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MATHEMATICS

L. S. FRANK

COERCIVE BOUNDARY-VALUE PROBLEMS

FOR DIFFERENCE OPERATORS
(Presented by Academician G. I. Petrov, 15 X 1969)

1. The concept of ellipticity of difference operators (see (1,2)) plays, in the
general theory of difference schemes, a role analogous to that of the well-
known condition of I. G. Petrovskii for differential operators. It makes
it possible to construct difference approximations that preserve on the
grid the basic properties inherent in elliptic differential equations. How-
ever, the elliptic theory of difference operators cannot be regarded as suffi-
ciently complete without considering difference boundary-value problems
and establishing a discrete analogue of the well-known Shapiro–Lopatin-
skii condition of coercivity of boundary conditions. The necessity of such
an algebraic condition is dictated by the needs of applied analysis, since it
is important to have a simple criterion for estimating the stability of var-
ious difference approximations of elliptic boundary-value problems near
the boundary of the domain. The present note is devoted precisely to this
question.

2. The space of grid functions 𝐻∗
𝑠(𝑅+

𝑛,ℎ). By 𝑅𝑛,ℎ we shall denote the
uniform grid with mesh size ℎ in the Euclidean space 𝑅𝑛; correspondingly,
by 𝑅+

𝑛,ℎ we shall denote the grid half-space:

𝑅+
𝑛,ℎ = {𝑥 ∣ 𝑥 ∈ 𝑅𝑛,ℎ, 𝑥𝑛 ≥ 0}. (1)

We shall consider grid functions on 𝑅𝑛,ℎ (respectively on 𝑅+
𝑛,ℎ) with values in

𝐶1, depending continuously on the grid parameter ℎ, 0 ≤ ℎ ≤ ℎ0; everywhere in
what follows ℎ0 is fixed and sufficiently small. For the definition and properties
of the spaces of grid functions 𝐻∗

𝑠 = 𝐻∗
𝑠(𝑅𝑛,ℎ) for any real 𝑠, see (2). We now

define the spaces of grid functions 𝐻∗
𝑠(𝑅+

𝑛,ℎ). Denote by 𝐻̄∗
𝑠 the closed subspace

of functions from 𝐻∗
𝑠 that are equal to zero for 𝑥 ∈ 𝑅+

𝑛,ℎ. Put

𝐻∗
𝑠(𝑅+

𝑛,ℎ) = 𝐻∗
𝑠/𝐻̄∗

𝑠 , (2)
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and 𝐻∗
𝑠(𝑅+

𝑛,ℎ) is endowed with the topology corresponding to the quotient norm,
which we shall denote by +‖ ⋅ ‖∗

𝑠.

3. Factorization of a quasihomogeneous function. In formulating
boundary-value problems for difference operators in convolutions (r.o.s.;
see (2)), the problem naturally arises of factorizing, with respect to one
of the variables, functions defined on the torus. Let

𝑇 𝑛 = {𝜔 ∣ 𝜔 = (𝜔1, … , 𝜔𝑛), |1 + 𝑖𝜔𝑘| = 1, 1 ≤ 𝑘 ≤ 𝑛}

be the 𝑛-dimensional torus. We shall consider scalar functions ̃𝑎(𝑥; 𝜔), defined
on Ω × 𝑇 𝑛, where Ω is a domain in 𝑅𝑛,ℎ. We shall assume that:
1) ̃𝑎 is infinitely differentiable with respect to 𝜔 for 𝜔 ≠ 0;
2) ̃𝑎 is continuous in the aggregate of its arguments for 𝜔 ≠ 0;
3) ̃𝑎 satisfies the inequalities:

| ̃𝑎(𝑥; 𝜔)| ≤ 𝑐0|𝜔|𝛼

(quasihomogeneity) and

| ̃𝑎(𝑥; 𝜔)| ≥ 𝑐1|𝜔|𝛼

(ellipticity) (see (2));
4) ̃𝑎(𝑥; 𝜔) = ̃𝑎(∞; 𝜔)+ ̃𝑎′(𝑥; 𝜔), where ̃𝑎′(𝑥; 𝜔), as a function of the first argument,
has compact support and belongs to the space-

space 𝑆∗ (the lattice analogue of the Schwartz space 𝑆, see (2)). The class of
such functions ̃𝑎𝛼 will be denoted by ℰ𝛼.

Put
𝐷+ = {𝜔𝑛 ∣ |1 + 𝑖𝜔𝑛| > 1}, 𝐷− = {𝜔𝑛 ∣ |1 + 𝑖𝜔𝑛| < 1},

and by Γ we shall denote the boundary of the domains:

Γ = {𝜔𝑛 ∣ |1 + 𝑖𝜔𝑛| = 1}.

By a quasihomogeneous factorization with respect to 𝜔𝑛 of a function ̃𝑎𝛼 ∈ ℰ𝛼
we shall mean a representation of ̃𝑎𝛼 in the form

̃𝑎𝛼 = ̃𝑎+
𝜒 ⋅ ̃𝑎−

𝛼−𝜒, (3)

where ̃𝑎+
𝜒 ∈ ℰ𝜒, ̃𝑎−

𝛼−𝜒 ∈ ℰ𝛼−𝜒, ̃𝑎+
𝜒 (respectively, ̃𝑎−

𝛼−𝜒) is analytic in 𝜔𝑛 for
𝜔𝑛 ∈ 𝐷+ for all 𝜔′ ∈ 𝑇 𝑛−1 (respectively, for 𝜔𝑛 ∈ 𝐷− for all 𝜔′ ∈ 𝑇 𝑛−1);
moreover, ̃𝑎+

𝜒 , for arbitrary finite 𝜔𝑛 ∈ 𝐷+, satisfies the inequalities

𝑐1|𝜔|𝜒 ≤ | ̃𝑎+
𝜒 | ≤ 𝑐2|𝜔|𝜒, ∀ 𝜔′ ∈ 𝑇 𝑛−1; (4)
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respectively, ̃𝑎−
𝛼−𝜒 satisfies the inequalities

𝑐3|𝜔|𝛼−𝜒 ≤ | ̃𝑎−
𝛼−𝜒| ≤ 𝑐4|𝜔|𝛼−𝜒, ∀ 𝜔𝑛 ∈ 𝐷−, ∀ 𝜔′ ∈ 𝑇 𝑛−1. (5)

Theorem 1. If ̃𝑎𝛼 ∈ ℰ𝛼, then ̃𝑎𝛼 admits a quasihomogeneous factorization (3)
with respect to 𝜔𝑛. The quasihomogeneous factorization (3) for ̃𝑎𝛼 is unique up
to a factor depending only on 𝜔′ and different from zero for all 𝜔′ ∈ 𝑇 𝑛−1.

Let us note that for 𝜔′ ∈ 𝑇 𝑛−1 ∖ {0}, for ̃𝑎𝛼 ∈ ℰ𝛼 there is defined

ind ̃𝑎𝛼 = (2𝜋)−1[arg ̃𝑎𝛼]Γ, (6)

which, by virtue of the connectedness of the set 𝑇 𝑛−1 ∖ {0}, does not depend on
𝜔′. It is obvious that for all 𝜔′ ∈ 𝑇 𝑛−1 ∖ {0}

ind ̃𝑎𝛼 = ind ̃𝑎+
𝜒 = 𝑚, (7)

but, generally speaking, the integer 𝑚 does not coincide with the order of quasi-
homogeneity 𝜒 of the function ̃𝑎+

𝜒 . We shall assume that 𝑚 and 𝜒 do not depend
on 𝑥 ∈ Ω.

4. Smooth operators. In what follows, an essential role will be played by the
following

**Condition (*).** A quasihomogeneous function ̃𝑎𝛼 of order 𝛼 satisfies condi-
tion (∗) if, uniformly with respect to 𝑥 ∈ Ω and for all integers 𝑘, 𝑘 ≥ 0, the
relations

∫
Γ

𝜔𝑘
𝑛 ̃𝑎𝛼 𝑑𝜔𝑛 = 𝑂(|𝜔′|𝛼+𝑘+1) as 𝜔′ → 0, 𝜔′ ∈ 𝑇 𝑛−1 ∖ {0}. (8)

hold.

Of course, (8) can be rewritten in terms of equality to zero of the integrals over
Γ of the product of 𝜔𝑘

𝑛 by the corresponding derivatives with respect to 𝜔′ of
̃𝑎𝛼 at the point 𝜔′ = 0.

Theorem 2. Let ̃𝑎𝛼 ∈ ℰ𝛼, and let (3) be the corresponding quasihomogeneous
factorization of the function ̃𝑎𝛼. Suppose that ̃𝑎𝛼 and ̃𝑎−1

𝛼 satisfy condition (∗).
Then

𝑚 = ind ̃𝑎+
𝜒 = 𝜒, ∀ 𝜔′ ∈ 𝑇 𝑛−1 ∖ {0}. (9)

To the quasihomogeneous function ̃𝑎𝛼(𝑥; 𝜔) one can assign a generalized homo-
geneous function of (ℎ, 𝜁, ̄𝜁) of order 𝛼:

̃𝑎𝛼(𝑥; ℎ, 𝜁, ̄𝜁) = ℎ−𝛼 ̃𝑎𝛼(𝑥; ℎ𝜉), 𝜁 = (𝜁1, … , 𝜁𝑛), 𝜁𝑘 = (𝑒𝑖ℎ𝜉𝑘 − 1)/𝑖ℎ. (10)

The function ̃𝑎𝛼(𝑥; ℎ, 𝜁, ̄𝜁) defines on lattice functions in 𝑅𝑛,ℎ a homogeneous
difference operator in convolutions (h.d.o.c.) 𝐴𝛼, acting continuously from 𝐻∗

𝑠
to 𝐻∗

𝑠−𝛼 for any 𝑠 ∈ 𝑅1 (see (2)).
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Let a lattice function 𝑢+ ∈ 𝐻∗
𝑠(𝑅+

𝑛,ℎ); denote by 𝑙0𝑢+ the lattice function in
𝑅𝑛,ℎ, equal to 𝑢+ for 𝑥 ∈ 𝑅+

𝑛,ℎ and to zero for 𝑥 ∉ 𝑅+
𝑛,ℎ, and, so-

respectively, by +𝐻∗
𝑠 the space of all such extensions. Conversely, if a mesh

function 𝑢 is given on 𝑅𝑛,ℎ, then we denote by 𝑅+ the operator of restriction of
𝑢 to 𝑅+

𝑛,ℎ: 𝑅+𝑢 = 𝑢+. Naturally, the question arises as to when 𝑅+𝐴𝛼𝑙0𝑢+ ∈
𝐻∗

𝑠−𝑎(𝑅+
𝑛,ℎ)? As simple examples show (for example, the shift operator with

respect to 𝑥𝑛), such an inclusion does not always hold. However, the following
is true.

Theorem 3. Let the quasi-homogeneous function ̃𝑎𝛼 satisfy condition (∗). Then
the homogeneous d.o. 𝐴𝛼 corresponding to it acts continuously from +𝐻∗

𝑠 into
𝐻𝑠−𝛼(𝑅𝑛,ℎ).
5. Formulation of the boundary-value problem in the case of an inte-
ger 𝜘 ≥ 0. Let 𝐴 be a d.o. of order 𝑎 with complete symbol

𝜎(𝐴) ∼
∞

∑
𝑘=0

̃𝑎𝑘(𝑥; ℎ, 𝜉, ̄𝜉), (11)

satisfying the ellipticity condition. Suppose that the number 𝜘 in the factoriza-
tion (3) of the function

̃𝑎(𝑥; 𝜔) = ̃𝑎0(𝑥; 1, 𝜔, 𝜔̄) (12)

is an integer and 𝜘 ≥ 0. Let, moreover, ̃𝑎𝑘(𝑥; 1, 𝜔, 𝜔̄), 𝑘 ≥ 0, and ̃𝑎−𝜏(𝑥; 𝜔)
satisfy condition (∗). We prescribe 𝜘 d.o.’s 𝐵𝑗 of orders 𝛼𝑗, 1 ≤ 𝑗 ≤ 𝜘, with
complete symbols

𝜎(𝐵𝑗) ∼
∞

∑
𝑘=0

̃𝑏𝑘𝑗(𝑥; ℎ, 𝜉, ̄𝜉). (13)

Suppose that the functions ̃𝑏𝑘𝑗(𝑥; 1, 𝜔, 𝜔̄) satisfy condition (∗), and set

̃𝑐𝑗𝑙(𝑥; 𝜔′) = (2𝜋𝑖)−1 ∫
Γ

̃𝑏0𝑗𝜔 𝑙−1
𝑛 ( ̃𝑎+

𝑥 )−1 𝑑𝜔𝑛, 1 ≤ 𝑗, 𝑙 ≤ 𝜘, 𝜔′ ∈ 𝑇 𝑛−1 ∖ {0},
(14)

where ̃𝑎+
𝑥 is the factor analytic for 𝜔𝑛 ∈ 𝐷+ in the factorization (3) of the

function ̃𝑎(𝑥; 𝜔) from (12). It is not difficult to verify that ̃𝑐𝑗𝑙(𝑥; 𝜔′) is a quasi-
homogeneous function of 𝜔′ of order 𝛼𝑗 + 𝑙 − 𝜘. On the matrix ‖ ̃𝑐𝑗𝑙‖ we impose
the following basic condition (an analogue of the Shapiro–Lopatinskii condition
for differential elliptic boundary-value problems):

Condition (∗∗). The matrix ‖ ̃𝑐𝑗𝑙‖ satisfies the inequality
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∣det ‖ ̃𝑐𝑗𝑙‖∣ ≥ 𝑐|𝜔′|𝑝0 , 𝜔′ ∈ 𝑇 𝑛−1 ∖ {0}, 𝑥 ∈ 𝑅+
𝑛,ℎ, (15)

where

𝑝0 =
𝜘

∑
𝑗=1

𝛼𝑗 − 𝜘(𝜘 − 1)/2,

and 𝑐 is a constant independent of 𝑥 and 𝜔′.

Boundary operators satisfying conditions (∗) and (∗∗) will be called coercive. To
the operators 𝐴 and {𝐵𝑗}, 1 ≤ 𝑗 ≤ 𝜘, we associate the boundary-value problem
in 𝑅+

𝑛,ℎ:

𝑅+𝐴𝑢+ = 𝑓, 𝑓 ∈ 𝐻∗
𝑠−𝑎(𝑅+

𝑛,ℎ), (16)

𝑅+𝐵𝑗𝑢 + ∣𝑥𝑛=0 = 𝜑𝑗, 𝜑𝑗 ∈ 𝐻∗
𝑠−𝛼𝑗−1/2(𝑅𝑛−1,ℎ), 1 ≤ 𝑗 ≤ 𝜘. (17)

Theorem 4. Let all the conditions listed above on the operators 𝐴 and 𝐵𝑗,
1 ≤ 𝑗 ≤ 𝜘, be satisfied. Then for a solution 𝑢+ of the boundary-value problem
(16), (17) the a priori estimate

+‖𝑢+‖∗
𝑠 ≤ 𝑐 (+‖𝑓‖∗

𝑠−𝑎 +
𝜘

∑
𝑗=1

′‖𝜑𝑗‖∗
𝑠−𝛼𝑗−1/2 + +‖𝑢+‖∗

𝑠−1) , (18)

holds, where ′‖𝑔‖∗
𝑠 is the norm of 𝑔(𝑥′) in 𝐻∗

𝑠(𝑅𝑛−1,ℎ), and 𝑐 is independent of
ℎ.

A converse assertion is also true in a certain sense.

Theorem 5. If, for the boundary-value problem (16), (17), for some 𝑠 the
estimate (18) holds for arbitrary 𝑓 ∈ 𝐻̇∗

𝑠−𝛼(𝑅+
𝑛,ℎ) and 𝜑𝑗 ∈ 𝐻̇∗

𝑠−𝛼𝑗−1/2(𝑅𝑛−1,ℎ),
and the operators 𝐴, 𝐵𝑗, 1 ≤ 𝑗 ≤ 𝜒, satisfy condition (∗), then the difference
operator 𝐴 is elliptic, and the boundary difference operators 𝐵𝑗, 1 ≤ 𝑗 ≤ 𝜒,
satisfy the coercivity condition (15).

6. Formulation of the boundary-value problem in the case of an inte-
ger 𝜒 < 0. In this case every solution of equation (16) with smooth right-hand
sides will contain a nonsmooth part of the form

|𝜒|
∑
𝑗=1

𝜌𝑗(𝑥′)𝐷𝑗−1
𝑛 𝛿(𝑥𝑛), (19)
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where 𝛿(𝑥𝑛) is the lattice 𝛿-function, 𝛿(𝑥𝑛) = ℎ−1 for 𝑥𝑛 = 0 and 0 for 𝑥𝑛 ≠ 0.
It is natural to divide the problem of finding a solution of equation (16) into the
problem of finding the part 𝑢+, smooth up to the boundary, and the nonsmooth
summands 𝜌𝑗(𝑥′)𝐷𝑗−1

𝑛 𝛿(𝑥𝑛), concentrated in the boundary strip 0 ≤ 𝑥𝑛 ≤ (𝑗 −
1)ℎ, 1 ≤ 𝑗 ≤ |𝜒|. Therefore, for 𝜒 < 0, the following problem is posed: to
find a solution 𝑢+, smooth up to the boundary, and potentials 𝜌𝑗, 1 ≤ 𝑗 ≤ |𝜒|,
satisfying the equation

𝑅+ ⎛⎜
⎝

𝐴𝑢+ +
|𝜒|
∑
𝑗=1

𝐺𝑗𝜌𝑗⎞⎟
⎠

= 𝑓, (20)

where 𝐺𝑗 are difference operators of orders 𝛼𝑗 satisfying condition (∗), as well
as a coercivity condition analogous to (∗∗). In this case there is also a corre-
sponding a priori estimate for 𝑢+(𝑥) and the densities 𝜌𝑗(𝑥′).
In conclusion, we note that, for reasonable difference approximations of ellip-
tic boundary-value problems for differential operators, condition (∗) is always
satisfied (possibly after applying some power of the shift operator in the normal-
to-the-boundary variable, which means merely another writing of the difference
equations in an equivalent form). However, condition (15) does not always
hold; in that case, as was already said above, an a priori estimate of type (18)
is invalid, and near the boundary of the domain, as a rule, instability arises in
numerical experiments. Therefore the algebraic condition (15) is in practice an
effective way of checking the soundness of a difference approximation near the
boundary of an elliptic boundary-value problem, just as the ellipticity condition
for a difference operator is a criterion of a good approximation of an elliptic
differential operator inside the domain.

Institute for Space Research
Academy of Sciences of the USSR
Moscow

Received
9 IX 1969

REFERENCES
1. V. Thomée, B. Westergren, Numer. Math., 11, No. 3, 196 (1968).

2. L. S. Frank, Dokl. Akad. Nauk SSSR, 181, No. 2 (1968).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-197001.67247 Machine Translation

https://sovietrxiv.org/items/ru-197001.67247

	Abstract
	Full Text
	COERCIVE BOUNDARY-VALUE PROBLEMS
	FOR DIFFERENCE OPERATORS
	REFERENCES


