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ON ESTIMATING THE BEST APPROXIMA-

TION OF AN INTEGRABLE FUNCTION ON

THE REAL AXIS BY ENTIRE FUNCTIONS

OF FINITE DEGREE

Let W. p>( > 1) be the class of entire functions g, (z) of finite degree < o, for
€ (

which g, (x) € L o), p > 1. Denote by A,(f), the best approximation of
a function f(z) € ( 00, 00) in the metric of the space L,(—o0,00) by entire

functions from the class Wép ) , i.e.

1/p

A, = /:ﬂx)—gg(a:npdx) ,

(
gUEWO_P)

and introduce for consideration the moduli of continuity

00 1/p
Wl(f§5>p:‘il‘1<p§ (/ |f(x+h)f(x)|pd:r> ,
1/p

ar(Fi), = s ([ : e+ 1) = 26(a) + flo— 10l da

|n|<é

It is known that for a function f(z) € L,(—00,00) there exist constants K and
K, satisfying the inequalities:

Aa(f)p < szz<f75)p (Z = 1a2)7

which are analogues of the classical Jackson theorem for periodic functions (see
(*), p- 274).

The present article is devoted* to finding the possible least values K of the
constants K; (i = 1,2), mainly for p = 2. First of all, two auxiliary lemmas are
proved.
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Lemma 1. Let f(z) € Ly(—00,00), and let ¢(z) be its Fourier transform in
the sense of Ly(—o00,00), i.e.

f(z) = %% / st Tl 1)

where p(x) € Ly(—00,00). Then the function

b@) = —= [ etnean @)

is an entire function from the class Wéz), least deviating from f(z) in the metric

Ly(—00,00). Moreover,

1/2
Ao(fz)Zlf(w)—gg(x)b:(/ Iw(t)lr"dt) - 3)

>0

Indeed, applying the known Plancherel theorem to the function

1 d et — 1

) = 00(0) = =i [ lote) vl

* Works (279) are devoted to similar questions in the periodic case.

where ¢(t) = 0 for |t| > o, we find

nf £ - g, @B = it [ e —voPas [ jewPa

9o EWs [t|>o

This implies equality (3). Applying Lemma 1 to the function

1o = s | e e L=, )
D= omdz |t T 24709, 00);

we find

1/2 1/2
A (f)y = {/l I(it)’“tp(t)IZdt} >o" {/l w(t>2dt} =0"Ay(f)a-

Lemma 2. If ¢(t) is any function from L,(—00,00), then
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inf / lo(t)]? cosyt dt < 0. (4)
|t|>0

lyl<m/o
Proof. Extending evenly to (—oo,0) the function

o (y) = —sinoy for 0 <y < 7/o; o (y) =0 fory>m/o,

we represent it in the form of a Fourier integral

2 [
o) =2 [ Ecosyran
TJ

From this we find

2

2w =2 [ eawcosyrar = oo 2
=4/= cos = cos .
iy T o Yoy Y V2 t? — o2 20

Let us note that the function
F,(y) = Vx/2le®)?, [t|>0;  F,(y)=0, [t|<o,
is the cosine transform of the function
+oo
F,(y) = / lp(t)[?cosytdt,  0<y<m/o.

It is not difficult to show that

/ F,(y)¢,(y) dy = —/ F,4)%,(y) dy:%/ MW%

0 o

dt > 0.
(®)

On the other hand, if F_(y) > 0 everywhere on [0, 7/c], then

00 /o
/ F,(y)¢,(y)dy = —/ F,(y)sinoydy < 0. (6)
0 0

Inequality (6) contradicts (5), and, consequently, F,_(y) assumes both positive
and negative values on [0,7/c], i.e. (4) is true. Owing to these lemmas, the
following is proved.
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Theorem 1. If the function f(x) € Ly(—00,00), then for the best approxima-
tion A_(f)y the inequalities

1
Ay (f) < Ewl(f;ﬂ/a)% (7)
Ay(f)a < G alFim/o), (®)

hold.
Proof. From equality (1) we find

o (£7) = sw IIf(m+y)—f(:v)|2=\/§{ /t>g'“p(t"2dt‘ in Fa<y>}.

lyl<w/o 0<y<m/o

Hence, by Lemmas 1 and 2, (7) follows. Moreover, for |t| < 7/0,

o(u)|*(1 — cosut)? du >

sup |f(z+1)—2f(@)+ fl@— )3 >4 sup /
|u|>0o

[t|I<m/o [t|I<m/o

>4 lpPdu=s_int F,@)
lu|>o

0<y<w/oc

Hence inequality (8) follows.
Corollary. If f(x) has a derivative f")(x) € Ly(—00,0), then the estimates

A2 S S (Fimfo)s Agfa € g eal5m/o)y

V2or

are valid.

Along the way it is established that, for the best approximation of an entire
function

1 A 1xt
i) = <= / el

of degree A, where ¢(t) € Ly(—A, \), by entire functions from the class W, we
have
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1/2
A,(fy)s = ( / . A|sa<t>|2dt> .

As an example, the function f(z) = e71*! € Ly(—00,00) with Fourier transform

(t)\/§1
v = 1+t

is considered. According to Lemma 1, we have

_ 2 o \1'? 2
Aa(e ‘:E‘)2 = |:1 — ; (arctgo— m)} < ;

Now let f(x) be an arbitrary function from the class L,(—0c0,00) (1 < p < 2).
Then

Flz,a) = J% [ FB)eint

as a — oo converges in the mean with exponent ¢, where ¢ = p/(p — 1). The
mean limit F'(z), called the Fourier transform of the function f(x), satisfies the

inequality (%)
(/: |F(x)‘1da:>

1/q 1/p

<5,,(/ : i)

where

B,,= (27r/q)1/2q(p/27r)1/2p.

Moreover, for almost all x we have

d S ixt d o) —itx __
Flz) = \/127013:[00 fo) L 1/_00 ry L

Thanks to these assertions, the following is proved.

Theorem 2. If f(z) € L,(—00,00) (1 < p < 2)and f(z) is its Fourier transform
in the sense of L,(—00,00), then the estimates
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1/q
A,(f)p = B,y </|| IF(w)lqM) (I/p+1/q=1),

00 1/q
. yx |9 1 T
sup (/ |F(x)| ‘sm 7‘ dx) < §Bp7qw1 <f; ;)

ly|<m/o P

The arguments used in proving the assertions given above can also be applied

in the multidimensional case. For example, consider a function admitting the
representation

1 o0 poo ]
faew) =5 [ [ et aar, )
T Joo J—o0

and entire functions g, , (=, y) € Wé’f?aw admitting the spectral representation

1 91 92 ) .
95,0 (I7y) = 27/ / ¢(t7T)ezzt+1yT dt dTv
1,02 T
—0q, V=0,

Where b(t,7) € Ly(C2228) and (t,7) = 0 for (.00 ¢ [ 27071
. —02,07

Theorem 3. If the function f(x,y) € Ly(~20%) is defined by equality (9), then
the entire function from the class W((,?zgz least deviating from it in the sense of

the metric Ly(~2077) is

1 o, oy ) ,
Boosla) =g [ [ et ear, (10)
—0, Y=oy

where p(z,y) is the Fourier transform of the function f(z,y) in the sense of (9);
moreover, the value of the best approximation A, 0, (f)2 of the function f(x,y)

by entire functions from the class Wo is computed from one of the equalities

1,02

1/2
Ay o, (f)2= {/ / o(t,7)|? dtd7‘—|—/ / ot T)thdT} ,
|T|>05 [t|>0q Y|T|<0os
(11)

or
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o 1/2
A%Uz(f)zz{/ / o(t, 72 dtdr + / |ap(t,7‘)|2dtdr} .
[t[>0y Y—o0 [tI<oy YIT|>0y
(12)

Introduce the notation:

o0 () 1/P
A, (f),= nf {/ / f(ay)—gal,m(x,y)v’dxdy} b>1),

(p)
gal ,ocewal,oo

where

oy 00
G o0 (@29) = / / VT (1, 7) di dr
—0o, 0o

is an entire function in x from the class W((,f). The quantity A, ,_ (f), is defined
analogously, and it is proved that

Ay o (D < [A2, (Dot A2, (D]

Owing to this, from the inequalities

1 1
AZ L (f)y < swi (f; 7T;0) ;o AZ L (f)g < swi <f;0; W)
1 2 Ul 2 2 0'2

2 2

we obtain

1/2
1 T T
A01,02<f>2<\/§{w% (f;al;o>2+‘*’% (f;0§02>2} .
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