ..., 2, as p — oo. It is not difficult to obtain the following
assertion:
The polynomial P,(z) — u@,,(z) has r = n — m roots zy, ..., 2, tending to oo

and admitting, for sufficiently large |u|, the expansion

P —Q > ¢
_ ,1/r 1 w1 J
r Gy
where
Pl :_(Zaj+za;)7 Ql :_(Zb])a (11)
and m roots z,,q,...,%, which tend to by,...,b,,; moreover, if b is a root of
Q,,,(z) of multiplicity k, then among z,,4,..., 2, there exist k distinct roots

which admit, as |u| — oo, the expansion

1/k .
B P, (b) k! 1 &g
z=b+ ( o) ) R T > O (12)

Hence it is clear that, for sufficiently large |u|, the roots zq, ..., z,, will be simple
and distinct from the roots of P, (z).

Using the expansions (10) and (12), and considering (9) in different sectors of
the complex variable p = p'/", we arrive at the following result:
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There are two essentially different cases, depending on the relation between p,
q, and m.

I |p — q| > m. For all \; there is a single asymptotic expansion

~ T ’ 7 N 0 @
A A exp —22(\p—QI—m>SIgn(p—Q)] (Tsm[wmm(p’q)/rﬂ Xl“‘ i +kZ:; lk]

(13)
(1=1,2,3,...), where 6, = —[(min(p,q))? +r]/2.
Before passing to case II, let us introduce one more notation. Let
z21(1), ..y 2, () be m complex-valued functions of the parameter p, with
z1(p) = by, .oy 2, () = b, as p — oo. Moreover, for sufficiently large ||, all
21,5 2y ale pairwise distinct, although some among b,,...,b,, may coincide
with one another. Denote
Ay b)) Ay (21(), s 2 (1)
— = lim , (14)
Wm(b17"'7b7n) K00 Wm(zl(ﬂ)v"wzm(u))
where W, (2, ..., 2,,) is the Vandermonde determinant of the numbers z, ..., z,,,.
Obviously, such a limit always exists and depends only on by, ...,b,,, but not
on the form of z;(p), ..., 2,,, (). It is not difficult to give an expression for (14)

directly in terms of b, ...,b,, and the roots of the polynomial P, (x).

In case IT we impose on K (z) some additional conditions of algebraic character
—the “regularity” conditions R).

II. |p — q| < m. Consider two subcases:

a) r=mn—m is odd. Suppose that the conditions R) are also satisfied:

A= AP*(T*U/Q, q—(r+1) /Z(bla ) # 0
Wm(blv'- 7bm ’
Ay ri1))2, 2(b Lsees D)

Then the eigenvalues \; can be split into two series )\f and A;, each of which
can be represented by an asymptotic series

ol o & 0F
ANi(”> P++ ﬂ (1=1,2,3,..), (16)

T Ik
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T (r—12 r ) ir B
0f =F %(Pl*Ql)iT*z(P*Q+m*1)SlgH(P*Q)+%hlz ;
where P, and @) are given by (11).
b) ris even. The “regularity” condition has the form
A o arsa(byy by,
R) 4= ezt ) 4o, (17)

Wm<b17 M) bm)

Then the eigenvalues ); can likewise be split into two series )\l+ and A;, for each
of which the asymptotic expansions

AN

. pt
k

1+ﬁ+29 (1=1,2,3,..)
l lk Ty Ay Iy e )y

k=2

o = —

(g +1). (18)

e~

hold.

The eigenvalues in all cases, starting with sufficiently large I, are simple. The
series (13), (16), and (18) are understood as asymptotic and, generally speaking,
are not convergent.

In conclusion we make several remarks. If in case II the conditions R) are not
satisfied, then formulas (16) or (18) become invalid. It may then happen that
for X; there do not exist asymptotic series of the form (16) or (18) at all. We
note that in case I no conditions of type R) are imposed.

From (16) and (18) it is clear that in case II the first term of the asymptotics
of A\, coincides with the expression obtained in (®). Case II may therefore be
regarded as “weakly” non-self-adjoint. As for case I, the expression for the first
term of the asymptotics is already given by a formula different from the formula
for the self-adjoint case. For example, if one sets p = ¢+ 1, m = 0, then

—(2¢+1)
)\l ~ eiiﬂ/Q (ﬂ'Z/T sin %)

and, despite the fact that the first term in the expansion of K (z) as  — oo
is real, the eigenvalues are asymptotically imaginary. Moreover, if one sets, for
example, ¢ = 0, p = n, then (1) has no eigenvalues at all, since the corresponding
integral operator will be Volterra. Thus, case I has no analogue for self-adjoint
operators and is, in a certain sense, intermediate between the Volterra and
“weakly” non-self-adjoint cases.
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Finally, we note that the results obtained are a generalization of the results of (1)
for ordinary differential operators to the case of convolution integral operators.
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