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ON THE APPROXIMATE SOLUTION OF OP-
ERATOR EQUATIONS OF THE FIRST KIND

Consider the linear operator equation

Az = f, reX, feRA) CX, (1)

where X is a Banach space, A[X — X] is a linear closed operator, and continuous
dependence of z on f does not hold.

When solving equation (1), usually instead of the operator A one considers some
h-parametric family of operators A;, h = (hq, hg, ..., ..., h,), each of which is,
in a certain sense, close to the original one:

[(A—A,)z|| < a(h), xreDCX,

where «(h) is a sufficiently small scalar function of the vector variable h, and D
is some subset of the space X to which the solution of equation (1) belongs.

The right-hand side of equation (1) under real conditions is given with error.
Consequently, one may assume that instead of the function f a function f; is
known such that ||f — f},|| < B(h), where 3(h) has the same meaning as a(h).

Therefore, along with the original equation (1), consider the “approximate”
equation

Aha:h’:fhv xhexv fhER(Ah)CXa (2>

where the linear closed operator A,[X — X], for h # hY A°
(h9, RS, ...,...,hY), has a bounded inverse. ~With respect to the solution
x,, of equation (2), we shall assume that as h — h® it tends to the solution z of
equation (1). We shall not dwell on the question of sufficient conditions for the
convergence of z, to  as h — hY. These conditions have been obtained in a
number of works (173 and others).

Here it should be noted that, for the convergence of x;, to x as h — h°, generally
speaking, it is necessary to require that the condition
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be satisfied.

For the approximate solution of the operator equation (2), iterative methods
are usually used. However, if h is close to h°, then the solution of equation
(2) behaves unstably with respect to variations of the operator A4, and of the
right-hand side fj,.

Therefore, when solving equation (2), it is necessary to take into account the
errors arising as a result of replacing the operator A by the operator A;, and, cor-
respondingly, f by f;,. The choice of the number of iterations as a regularization
parameter was used in works (>* and others).

However, this method of iterative regularization for a general operator equation
of the first kind is essentially not constructive, since for its use it is necessary
to know an expression for the modulus of continuity of the inverse operator.

In the present work a constructive expression is given for the number of iterations
in terms of ordinarily known quantities.

We shall solve equation (2) by means of the universal iterative process (°7)

.’L‘ZJrl :xZ+Bh(fh_Ahzhk)a k:071’2""7 (3)

) = Bysh, Ifnll # 0,

where the operator B, [X — X] satisfies the condition

0<||[E—Byahl=¢<1 for h #+ h°.

Obviously,

x, —x =AM (fr, — )+ (A= Ayl

therefore

Iz, — 2l < JALNS = full +1(A = Ap)a]. (4)

Next, from (3) it follows that

x), —xp ™t = [E— B h* A S,
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o — 2 < 2 1AL £l

Taking (4) and (5) into account, we obtain

lo—ap ) < o™t =l + o, — 2l < @2 1A Tl + 1A [ (ah) + B(R)). (6)

It follows from estimate (6) that, as k — oo, the first term on the right-hand

side of (6) tends to zero, while the second does not depend on k.

Therefore it is meaningful to terminate the iterative process (3) at k = k, = [0],

where ¢ is the root of the equation

¢ IA NIl = 145 I (k) + B(h)),

[0] is the integer part of 0.
From equality (7) we obtain

L alh) +5(h)

d=—I —2.
Ing [ fnl
We shall show that
lim xﬁoﬂ =2x
h—h0
Indeed, according to (5) we have
ko+1 ko+1
lo™ =2l < — @l + o — 2l < %22 + 2y — 2

< ¢ (|, — 2| + 2)) + ), — 2.
Next,

b
I /4l

where {0} is the fractional part of the number 4.

kot2 — (0-{8}42 — ({3}

q (a(h) +B(h),  0<{d} <1,

(7)
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Therefore we finally obtain

(h) + B(h)

ko+1 5o
o™~z < gt A (lzp, = + l2l) + [z, — =,

from which our assertion follows.
Thus, the following is valid.

Theorem. Let X be a Banach space, and let A[X — X] be a linear closed
operator. Consider the two equations (1) Az = f, f € R(A), and (2) A,k = [,
h=(hy,hgy..,hy), xp € X, fr, € R(A;) C X, where continuous dependence of
x on f does not take place. Suppose further that || f— f,|| < B(h), [(A—A,)z| <
a(h), z € D, lim;,_, 0 a(h) = lim;,_, ;0 B(k) =0, h® = (RY, ... hY), and D is some
subset of the space X to which the solution of equation (1) belongs. Then, if
the linear closed ope-

operator A,[X — X] for h # h" has a bounded inverse and the conditions are
satisfied: 1) lim,_,,0 x;, = z, 2) the operator B, [X — X] satisfies the condition

0<|E—Bysh|=q<1for h#h" then z = lim,_, o :UZOH, where
xﬁ'H :"E§+Bh<fh_‘4hzhk)7 k:(),l,...,

@) = Bysh, ko = [6]7, 5:L1HM

—2.
Ing 175l

Let us note that the expression for the number of iterations k, is constructive,
since this expression contains the usually known quantities g, a(h), B(h), | f4l-

Obviously, everything said above is also valid for the case when the operator A
has a bounded inverse.

For solving the operator equation (2), a nonstationary universal iterative process
is also often used,

it =2k + Bu(h)(f, — Apeh®), k=0,1,2,..., 2% =DBy(h)f,, (9)

where B, (h)[X — X] is an operator satisfying the condition

0 <[E—B(h)A,] =g, <q<1

for h # RO.

The condition g;, < ¢ is natural, since in many iterative processes the quantities
q;, rather quickly reach their asymptote.

It is not difficult to verify that in this case the estimate
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lon — 2™ < drg,, @ ggl AR 1l < 5214 - 1 (10)

is valid.

Since the last estimate coincides with estimate (5), when solving the operator
equation (1) by means of the universal nonstationary process (9) the theorem
stated above holds.

In the case when A, is a matrix of order n, when solving equation (1) by means
of the universal process (3), the accumulation of rounding errors may be taken
into account.

For this we use the known estimates of the rounding error of the iterative pro-
cess (3) when it is implemented on a computer with fixed binary precision ¢
(76). Let 2716, be the error accumulated over k steps, and let ZF be the k-th ap-
proximation computed on the machine. Then the following majorizing estimate
holds:

[0k, < Bn322770 0 B =(1—¢")/(1—q), 27'6, =) — &}
Further, we have
o — 25 < Ny, — |+ ot = Zp | o — .
Using (4), (5), and (10), we rewrite the last inequality as
k+1

- _ _ 1—g¢q o
2 — 2 < ¢ P2AZ Sl + 1AL (e(h) + B(R)) + e n?/2272171,

Therefore, instead of (7) in the present case we shall have the following equation:

(11)

1 2721&71 1 2721&71
o (alhal = T )

— =a(h)+B(h) + —n?2——.
14, 1—gq 1A,
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