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1°. Let f(x) be a function differentiable up to order k + 2 inclusive. Let
Ty, Tq, -, T, be points forming a grid with equal step A: z,,., = z,, + A. Sup-
pose, further, that the operator LZ’IO [f] is defined by the equality

k _ (_l)k - _1\s('s
LY ol = "5 D1 Ciflwy). (1)

s=0

Finally, let z = 1(z, + z;,). Then the following holds.

Theorem.
L[] = 19 + 522 )0 1 o(a2) @)
Aol T 24 '
Proof. It is verified directly that
1
LR, ] = Z{L’Kil [f] =LK Lf1) (3)

Observe that the operator L”CA‘mo is linear and invariant with respect to the

change of variable z = — % (2 +;,). Therefore in what follows we shall denote

the operator LK - applied to f(x) on the grid x4, zq, ..., x;, where x, = —x,
by LA [f(x)].

In this notation (3) is written as follows:

il =z {1 (o+ )] -5 1 (== 3)]} @

We shall prove by induction that:

A L5 (z™) =0 for m < s.
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B. L (2%) = s! and L3 (z57!) = 0.

2
C. Ly (2572) = %(5—1— 2)!

For k =1 we have:

A% LL (20) = 0.

BY. L1 (2) = — (é +é) — 1 and LY (2) = [1 (AQ—AQH _o.

A\ 2 2 A\ 22 22
1 (A3 A3 A2 1-A?

Let A, B, and C be true for all s < k. Then

som = [l 3-8}

1 A AN A
-+ {LZ(mm)+Cﬁl2L’g(xm1)+Cfn (3) them e (5) a2+

2
HIKIP, ()] - LA G + CL T LA ) = € (5) ThGm 2+

A AN

2 2

3
+03 (5) TAG@™) ~ IA1Qu (0] = & {c&nsz(xml) +03(3) A+

+%LZ[PW74(J;)] - %LkA[Qm74('T>]} :

()
Here P, ,(z) and Q,,,_,(z) are polynomials of degree m — 4.

From (5) we obtain:
Al Form<k+1 LKt (a™)=o.

A

2
BY. Form=k+1 LK1 (M) = ZC;H?L]Z(%k) =
2 A
= (k+1)k! = (k+1)! and for m = k+2 L5 (2F*2) = ZC;H?LZ(JL"“H) =0.
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AN 2
Cl. Form=k+3 LE(a"3) =CL LK (2¥2) + C} 4 (*) Li(a%) =

2
kA2 (k+3)(k+2)(k+ 1) A® kA2
= R ! — k= — !
(k+3) 51 (k+2)! + G == (k+3)+
A2 (k+1)A2
— | = 7= |
+24(k+3). 54 (k+3)!

From A°,B% C° and A, B!, C! there follow A, B, and C.

Since the function f(z) is assumed differentiable up to order (k+2), the assertion
of the theorem is easily obtained from A, B, and C.

2°. Let the computations be performed on a machine with an n-digit binary
mantissa. Suppose that we compute the k-th derivative of f at the point x by
the formula

@) = LK . [£), (6)
using the scheme of successive differences, i.e., applying formula (3) k(k +1)/2

times. Then the absolute error in the right-hand side of (6) as a result of the
inaccuracy of machine computation is, on average,

(7)

On the other hand, it follows from (2) that, when computing by formula (6), we
incur an absolute error

kA2
CITp = o1 |f<k+2>($)|~ (8)

Minimizing with respect to A the sum of (7) and (8), we obtain an expression
for the optimal step A, in the machine computation of f*(z):

w2 12K f(2)]
&= N A ) )

3°. When computing a one-sided derivative (at the points xy, 21, ..., ..., 2}), we
obtain an absolute error in f*)(z,) of order
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0 (D0 — 81 (z) o B2 ), (s)

Hence the expression for the optimal step in computing a one-sided derivative

1S
one-sided __ k+1 27 -2k |f(SC)| s
Al = V2 e ()] (97)

4°. Numerical example. For n = 40, for f(z) = exp(x) at z = 1, the
quantities obtained for A are

A; = 0.000198, A, =0.00198, Ay = 0.00746.

Under the same assumptions, for the step in the case of one-sided derivatives
the quantities A" are substantially smaller, namely:

A" = 0.00000113, A" =0.000137, AS™ = 0.00140.

To compute the (k + 2)-nd derivative one may use, for example, the same
LZ*;O [f]- It is only necessary to ensure that, for the given step, not all cor-
rect digits disappear. If this nevertheless happens, one should increase A when
computing L’ygo [f].
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