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Abstract
Full Text
UDC 62.501.1

CYBERNETICS AND CONTROL THEORY
V. A. KISELEV

ESTIMATING THE CLOSENESS OF THE
STATISTICAL CHARACTERISTICS OF LIN-
EAR NONSTATIONARY AUTOMATIC CON-
TROL SYSTEMS OF ONE CLASS
(Presented by Academician B. N. Petrov, 15 VII 1969)

Linear nonstationary automatic control systems (ACS) are considered that con-
sist of a stationary element with a fractional-rational transfer function, closed
by feedback with a gain coefficient inversely proportional to a linear function of
time. These systems are described by a linear differential equation of Laplace
type

𝑛
∑
𝑘=0

(𝛼𝑘 + 𝛽𝑘𝑡)𝑦(𝑘)(𝑡) =
𝑚

∑
𝑘=0

𝜇𝑘𝑥(𝑘)(𝑡),

where 𝛼𝑘, 𝛽𝑘, 𝜇𝑘 are real constants.

Estimates are obtained for the closeness of the statistical characteristics of the
output coordinate of nonstationary ACS, depending on estimates of the close-
ness of the impulse response functions of their stationary elements. As a result,
a number of research methods developed for systems with constant parameters
can be transferred to the given class of nonstationary ACS.

Suppose there exists a nonstationary system with impulse response function of
the stationary element Φ∗(𝑡), possessing the desired dynamic characteristics (we
shall call it the limiting system). The limiting system transforms an input signal,
which is, for example, a nonstationary random process 𝑥(𝑡) with mathematical
expectation 𝑚+(𝑡) and correlation function 𝐾+(𝑡1, 𝑡2), into the desired output
signal 𝑦∗(𝑡), whose mathematical expectation is 𝑚∗

−(𝑡) and correlation function
𝐾∗

−(𝑡1, 𝑡2).
Let us consider a method for constructing estimates of the modulus of deviation
of the statistical characteristics of the output signal of a nonstationary ACS
with impulse response function of the stationary element Φ(𝑡) from the statis-
tical characteristics of the output of the limiting system, |𝑚−(𝑡) − 𝑚∗

−(𝑡)| and
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|𝐾−(𝑡1, 𝑡2) − 𝐾∗
−(𝑡1, 𝑡2)|, as functions of estimates of the modulus of the differ-

ence of the impulse response functions of their stationary elements, for the case
when the stationary element of the system is variable. To solve the problem it
is necessary to obtain an estimate of the closeness of the weighting functions of
the real and limiting nonstationary ACS.

Let the action be applied to the stationary element. The closeness estimates
are constructed on the basis of the explicit expression for the solution of the
equation describing the process, under zero initial conditions (1), which, if the
action 𝑥(𝑡) is applied to the input of the stationary element and the output
variable of the nonstationary ACS is the output of the stationary element, can
be written in the form

𝑦(𝑡) = 1
2𝜋𝑖 ∫

𝛾+𝑖∞

𝛾−𝑖∞
𝑒𝑧𝑡𝑋(𝑧)𝑇𝑦(𝑡, 𝑧) 𝑑𝑧, (1)

where

𝑇𝜈(𝑡, 𝑧) = 𝑇𝜈(𝑧)𝑒−(𝑡−𝑡0)𝑧(𝑡 − 𝑡0) ∫
𝑧

∞
𝑒(𝑡−𝑡0)𝜂𝜑(𝜂) 𝑑𝜂 (2)

is the parametric transfer function, 𝑇𝜈(𝑧) is its value for the time instant 𝑡 = 𝑡0;
𝑡 is the current time; 𝑡0 is the process time; 𝑡 ≤ 𝑡0.

𝑇𝜈(𝑧) = lim
𝑡→𝑡0

𝑇𝜈(𝑡, 𝑧) = Φ(𝑧) exp∫
𝑧

∞
Φ(𝜂) 𝑑𝜂, 𝜑(𝑧) = exp∫

∞

𝑧
Φ(𝜂) 𝑑𝜂,

Φ(𝑧) ∼
𝑧→∞

𝑂(𝑧−𝑛), 𝑛 > 1.

We assume that the system is stable*, i.e., Φ(𝑧) may have a simple pole at zero,
with

lim
𝑧→0

𝑧Φ(𝑧) > 0.

The nonzero poles of Φ(𝑧) lie in the left half-plane.

Taking into account the operational correspondence (2)

𝐿−1 [𝑒−(𝑡−𝑡0)𝑧(𝑡 − 𝑡0) ∫
𝑧

∞
𝑒(𝑡−𝑡0)𝜂𝜑(𝜂) 𝑑𝜂] = (𝑡0 − 𝑡)𝜑(𝑢)

𝑢 − 𝑡 + 𝑡0
, 𝑢 ≥ 0, 𝑡 ≤ 𝑡0,
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and also (1), (2), we write the solution of the equation in the form of a convo-
lution integral

𝑦(𝑡) = ∫
𝑡

0
𝑥(𝑢)𝐴𝜈(𝑡, 𝑢) 𝑑𝑢, 𝐴𝜈(𝑡, 𝑢) = ∫

𝑡−𝑢

0
𝑇𝜈(𝑡−𝑢−𝑢1) (𝑡0 − 𝑡)𝜑(𝑢1)

𝑢1 − 𝑡 + 𝑡0
𝑑𝑢1,

𝑡 < 𝑡0, (3)

where 𝐴𝜈(𝑡, 𝑢) is the weighting function of the nonstationary ACS; 𝑇𝜈(𝑡) is the
section of the weighting function for the time instant 𝑡 = 𝑡0.

Expressing the functions 𝑇𝜈(𝑡) and 𝜑(𝑡) in terms of their values corresponding
to the limiting system, 𝑇𝜈(𝑡) = 𝑇 ∗

𝜈 (𝑡) + Δ𝑇𝜈(𝑡), 𝜑(𝑡) = 𝜑∗(𝑡) + Δ𝜑(𝑡), and
substituting into (3), we obtain

|𝐴𝜈(𝑡, 𝑢) − 𝐴∗
𝜈(𝑡, 𝑢)| ≤ ∫

𝑡−𝑢

0
|𝑇 ∗

𝜈 (𝑡 − 𝑢 − 𝑢1)| (𝑡0 − 𝑡)|Δ𝜑(𝑢1)|
𝑢1 − 𝑡 + 𝑡0

𝑑𝑢1+

+ ∫
𝑡−𝑢

0
|Δ𝑇𝜈(𝑡 − 𝑢 − 𝑢1)| (𝑡0 − 𝑡) [|𝜑∗(𝑢1)| + |Δ𝜑(𝑢1)|]

𝑢1 − 𝑡 + 𝑡0
𝑑𝑢1. (4)

We express the estimate of the modulus of the difference between the sections of
the weighting functions of the real and limiting systems for 𝑡 = 𝑡0, Δ𝑇𝜈(𝑡), and
Δ𝜑(𝑡) in terms of the estimate of the deviation of the impulse response function
of the stationary element of the real system from the impulse response function
of the stationary element of the limiting system. Δ𝑇𝜈(𝑡) may be written as
follows:

Δ𝑇𝜈(𝑡) = 1
2𝜋𝑖 ∫

𝛾+𝑖∞

𝛾−𝑖∞
𝑒𝑧𝑡𝑇 ∗

𝜈 (𝑧) [exp∫
∞

𝑧
ΔΦ(𝜂) 𝑑𝜂 − 1] 𝑑𝑧−

− 1
2𝜋𝑖 ∫

𝛾+𝑖∞

𝛾−𝑖∞
𝑒𝑧𝑡𝑇 ∗

𝜉 (𝑧)ΔΦ(𝑧) exp∫
∞

𝑧
ΔΦ(𝜂) 𝑑𝜂 𝑑𝑧;

here

ΔΦ(𝑧) = Φ∗(𝑧) − Φ(𝑧), 𝑇 ∗
𝜉 (𝑧) = exp∫

𝑧

∞
Φ∗(𝜂) 𝑑𝜂.

* The stability condition was formulated by A. T. Barabanov.
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Expanding the function exp∫
∞

𝑧
ΔΦ(𝜂)𝑑𝜂 in a series and applying the convolu-

tion operation, we obtain

| ̇Δ𝑇 𝜈(𝑡)| ≤ ∫
𝑡

0
|𝑇 ∗

𝜈 (𝜏)| ∣
∞

∑
𝑘=1

1
𝑘!Λ𝑘(𝑡 − 𝜏)∣ 𝑑𝜏+∫

𝑡

0
|𝑇 ∗

𝜀 (𝜏)| ∣𝑙0(𝑡 − 𝜏) +
∞

∑
𝑘=1

1
𝑘! 𝑙𝑘(𝑡 − 𝜏)∣ 𝑑𝜏,

(5)

𝑙𝑘(𝑡) = ∫
𝑡

0
ΔΦ(𝜏)Λ𝑘(𝑡 − 𝜏)𝑑𝜏, Λ0(𝑡) = 𝛿(𝑡)—delta function, Λ1(𝑡) = ΔΦ(𝑡)

𝑡 ,

Λ𝑘(𝑡) = ∫
𝑡

0
Λ1(𝜏)Λ𝑘−1(𝑡 − 𝜏)𝑑𝜏.

The estimate of the modulus of the difference between the impulse transition
functions of the stationary links of the real and limiting ACS can be written in
the form |ΔΦ(𝑡)| < 𝜀0𝜀(𝑡), 𝜀0 = const, where 𝜀(𝑡) is a certain function of time
satisfying, in the case under consideration, the condition for the existence of the

integral ∫
∞

𝑧
𝜀(𝜂)𝑑𝜂, i.e. 𝜀(𝑧) ∼

𝑧→∞
𝑂(𝑧−𝜈), 𝜈 > 1. In this case we have

Λ𝑘(𝑡) < 𝜀𝑘
0Λ∗

𝑘(𝑡), 𝑙𝑘(𝑡) < 𝜀𝑘+1
0 𝑙∗𝑘(𝑡), where Λ∗

1(𝑡) = 𝜀(𝑡)
𝑡 , Λ∗

𝑘(𝑡) ∫
𝑡

0
Λ∗

1(𝜏)Λ∗
𝑘−1

×(𝑡 − 𝜏)𝑑𝜏, 𝑙∗𝑘(𝑡) = ∫
𝑡

0
𝜀(𝜏)Λ∗

𝑘(𝑡 − 𝜏)𝑑𝜏.

Taking formula (5) into account, we obtain an estimate of the closeness of the
sections of the weighting functions of the real and limiting ACS for the time
instant 𝑡 = 𝑡0

|Δ𝑇𝜈(𝑡)| < Δ𝑇𝜈
(𝑡), Δ𝑇𝜈

(𝑡) = ∫
𝑡

0
|𝑇 ∗

𝜈 (𝜏)|Λ∗(𝑡 − 𝜏)𝑑𝜏+

+ ∫
𝑡

0
|𝑇 ∗

𝜀 (𝜏)|𝐿∗(𝑡 − 𝜏)𝑑𝜏, (6)

where

sovietrxiv.org/items/ru-197001.68872 Machine Translation

https://sovietrxiv.org/items/ru-197001.68872


Λ∗(𝑡) = 1
2𝜋𝑖 ∫

𝛾+𝑖∞

𝛾−𝑖∞
𝑒𝑧𝑡 [exp 𝜀0 ∫

∞

𝑧
𝜀(𝜂)𝑑𝜂 − 1] 𝑑𝑧,

𝐿∗(𝑡) = 𝜀0
2𝜋𝑖 ∫

𝛾+𝑖∞

𝛾−𝑖∞
𝑒𝑧𝑡𝜀(𝑧) exp 𝜀0 ∫

∞

𝑧
𝜀(𝜂)𝑑𝜂 𝑑𝑧.

The estimate of the modulus Δ𝜑(𝑡) can be found in the form

Δ𝜑(𝑡) = ∫
𝑡

0
|𝜑∗(𝜏)|Λ∗(𝑡 − 𝜏)𝑑𝜏. (7)

As a result, according to (4), (6), (7), the estimate of the closeness of the
weighting functions of the real and limiting nonstationary ACS is determined
as follows:

|𝐴𝜈(𝑡, 𝑢) − 𝐴∗
𝜈(𝑡, 𝑢)| < Δ𝐴𝜈

(𝑡, 𝑢),

Δ𝐴𝜈
(𝑡, 𝑢) = ∫

𝑡−𝑢

0
|𝑇 ∗

𝜈 (𝑡 − 𝑢 − 𝑢1)| (𝑡0 − 𝑡)Δ𝜑(𝑢1)
𝑢1 − 𝑡 + 𝑡0

𝑑𝑢1+

+ ∫
𝑡−𝑢

0
Δ𝑇𝜈

(𝑡 − 𝑢 − 𝑢1) (𝑡0 − 𝑡) [|𝜑∗(𝑢1)| + Δ𝜑(𝑢1)]
𝑢1 − 𝑡 + 𝑡0

𝑑𝑢1.

It is now easy to obtain estimates of the closeness of the statistical characteristics
of the output of the systems under consideration. Thus, the estimate of the
closeness of the mathematical expectations of the real and limiting automatic
control systems has the form

|𝑚−(𝑡) − 𝑚∗
−(𝑡)| < Δ𝑚(𝑡)∗, Δ𝑚(𝑡) = ∫

𝑡

0
|𝑚+(𝑢)| Δ𝐴𝜈

(𝑡, 𝑢) 𝑑𝑢.

Taking into account the known relation between the correlation functions of the
input and output of a nonstationary automatic control system,

𝐾−(𝑡1, 𝑡2) = ∫
𝑡1

0
𝐴𝜈(𝑡1, 𝑣) 𝑑𝑣 ∫

𝑡2

0
𝐴𝜈(𝑡2, 𝑢)𝐾+(𝑢, 𝑣) 𝑑𝑢, 𝑡1, 𝑡2 < 𝑡0,

an estimate of the closeness of the correlation functions of the output signal of
the real and limiting automatic control systems can be obtained in the form

|𝐾−(𝑡1, 𝑡2) − 𝐾∗
−(𝑡1, 𝑡2)| < Δ𝑘(𝑡1, 𝑡2),
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Δ𝑘(𝑡1, 𝑡2) = ∫
𝑡1

0
|𝐴∗

𝜈(𝑡1, 𝑣)| 𝑑𝑣 ∫
𝑡2

0
Δ𝐴𝜈

(𝑡2, 𝑢) |𝐾+(𝑢, 𝑣)| 𝑑𝑢+

+ ∫
𝑡1

0
Δ𝐴𝜈

(𝑡1, 𝑣) 𝑑𝑣 ∫
𝑡2

0
|𝐴∗

𝜈(𝑡2, 𝑢)| |𝐾+(𝑢, 𝑣)| 𝑑𝑢+

+ ∫
𝑡1

0
Δ𝐴𝜈

(𝑡1, 𝑣) 𝑑𝑣 ∫
𝑡2

0
Δ𝐴𝜈

(𝑡2, 𝑢) |𝐾+(𝑢, 𝑣)| 𝑑𝑢.

Thus, by means of the method set forth above, it proves possible to construct
estimates of the closeness of the statistical characteristics of nonstationary au-
tomatic control systems as functions of estimates of the closeness of their sta-
tionary elements. This circumstance makes it possible to transfer to the class of
nonstationary automatic control systems under consideration a number of inves-
tigation methods well developed for systems with constant parameters. Thus,
for example, an estimate of the closeness of stationary elements can character-
ize the deviation of the frequency characteristics of the stationary element of
the real system from the frequency characteristics of the stationary element of
the limiting system (3). To the given class of nonstationary automatic control
systems there may be transferred the method of synthesis of automatic control
systems with constant parameters on the basis of the transition functions of A.
A. Krasovskii (4), the method of investigation of automatic control systems on
the basis of generalized integral quadratic criteria (5), and others.

In conclusion, the author expresses his deep gratitude to Prof. V. Yu. Rutkovskii
for his attention to the work.

Received
7 VII 1969
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