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(Presented by Academician A. N. Tikhonov on March 2, 1970)

Let 𝑢(𝑥, 𝑡) be the solution of the Cauchy problem for the parabolic equation

𝑝(𝑥)𝑢𝑡(𝑥, 𝑡) = Δ𝑢(𝑥, 𝑡), 𝑥 = (𝑥1, … , 𝑥𝑛) ∈ 𝑅𝑛, 𝑡 > 0, (1)

𝑢(𝑥, 0) = 𝜑(𝑥), (2)

where 𝑝(𝑥) ≥ 𝑎 > 0.

Suppose that the functions 𝑝(𝑥) and 𝜑(𝑥) satisfy the following conditions:

𝑝(𝑥) ∈ 𝐵𝛼
[𝑛/2]−1(𝑅𝑛) for 𝑛 ≥ 4,

𝑝(𝑥) ∈ 𝐵𝛼
0 (𝑅𝑛) for 𝑛 < 4, (3)

𝜑(𝑥) ∈ 𝐵0
0(𝑅𝑛). (4)

By the class 𝐵𝛼
𝑘 (𝑅𝑛), where 𝑘 is an integer, we mean the set of all bounded

functions satisfying a Hölder condition of order 𝛼 > 0 in 𝑅𝑛, together with all
continuous derivatives up to order 𝑘.

The purpose of this note is to prove the following theorem.

Theorem. If the functions 𝑝(𝑥) and 𝜑(𝑥) satisfy conditions (3), (4), and

𝑛
𝜔𝑛𝑅𝑛 ∫

|𝑥−𝑦|≤𝑅
|𝑝(𝑦) − 𝑏| 𝑑𝑦 → 0 as 𝑅 → ∞ (5)
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uniformly with respect to 𝑥 ∈ 𝑅𝑛, for some constant 𝑏

(𝜔𝑛 = 2𝜋𝑛/2

Γ(𝑛/2)) ,

then a necessary and sufficient condition for the existence of the limit

lim
𝑡→∞

𝑢(𝑥, 𝑡) = 𝐴 (6)

at some 𝑥 ∈ 𝑅𝑛 is the existence of the limit

𝑛
𝜔𝑛𝑅𝑛 ∫

|𝑥−𝑦|≤𝑅
𝜑(𝑦) 𝑑𝑦 → 𝐴 as 𝑅 → ∞. (7)

In order that condition (6) hold uniformly on any compact set 𝐷 ⊂ 𝑅𝑛 (or
uniformly in 𝑅𝑛), it is necessary and sufficient that condition (7) hold uniformly
on any compact set 𝐷 ⊂ 𝑅𝑛 (respectively, uniformly in 𝑅𝑛).

We note that from the results of the note (1) it follows that in the case under
consideration (𝜑(𝑥) ∈ 𝐵0

0(𝑅𝑛)), 𝐴 is necessarily a constant.

It is easy to see that condition (5) is satisfied, in particular, if

lim
|𝑦|→∞

(𝑝(𝑦) − 𝑏) = 0

or if

𝑝(𝑦) − 𝑏 ∈ 𝐿𝑟(𝑅𝑛) (5’)

for some 𝑟 ≥ 1.

Without loss of generality, one may assume that in (5) 𝑏 = 1. Denote by 𝑣(𝑥, 𝑡)
the solution of the heat equation with initial function 𝑝(𝑥)𝜑(𝑥),

𝑣(𝑥, 𝑡) = 1
(2

√
𝜋𝑡)𝑛 ∫

𝑅𝑛

exp (−|𝑥 − 𝑦|2
4𝑡 ) 𝑝(𝑦)𝜑(𝑦) 𝑑𝑦.

Lemma 1. Let 𝑝(𝑥) ∈ 𝐵0
0(𝑅𝑛), and let conditions (4) and (5) be satisfied.

Then

lim
𝑡→∞

1
𝑡 ∫

𝑡

0
(𝑢(𝑥, 𝑡) − 𝑣(𝑥, 𝑡)) 𝑑𝑡 = 0 (8)

uniformly with respect to 𝑥 ∈ 𝑅𝑛.

sovietrxiv.org/items/ru-197001.67816 Machine Translation

https://sovietrxiv.org/items/ru-197001.67816


Let 𝑢̃(𝑥, 𝜆) and ̃𝑣(𝑥, 𝜆) be the Laplace transforms of the functions 𝑢(𝑥, 𝑡) and
𝑣(𝑥, 𝑡). Since 𝑢(𝑥, 𝑡) and 𝑣(𝑥, 𝑡) are bounded for 𝑡 ≥ 0, 𝑥 ∈ 𝑅𝑛, it follows
that 𝑢̃(𝑥, 𝜆) and ̃𝑣(𝑥, 𝜆) are analytic in 𝜆 and bounded in 𝑥 for Re 𝜆 > 0. The
function 𝑢̃(𝑥, 𝜆) satisfies the differential equation

−Δ𝑢̃(𝑥, 𝜆) + 𝜆𝑢̃(𝑥, 𝜆) = 𝑝(𝑥)𝜑(𝑥) − 𝜆𝑞(𝑥)𝑢̃(𝑥, 𝜆), (9)

where 𝑝(𝑥) = 1 + 𝑞(𝑥). Equation (9) in the class 𝐵0
0(𝑅𝑛) is equivalent to the

integral equation

𝑢̃(𝑥, 𝜆) = −ℒ(𝜆)𝑢̃(𝑥, 𝜆) + ̃𝑣(𝑥, 𝜆), (10)

where the operator ℒ(𝜆) is defined as follows:

ℒ(𝜆)𝑓(𝑥, 𝜆) = 𝜆(𝑛+2)/4

(2𝜋)𝑛/2 ∫
𝑅𝑛

𝐾𝑛/2−1(
√

𝜆 |𝑥 − 𝑦|)
|𝑥 − 𝑦|𝑛/2−1 𝑞(𝑦)𝑓(𝑦, 𝜆) 𝑑𝑦,

̃𝑣(𝑥, 𝜆) = 𝜆(𝑛−2)/4

(2𝜋)𝑛/2 ∫
𝑅𝑛

𝐾𝑛/2−1(
√

𝜆 |𝑥 − 𝑦|)
|𝑥 − 𝑦|𝑛/2−1 𝑝(𝑦)𝜑(𝑦) 𝑑𝑦.

The function 𝐾𝜈(𝑧) is the Macdonald cylindrical function.

It can be proved that the operator ℒ(𝜆) is a bounded operator from 𝐵0
0(𝑅𝑛)

into 𝐵0
0(𝑅𝑛) (𝐵0

0(𝑅) is a Banach space with norm

‖𝑓‖𝐵0
0(𝑅𝑛) = sup

𝑥∈𝑅𝑛

|𝑓(𝑥)|

and

‖ℒ(𝜆)‖𝐵0
0(𝑅𝑛) = 𝑜(1) as 𝜆 → 0, (11)

when | arg 𝜆| ≤ 𝜋 − 𝜎 for any 𝜎 > 0. From the boundedness of the functions
𝑝(𝑥) and 𝜑(𝑥) it follows that

‖ ̃𝑣(𝑥, 𝜆)‖𝐵0
0(𝑅𝑛) ≤ 𝐶

|𝜆| for | arg 𝜆| ≤ 𝜋 − 𝜎. (12)

Consequently, from (10) and (12) we have

‖𝑢̃(𝑥, 𝜆)‖𝐵0
0(𝑅𝑛) ≤ ‖ℒ(𝜆)‖ ‖𝑢̃(𝑥, 𝜆)‖𝐵0

0(𝑅𝑛) + 𝐶
|𝜆| ,
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or, by virtue of (11),

‖𝑢̃(𝑥, 𝜆)‖𝐵0
0(𝑅𝑛) ≤ 𝐶1

|𝜆| for | arg 𝜆| ≤ 𝜋 − 𝜎, |𝜆| < 𝜀,

where 𝜀 > 0 is a sufficiently small number. From (10) and (11) it then follows
immediately that

‖𝑢̃(𝑥, 𝜆) − ̃𝑣(𝑥, 𝜆)‖𝐵0
0(𝑅𝑛) = 𝑜(1/𝜆)

for | arg 𝜆| ≤ 𝜋 − 𝜎, |𝜆| < 𝜀.

Relation (8) then follows from the Tauberian theorem of Wiener (2).
Lemma 2. If the functions 𝑝(𝑥) and 𝜑(𝑥) satisfy conditions (3), (4), (5), then

‖𝜕𝑢(𝑥, 𝑡)/𝜕𝑡‖𝐵0
0(𝑅𝑛) ≤ 𝐶/𝑡 (13)

for 𝑡 ≥ 𝑡0 > 0.

The function 𝑤(𝑥, 𝑡) = 𝜕𝑢(𝑥, 𝑡)/𝜕𝑡 is, for 𝑡 > 𝛿 (0 < 𝛿 < 𝑡0), a solution of
equation (1) with the initial condition

𝑤(𝑥, 𝑡)∣𝑡=𝛿 = 𝑢𝑡(𝑥, 𝛿) ≡ 𝜓(𝑥). (14)

From condition (3) it follows that

𝜓(𝑥) ∈ 𝐵0
[𝑛/2](𝑅𝑛) for 𝑛 ≥ 4; 𝜓(𝑥) ∈ 𝐵0

2(𝑅𝑛) for 𝑛 < 4. (15)

The Laplace transform 𝑤(𝑥, 𝜆) of the function 𝑤(𝑥, 𝑡) satisfies equations (9) and
(10), in which the function 𝜑(𝑥) is replaced by the function 𝜓(𝑥).
Simultaneously with problem (1), (14), consider the following Cauchy problem
for the hyperbolic equation:

𝑝(𝑥)𝑧𝑡𝑡(𝑥, 𝑡) − Δ𝑧(𝑥, 𝑡) = 0, 𝑡 > 𝛿,

𝑧(𝑥, 𝛿) = 0, 𝑧𝑡(𝑥, 𝛿) = 𝜓(𝑥).

From relations (15) and the Sobolev embedding theorems (3) it follows that

|𝑧(𝑥, 𝑡)| ≤ 𝐶𝑡𝑚
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for some 𝑚 > 0, with a constant 𝐶 independent of 𝑥, 𝑡. Therefore the Laplace
transform ̃𝑧(𝑥, 𝜆) of the function 𝑧(𝑥, 𝑡), satisfying the equation

−Δ ̃𝑧(𝑥, 𝜆) + 𝜆2 ̃𝑧(𝑥, 𝜆) = 𝑝(𝑥)𝜓(𝑥) − 𝜆2𝑞(𝑥) ̃𝑧(𝑥, 𝜆), (16)

is an analytic function of 𝜆 and bounded in 𝑥 for Re 𝜆 > 0, and | ̃𝑧(𝑥, 𝜆)| → 0
as |𝜆| → ∞ uniformly in arg 𝜆 ∈ [−(𝜋 − 𝜎)/2, (𝜋 − 𝜎)/2]. Comparing equations
(9) and (16) and using the uniqueness theorem in 𝐵0

0(𝑅𝑛) for the solution of
equation (9), we obtain that the function 𝑤(𝑥, 𝜆) is analytically continued into
the domain | arg 𝜆| < 𝜋 by the equality 𝑤(𝑥, 𝜆) = ̃𝑧(𝑥,

√
𝜆), and 𝑤(𝑥, 𝜆) → 0 as

|𝜆| → ∞ uniformly in arg 𝜆 ∈ [−𝜋 + 𝜎, 𝜋 − 𝜎]. Since 𝑤(𝑥, 𝑡) = 𝑢1(𝑥, 𝑡) for 𝑡 ≥ 𝛿,
from (10) we have

𝑤(𝑥, 𝜆) = −ℒ(𝜆)𝑤(𝑥, 𝜆) − ℒ(𝜆)𝑢(𝑥, 𝛿) − 𝑢(𝑥, 𝛿) + 𝜆 ̃𝑣(𝑥, 𝜆).

From (11) and (12) it follows that

‖𝑤(𝑥, 𝜆)‖𝐵0
0(𝑅𝑛) ≤ const for |𝜆| < 𝜀, | arg 𝜆| ≤ 𝜋 − 𝜎.

Replacing, in the inverse Laplace transform for 𝑤(𝑥, 𝜆), the contour of integra-
tion Re 𝜆 = 𝛽 > 0 by the contour | arg 𝜆| = 3𝜋/4 (we assume that 𝜎 < 𝜋/4), we
easily obtain the estimate (13).

Lemma 3. If, for a continuously differentiable function 𝑓(𝑥, 𝑡), the conditions

1
𝑡 ∫

𝑡

0
𝑓(𝑥, 𝜏) 𝑑𝜏 → 0 as 𝑡 → ∞ (17)

hold uniformly in 𝑥 ∈ 𝑅𝑛, and

|𝜕𝑓(𝑥, 𝑡)/𝜕𝑡| ≤ 𝐶/𝑡 for 𝑡 ≥ 𝑡0 (18)

with some constant 𝐶 > 0, then

𝑓(𝑥, 𝑡) → 0 as 𝑡 → ∞

uniformly in 𝑥 ∈ 𝑅𝑛.

This lemma is a consequence of Theorem 33 of the book (4) (p. 388). Let us take
as the function 𝑓(𝑥, 𝑡) the function 𝑢(𝑥, 𝑡) − 𝑣(𝑥, 𝑡). By Lemma 1, relation (17)
holds for this function, and by Lemma 2 relation (18) holds, since the inequality
|𝜕𝑣(𝑥, 𝑡)/𝜕𝑡| ≤ 𝐶/𝑡 for 𝑡 > 0 is obvious. Therefore it follows from Lemma 3 that
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𝑢(𝑥, 𝑡) − 𝑣(𝑥, 𝑡) → 0 as 𝑡 → ∞

uniformly in 𝑥 ∈ 𝑅𝑛. After this, the theorem formulated above follows from
known results (1,2,5,6) concerning the solution 𝑣(𝑥, 𝑡) of the Cauchy problem for
the heat equation, since from condition (5) it follows that, for relation (7) to
hold, it is necessary and sufficient that the relation

𝑛
𝜔𝑛𝑅𝑛 ∫

|𝑥−𝑦|≤𝑅
𝑝(𝑦)𝜑(𝑦) 𝑑𝑦 → 𝐴

hold.
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