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Let §;, j = 1,2,..., be independent identically distributed random variables,
M¢; =0, D§; = 0% < 00. Let, further,

E=6<E<-<&=¢ (1)

be the variation series constructed from the realization &;,¢&,, ..., &,,. We shall
be interested in the limiting distribution law of the extreme terms of the series
(1) under conditions imposed on the sum ¢, = & + -+ ¢&,.

At first we shall assume that the random variables £; have an absolutely contin-
uous distribution with bounded density p(x), and that, as x — 0,

p(z) ~e™ ™, a>0. (2)

Put, as usual,

1 w
D) = —— / 12 g,

Let, further, the sequences A,, and B, satisfy the equalities*
2nexp{—A7/2} = A,V2r, B, =A., (3)
and let the sequences a,, and b,, be such that

nexp{—al} = aa®1, b, = aal=>. (4)
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Theorem 1. Let in relation (2) a« > 1. Then
1° Ifo<z < n(lnn)™7, v > 1/a, then as n — oo
P{E < a, +b,. | G =2} =P{E<a, +b,.}+0(1) = exp{—e "} +0(1)

uniformly in z, z > z5 > —o0.
>

n(lnn)", v > max(12/«, 1/(a — 1)), then as n — oo

T | xa72
5] ?’L‘ O[(Oé—]_) < n+ nz|<n Jf}

= exp{—e*} + 0(1)

2°. If, however, x

P <{ max
1<j<n

uniformly in z, z > z5 > —00.

* It is easy to see that, uniformly in 2, —oco < z < oo,
P { max ‘77]‘ < An + an} = exp{_eiz} + 0(1)7
1<j<n

where the 7; are independent and normally distributed with parameters (0,1).
Here the sequences A,,, B,,, a,,, and b,, are defined by equations (3) and (4).
Theorem 2. Suppose that in relation (2) 0 < « < 1. Suppose further that

20 —1
M&|F < oo, k=4+ [ 1010[ ] (in particular, for 0 < a < 1/2 we have k = 3).
Then:
1°. If
0<x< (¢, —08)g?2alpl/2=a) Co = (2—a)(2 —2a)l@-D/2-a),

where § > 0 is an arbitrarily small positive number, then, as n — oo,
P{¢<a,+b,. |¢ =2}=P{t<a, +b,.} +0(1) =exp{—e*} +o(1)
uniformly in 2z, 2 > 2, > —00, and w, —o0 < w < 00.
2°. If, however,
(¢, — 8)o?/F=)pl/C—0) « g = 0(n1/<2f2a)),
then, as n — oo,

P{g;‘;fl < ap +bnzv g_ (1 —ﬁ)ﬂ? < wa\/ﬁ | Cn = .23} =
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w

= exp{—¢ 1D ( > +o(1)

uniformly in 2z, z > 2, > —o00, and w, —o0 < w < 0.

01

Here the quantity 3 is the smaller positive root of the equation

no® _ BL—p)

e o

if 0 < o < 1/2, and of the equation

if1/2<a<1.

Here the sequences a,, and b,, are defined by equalities (4), while Ay j=0,.. k=
4, are the first coefficients of the Cramér series (see (1), equality (19)), and

oy = (1—a(l — a)no?/(1— g)+ezt+e) 2,
Theorem 3. Suppose that in relation (2) 0 < a < 1. Then:

1°. If n'/?=2%) « . then, as n — oo,
P{& | <a,+b,,; E—x+nacs®t <woyn|(, =2} =

= exp{—e *}P(w) + o(1)
uniformly in 2z, 2 > 2, > —o00, and w, —oo < w < 00.

2°. If, however, n'/(272%) = o(x), then, as n — oo,
P{  <a,+b,; E<atwoyn|(, =2} =

= exp{—e*}®(w) + o(1)
uniformly in 2z, 2 > 2, > —o00, and w, —o0 < w < 00.

The theorems stated above refine the considerations on the nature of large de-
viations contained in the papers (2,%). We now briefly describe the case where
the random variables are integer-valued. Suppose that instead of representation
(2) the relation

(e

P{¢ =k} ~e ) a>0. (5)
holds.

Under condition (5), the assertions of Theorems 2 and 3 remain valid. If in
relation (5) 1 < « < 2, then assertion 2° of Theorem 1 is also valid. Under
the conditions of 1° of Theorem 1, there is not even an unconditional limiting

distribution for £&. Concerning the case o > 2, see paper (%).
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If one does not require the existence of a density of the distribution of the
random variables {; and does not assume that they are integer-valued, then one
has to use

to trace the limiting behavior of our order statistics under the condition that
¢,, > x. For example, the following is valid.

Theorem 4. Suppose that instead of representation (2) the relation

1—F(z) ~x77, v > 2. (6)

holds. Then, asn — oo, /Inz > \/n

P&, 1 <! > twr|(, >} =exp{—27}(1+w) 7 +o(1)

uniformly in z, z > z, > —oo, and w, w > 0.

Conditions (2), (5), and (6) are one-sided in character; therefore the theorems
given above (except for item 2° of Theorem 1) describe the limiting law of
distribution only for the extreme right-hand terms of series (1). If the behavior
of the probability P{¢; < a2} as © — —oo is specified, then one can obtain an
explicit expression for the limiting distribution of the statistics ¢, &, and &1
For example, instead of item 2° of Theorem 3 the following may be formulated.

Theorem 5. Suppose that in representation (2) 0 < a <1, and as © — oo

20— 1
P, <—a}~a 7> [T,

Then, if n'/(272%) = o(x),

P{—ynl/V <& < an+bm;g < ztwoyn | ¢, =x} = exp{—y '—e *}®(w)+o(1)

uniformly iny, z, and w, y > 0, 2 > z5 > —00, —00 < W < 00.
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