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MATHEMATICS

Academician G. I. MARCHUK, V. T. VASIL’EV

ON THE APPROXIMATE SOLUTION OF OP-
ERATOR EQUATIONS OF THE FIRST KIND
Consider the linear operator equation

𝐴𝑥 = 𝑓, 𝑥 ∈ 𝑋, 𝑓 ∈ 𝑅(𝐴) ⊂ 𝑋, (1)

where 𝑋 is a Banach space, 𝐴[𝑋 → 𝑋] is a linear closed operator, and continuous
dependence of 𝑥 on 𝑓 does not hold.

When solving equation (1), usually instead of the operator 𝐴 one considers some
ℎ-parametric family of operators 𝐴ℎ, ℎ = (ℎ1, ℎ2, … , … , ℎ𝑛), each of which is,
in a certain sense, close to the original one:

‖(𝐴 − 𝐴ℎ)𝑥‖ ≤ 𝛼(ℎ), 𝑥 ∈ 𝐷 ⊂ 𝑋,

where 𝛼(ℎ) is a sufficiently small scalar function of the vector variable ℎ, and 𝐷
is some subset of the space 𝑋 to which the solution of equation (1) belongs.

The right-hand side of equation (1) under real conditions is given with error.
Consequently, one may assume that instead of the function 𝑓 a function 𝑓ℎ is
known such that ‖𝑓 − 𝑓ℎ‖ ≤ 𝛽(ℎ), where 𝛽(ℎ) has the same meaning as 𝛼(ℎ).
Therefore, along with the original equation (1), consider the “approximate”
equation

𝐴ℎ𝑥ℎ = 𝑓ℎ, 𝑥ℎ ∈ 𝑋, 𝑓ℎ ∈ 𝑅(𝐴ℎ) ⊂ 𝑋, (2)

where the linear closed operator 𝐴ℎ[𝑋 → 𝑋], for ℎ ≠ ℎ0, ℎ0 =
(ℎ0

1, ℎ0
2, … , … , ℎ0

𝑛), has a bounded inverse. With respect to the solution
𝑥ℎ of equation (2), we shall assume that as ℎ → ℎ0 it tends to the solution 𝑥 of
equation (1). We shall not dwell on the question of sufficient conditions for the
convergence of 𝑥ℎ to 𝑥 as ℎ → ℎ0. These conditions have been obtained in a
number of works (1−3 and others).

Here it should be noted that, for the convergence of 𝑥ℎ to 𝑥 as ℎ → ℎ0, generally
speaking, it is necessary to require that the condition
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lim
ℎ→ℎ0

𝛼(ℎ) = lim
ℎ→ℎ0

𝛽(ℎ) = 0

be satisfied.

For the approximate solution of the operator equation (2), iterative methods
are usually used. However, if ℎ is close to ℎ0, then the solution of equation
(2) behaves unstably with respect to variations of the operator 𝐴ℎ and of the
right-hand side 𝑓ℎ.

Therefore, when solving equation (2), it is necessary to take into account the
errors arising as a result of replacing the operator 𝐴 by the operator 𝐴ℎ and, cor-
respondingly, 𝑓 by 𝑓ℎ. The choice of the number of iterations as a regularization
parameter was used in works (2,4 and others).

However, this method of iterative regularization for a general operator equation
of the first kind is essentially not constructive, since for its use it is necessary
to know an expression for the modulus of continuity of the inverse operator.

In the present work a constructive expression is given for the number of iterations
in terms of ordinarily known quantities.

We shall solve equation (2) by means of the universal iterative process (5,7)

𝑥𝑘+1
ℎ = 𝑥𝑘

ℎ + 𝐵ℎ(𝑓ℎ − 𝐴ℎ𝑥ℎ𝑘), 𝑘 = 0, 1, 2, … , (3)

𝑥0
ℎ = 𝐵ℎ𝑓ℎ, ‖𝑓ℎ‖ ≠ 0,

where the operator 𝐵ℎ[𝑋 → 𝑋] satisfies the condition

0 < ‖𝐸 − 𝐵ℎ𝐴ℎ‖ = 𝑞 < 1 for ℎ ≠ ℎ0.

Obviously,

𝑥ℎ − 𝑥 = 𝐴−1
ℎ [(𝑓ℎ − 𝑓) + (𝐴 − 𝐴ℎ)𝑥],

therefore

‖𝑥ℎ − 𝑥‖ ≤ ‖𝐴−1
ℎ ‖‖𝑓 − 𝑓ℎ‖ + ‖(𝐴 − 𝐴ℎ)𝑥‖. (4)

Next, from (3) it follows that

𝑥ℎ − 𝑥𝑘+1
ℎ = [𝐸 − 𝐵ℎ𝐴ℎ]𝑘+2𝐴−1

ℎ 𝑓ℎ,
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‖𝑥ℎ − 𝑥𝑘+1
ℎ ‖ ≤ 𝑞𝑘+2‖𝐴−1

ℎ ‖ ‖𝑓ℎ‖. (5)

Taking (4) and (5) into account, we obtain

‖𝑥−𝑥𝑘+1
ℎ ‖ ≤ ‖𝑥𝑘+1

ℎ −𝑥ℎ‖+‖𝑥ℎ −𝑥‖ ≤ 𝑞𝑘+2‖𝐴−1
ℎ ‖ ‖𝑓ℎ‖+‖𝐴−1

ℎ ‖(𝛼(ℎ)+𝛽(ℎ)). (6)

It follows from estimate (6) that, as 𝑘 → ∞, the first term on the right-hand
side of (6) tends to zero, while the second does not depend on 𝑘.

Therefore it is meaningful to terminate the iterative process (3) at 𝑘 = 𝑘0 = [𝛿]+,
where 𝛿 is the root of the equation

𝑞𝛿+2‖𝐴−1
ℎ ‖ ‖𝑓ℎ‖ = ‖𝐴−1

ℎ ‖(𝛼(ℎ) + 𝛽(ℎ)), (7)

[𝛿]+ = {[𝛿], if [𝛿] > 0,
0, if [𝛿] ≤ 0,

[𝛿] is the integer part of 𝛿.

From equality (7) we obtain

𝛿 = 1
ln 𝑞 ln 𝛼(ℎ) + 𝛽(ℎ)

‖𝑓ℎ‖ − 2. (8)

We shall show that

lim
ℎ→ℎ0

𝑥𝑘0+1
ℎ = 𝑥.

Indeed, according to (5) we have

‖𝑥𝑘0+1
ℎ − 𝑥‖ ≤ ‖𝑥𝑘0+1

ℎ − 𝑥ℎ‖ + ‖𝑥ℎ − 𝑥‖ ≤ 𝑞𝑘0+2‖𝑥ℎ‖ + ‖𝑥ℎ − 𝑥‖

≤ 𝑞𝑘0+2(‖𝑥ℎ − 𝑥‖ + ‖𝑥‖) + ‖𝑥ℎ − 𝑥‖.

Next,

𝑞𝑘0+2 = 𝑞𝛿−{𝛿}+2 = 𝑞−{𝛿} 1
‖𝑓ℎ‖ (𝛼(ℎ) + 𝛽(ℎ)), 0 ≤ {𝛿} < 1,

where {𝛿} is the fractional part of the number 𝛿.
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Therefore we finally obtain

‖𝑥𝑘0+1
ℎ − 𝑥‖ ≤ 𝑞−{𝛿} 𝛼(ℎ) + 𝛽(ℎ)

‖𝑓ℎ‖ (‖𝑥ℎ − 𝑥‖ + ‖𝑥‖) + ‖𝑥ℎ − 𝑥‖,

from which our assertion follows.

Thus, the following is valid.

Theorem. Let 𝑋 be a Banach space, and let 𝐴[𝑋 → 𝑋] be a linear closed
operator. Consider the two equations (1) 𝐴𝑥 = 𝑓 , 𝑓 ∈ 𝑅(𝐴), and (2) 𝐴ℎ𝑥ℎ = 𝑓ℎ,
ℎ = (ℎ1, ℎ2, … , ℎ𝑛), 𝑥ℎ ∈ 𝑋, 𝑓ℎ ∈ 𝑅(𝐴ℎ) ⊂ 𝑋, where continuous dependence of
𝑥 on 𝑓 does not take place. Suppose further that ‖𝑓 −𝑓ℎ‖ ≤ 𝛽(ℎ), ‖(𝐴−𝐴ℎ)𝑥‖ ≤
𝛼(ℎ), 𝑥 ∈ 𝐷, limℎ→ℎ0 𝛼(ℎ) = limℎ→ℎ0 𝛽(ℎ) = 0, ℎ0 = (ℎ0

1, … , ℎ0
𝑛), and 𝐷 is some

subset of the space 𝑋 to which the solution of equation (1) belongs. Then, if
the linear closed ope-

operator 𝐴ℎ[𝑋 → 𝑋] for ℎ ≠ ℎ0 has a bounded inverse and the conditions are
satisfied: 1) limℎ→ℎ0 𝑥ℎ = 𝑥, 2) the operator 𝐵ℎ[𝑋 → 𝑋] satisfies the condition
0 < ‖𝐸 − 𝐵ℎ𝐴ℎ‖ = 𝑞 < 1 for ℎ ≠ ℎ0, then 𝑥 = limℎ→ℎ0 𝑥𝑘0+1

ℎ , where

𝑥𝑘+1
ℎ = 𝑥𝑘

ℎ + 𝐵ℎ(𝑓ℎ − 𝐴ℎ𝑥ℎ𝑘), 𝑘 = 0, 1, … ,

𝑥0
ℎ = 𝐵ℎ𝑓ℎ, 𝑘0 = [𝛿]+, 𝛿 = 1

ln 𝑞 ln 𝛼(ℎ) + 𝛽(ℎ)
‖𝑓ℎ‖ − 2.

Let us note that the expression for the number of iterations 𝑘0 is constructive,
since this expression contains the usually known quantities 𝑞, 𝛼(ℎ), 𝛽(ℎ), ‖𝑓ℎ‖.
Obviously, everything said above is also valid for the case when the operator 𝐴
has a bounded inverse.

For solving the operator equation (2), a nonstationary universal iterative process
is also often used,

𝑥𝑘+1
ℎ = 𝑥𝑘

𝐿 + 𝐵𝑘(ℎ)(𝑓ℎ − 𝐴ℎ𝑥ℎ𝑘), 𝑘 = 0, 1, 2, … , 𝑥0
ℎ = 𝐵0(ℎ)𝑓ℎ, (9)

where 𝐵𝑘(ℎ)[𝑋 → 𝑋] is an operator satisfying the condition

0 < ‖𝐸 − 𝐵𝑘(ℎ)𝐴ℎ‖ = 𝑞𝑘 ≤ 𝑞 < 1

for ℎ ≠ ℎ0.

The condition 𝑞𝑘 ≤ 𝑞 is natural, since in many iterative processes the quantities
𝑞𝑘 rather quickly reach their asymptote.

It is not difficult to verify that in this case the estimate
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‖𝑥ℎ − 𝑥𝑘+1
ℎ ‖ ≤ 𝑞𝑘𝑞𝑘−1

⋯ 𝑞1𝑞2
0‖𝐴−1

ℎ ‖ ⋅ ‖𝑓ℎ‖ ≤ 𝑞𝑘+2‖𝐴−1
ℎ ‖ ⋅ ‖𝑓ℎ‖ (10)

is valid.

Since the last estimate coincides with estimate (5), when solving the operator
equation (1) by means of the universal nonstationary process (9) the theorem
stated above holds.

In the case when 𝐴ℎ is a matrix of order 𝑛, when solving equation (1) by means
of the universal process (3), the accumulation of rounding errors may be taken
into account.

For this we use the known estimates of the rounding error of the iterative pro-
cess (3) when it is implemented on a computer with fixed binary precision 𝑡
(^6). Let 2−𝑡𝛿𝑘 be the error accumulated over 𝑘 steps, and let ̃𝑥𝑘

ℎ be the 𝑘-th ap-
proximation computed on the machine. Then the following majorizing estimate
holds:

‖𝛿𝑘‖2 ≤ 𝛽𝑛3/22−𝑡−1, 𝛽 = (1 − 𝑞𝑘)/(1 − 𝑞), 2−𝑡𝛿𝑘 = 𝑥𝑘
ℎ − ̃𝑥𝑘

ℎ.

Further, we have

‖𝑥 − ̃𝑥𝑘+1
ℎ ‖ ≤ ‖𝑥ℎ − 𝑥𝑘+1

ℎ ‖ + ‖𝑥𝑘+1
ℎ − ̃𝑥𝑘+1

ℎ ‖ + ‖𝑥 − 𝑥ℎ‖.

Using (4), (5), and (10), we rewrite the last inequality as

‖𝑥 − ̃𝑥𝑘+1
ℎ ‖ ≤ 𝑞𝑘+2‖𝐴−1

ℎ ‖‖𝑓ℎ‖ + ‖𝐴−1
ℎ ‖(𝛼(ℎ) + 𝛽(ℎ)) + 1 − 𝑞𝑘+1

1 − 𝑞 𝑛3/22−2𝑡−1.

Therefore, instead of (7) in the present case we shall have the following equation:

𝑞𝛿+1 (𝑞‖𝑓ℎ‖ − 1
1 − 𝑞 𝑛3/2 2−2𝑡−1

‖𝐴−1
ℎ ‖ ) = 𝛼(ℎ) + 𝛽(ℎ) + 1

1 − 𝑞 𝑛3/2 2−2𝑡−1

‖𝐴−1
ℎ ‖ . (11)
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