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MATHEMATICS

V. I. POLOVINKIN

CUBATURE FORMULAS IN 𝐿(𝑚)
2 (Ω)

(Presented by Academician S. L. Sobolev, May 28, 1969)

In (1−5) Sobolev investigated formulas of approximate integration in the classes
𝐿(𝑚)

2 (𝐸𝑛), 𝐿(𝑚)
2 (Ω). The case 𝐿(𝑚)

2 (𝐸𝑛) was studied most fully. In particular,
cubature formulas with a regular boundary layer and with error functionals were
determined (2,4)

𝑙ℎ ∈ 𝐿(𝑚)∗
2 (𝐸𝑛), 2𝑚 > 𝑛,

(𝑙ℎ, 𝑓) = ∫
Ω

𝑝𝑓 𝑑𝑥 − ∑
ℎ𝐻𝛾∈Ω

𝑐ℎ
𝛾 𝑓(ℎ𝐻𝛾) ∶ ∫ |𝑝|2 𝑑𝑥 = ‖𝑝‖2

𝐿2(Ω) < ∞, (1)

where 𝑝(𝑥) ≡ 1, and such that, as ℎ → 0 and for given 𝑝,

‖𝑙ℎ‖2
𝐵∗ −𝐵𝑛,𝑚(𝐻)‖𝑝‖2

𝐿2(Ω)ℎ2𝑚 = 𝑜(ℎ2𝑚) ∶ 𝐵𝑛,𝑚(𝐻) = (2𝜋)−2𝑚
′

∑
𝛽

|𝛽𝐻−1|−2𝑚,

(2)

if 𝐵 = 𝐿(𝑚)
2 (𝐸𝑛). It was shown (2,5) (see also (7)) that for any {𝑙ℎ} of the form (1)

and 𝐵 = 𝐿(𝑚)
2 (𝐸𝑛), the left-hand side of (2) is greater than some 𝛼(ℎ), 𝛼(ℎ) =

𝑂(ℎ2𝑚+1) as ℎ → 0, i.e., that families of formulas with a regular boundary
layer are asymptotically optimal on lattices in 𝐿(𝑚)

2 (𝐸𝑛), or, in other words, the
asymptotically optimal families of error functionals of these formulas. In (6) the
indicated results were generalized to the case 𝑝 ∈ 𝐿2(Ω), and it was shown that
for such weights the functionals 𝑙ℎ, forming an asymptotically optimal family,
satisfy (2) with 𝐵 = 𝐿(𝑚)

2 (𝐸𝑛). The methods of proving the assertions in (1−6)
were based on the theory of the polyharmonic equation Δ𝑚𝑢 = 0, which is
the Euler equation for the functionals (1) in 𝐿(𝑚)

2 (Ω), 𝐿(𝑚)
2 (𝐸𝑛). The case of

the spaces 𝐿(𝑚)
2 (𝐸𝑛) turned out to be simpler than the case 𝐿(𝑚)

2 (Ω), since
in the study of formulas of approximate integration in 𝐿(𝑚)

2 (𝐸𝑛) no boundary-
value problems arise for the polyharmonic equation (1,3). In the present paper
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the results from (1−6) concerning asymptotically optimal families of cubature
formulas in 𝐿(𝑚)

2 (𝐸𝑛) are generalized to 𝐿(𝑚)
2 (Ω) by means of methods of the

theory of Hilbert spaces.

Notation: Ω is a domain in the 𝑛-dimensional Euclidean space 𝐸𝑛 with a
sufficiently “good”boundary (for example, piecewise smooth); 𝛾 are integer
vectors from 𝐸𝑛; 𝐻 is an 𝑛 × 𝑛 matrix, |𝐻| = 1; 𝐿2 = 𝐿2(Ω); ℎ is a positive
parameter; 𝑚 is an integer greater than 𝑛/2; 𝐿(𝑚)

2 (𝐸𝑛), 𝐿(𝑚)
2 (Ω) are known

Banach spaces of classes of functions that may be regarded as Hilbert spaces
(1), if the scalar product in them is defined as follows: let 𝐹, 𝐺 ∈ 𝐿(𝑚)

2 (𝑀) (𝑀
is one of the sets 𝐸𝑛, Ω); 𝑓, 𝑔 are functions, 𝑓 ∈ 𝐹 , 𝑔 ∈ 𝐺; then

(𝐹 , 𝐺)𝐿(𝑚)
2 (𝑀) = ∫

𝑀
(

𝑛
∑
𝑗1=1

⋯
𝑛

∑
𝑗𝑚=1

𝜕𝑚𝑓
𝜕𝑥𝑗1

⋯ 𝜕𝑥𝑗𝑚

𝜕𝑚𝑔
𝜕𝑥𝑗1

⋯ 𝜕𝑥𝑗𝑚

) 𝑑𝑥.

𝐿̇(𝑚)
2 (Ω, 𝐸𝑛), 𝐿̇(𝑚)

2 (𝐸𝑛 ∖ Ω, 𝐸𝑛) are subspaces of 𝐿(𝑚)
2 (𝐸𝑛), defined as follows:

𝐹 ∈ 𝐿̇(𝑚)
2 (𝑀, 𝐸𝑛) (𝑀 is one of the sets Ω, 𝐸𝑛∖Ω) if and only if there is a function

𝑓 in 𝐹 that is zero in 𝐸𝑛 ∖ 𝑀 ; Π is the operator assigning to 𝐹 ∈ 𝐿(𝑚)
2 (𝐸𝑛) the

class Π𝐹 ∈ 𝐿(𝑚)
2 (Ω) consisting of the traces on Ω of functions from 𝐹 ; 𝐿̇(𝑚)

2 (Ω)
is the subspace of 𝐿(𝑚)

2 (Ω) consisting of images of elements of 𝐿̇(𝑚)
2 (Ω, 𝐸𝑛) under

the mapping Π; 𝑈 (𝑚)
2 (Ω) = 𝐿(𝑚)

2 (𝐸𝑛) ⊖ 𝐿̇(𝑚)
2 (𝐸𝑛 ∖ Ω, 𝐸𝑛); 𝑅 is the restriction of

Π to 𝑈 (𝑚)
2 (Ω);

𝐻(𝑚)
2 (Ω) = 𝐿(𝑚)

2 (Ω) ⊖ 𝐿̇(𝑚)
2 (Ω) ∶ 𝐻(𝑚)

2 (Ω, 𝐸𝑛) = 𝐿(𝑚)
2 (𝐸𝑛) ⊖ 𝐿̇(𝑚)

2 (Ω, 𝐸𝑛). (3)

Theorem 1. If 𝑝 ∈ 𝐿2, and {𝑙ℎ} is a family of functionals (1) such that, as
ℎ → 0, (2) is fulfilled with 𝐵 = 𝐿2(𝐸𝑛), then (2) is also fulfilled for 𝐵 = 𝐿(𝑚)

2 (Ω).
Lemma 1. If 𝑝, {𝑙ℎ} satisfy the conditions of Theorem 1, then (2) is fulfilled
for 𝐵 = 𝐿̇(𝑚)

2 (Ω, 𝐸𝑛).
We outline the proof of the lemma. Since

‖𝑙ℎ‖𝐿(𝑚)∗
2 (𝐸𝑛) ⩾ ‖𝑙ℎ‖𝐿̇(𝑚)

2 (Ω,𝐸𝑛),

it suffices to prove the existence of {𝑉ℎ} ⊂ 𝐿̇(𝑚)
2 (Ω, 𝐸𝑛) such that, as ℎ → 0,

∫
Ω

𝑝𝑉ℎ 𝑑𝑥 = ‖𝑝‖𝐿2
√𝐵𝑛,𝑚(𝐻) ℎ𝑚‖𝑉ℎ‖𝐿(𝑚)

2 (𝐸𝑛) + 𝑜(ℎ𝑚) ∶ 𝑉ℎ(ℎ𝐻𝛾) = 0. (4)

For 𝑝 = 1, the existence of the indicated {𝑉ℎ} was proved in (7). It is not
difficult to construct the necessary {𝑉ℎ} if 𝑝 is piecewise constant in Ω. Let now
𝑔 ∈ 𝐿2 be arbitrary, 𝑝 piecewise constant, and let {𝑉ℎ} ⊂ 𝐿̇(𝑚)

2 (Ω, 𝐸𝑛) satisfy
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(4); let {𝐼ℎ} be a uniformly distributed family of interpolation operators (for
the definition of such operators see (6)), interpolating at the points ℎ𝛾. Then

𝐼 = ∫
Ω

𝑔𝑉ℎ 𝑑𝑥 = ∫
Ω

(𝑔 − 𝑝)(𝑉ℎ − 𝐼ℎ𝑉
ℎ ) 𝑑𝑥 + ∫

Ω
𝑝𝑉ℎ 𝑑𝑥 = 𝐼1 + 𝐼2.

From Theorem 1 in (6) it follows that if 𝑝 is close to 𝑔 in the metric of 𝐿2, then
𝐼1 is small and 𝐼 ≅ 𝐼2. Using the approximate equality obtained and taking
into account the density of piecewise constant functions in 𝐿2, one can prove
the lemma in the general case.

We proceed directly to the proof of the theorem. From (3) it follows that

‖𝑙ℎ‖2
𝐿(𝑚)∗

2 (Ω) = ‖𝑙ℎ‖2
𝐿̇(𝑚)∗

2 (Ω) + ‖𝑙ℎ‖2
𝐻(𝑚)∗

2 (Ω) ∶ ‖𝑙ℎ‖2
𝐿(𝑚)∗

2 (𝐸𝑛)

= ‖𝑙ℎ‖2
𝐿̇(𝑚)∗

2 (Ω,𝐸𝑛) + ‖𝑙ℎ‖2
𝐻(𝑚)∗

2 (Ω,𝐸𝑛). (5)

Lemma 1 and (5) give

‖𝑙ℎ‖2
𝐿(𝑚)∗

2 (Ω) = 𝐵ℎ,𝑚(𝐻)‖𝑝‖2
𝐿2

ℎ2𝑚+𝑜(ℎ2𝑚)+‖𝑙ℎ‖2
𝐻(𝑚)∗

2 (Ω); ‖𝑙ℎ‖2
𝐻(𝑚)∗

2 (Ω,𝐸𝑛) = 𝑜(ℎ2𝑚).
(6)

If we show that

‖𝑙ℎ‖𝐻(𝑚)∗
2 (Ω) ⩽ 𝐾‖𝑙ℎ‖𝐻(𝑚)∗

2 (Ω,𝐸𝑛), (7)

where 𝐾 is independent of ℎ, then Theorem 1 will follow from (6), (7).

All elements of 𝐿(𝑚)
2 (Ω) can be extended to elements of 𝐿(𝑚)

2 (𝐸𝑛) (see, for ex-
ample, (1,8)) and 𝑈 (𝑚)

2 (Ω), whence, as is not difficult to see, there follows the
existence for 𝑅 of a single inverse operator 𝑅−1, defined on all of 𝐿(𝑚)

2 (Ω). From
Banach’s theorem on inverse operators it follows that 𝑅−1 is bounded as an
operator acting from 𝐿(𝑚)

2 (Ω) into 𝑈 (𝑚)
2 (Ω). The boundedness of 𝑅−1 and the

fact that all possible extensions of elements of 𝐻(𝑚)
2 (Ω) to elements of 𝑈 (𝑚)

2 (Ω)
belong to 𝐻(𝑚)

2 (Ω, 𝐸𝑛) give (7) and the assertion of Theorem 1.

Corollary. Let {𝑙ℎ} be asymptotically optimal in 𝐿(𝑚)
2 (𝐸𝑛). Then {𝑙ℎ} satisfies

the conditions of Theorem 1 (6) (for the case 𝑝 = 1, see (2,5)). From this theorem
and the inequality

‖𝑙ℎ‖𝐿(𝑚)∗
2 (Ω) ≥ ‖𝑙ℎ‖

it follows that {𝑙ℎ} is asymptotically optimal in 𝐿(𝑚)
2 (Ω).
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Remark. If 𝑝 = 1 and {𝑙ℎ} is the collection of error functionals of formulas
with a regular boundary layer, then the left-hand side of (2), for 𝐵 = 𝐿(𝑚)

2 (Ω),
is 𝑂(ℎ2𝑚+1), as ℎ → 0.

The proof of this assertion is analogous to the proof of Theorem 1.

The author thanks S. L. Sobolev for his attention to the present work.

Novosibirsk
State University

Received
19 V 1969
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